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Abstract

This dissertation develops non-asymptotic approximations to various symmetric statistics
that arise in econometric analysis. Across the three chapters, the procedures under consider-
ation can be expressed, exactly or to leading order, as averages of statistics formed from
partitions, subsets, or pairs of observations drawn from a sample of measurements of
economic variables. The essential difficulty is that a single observation may enter many of
the terms in these averages, inducing complex dependence across the component statistics.
The common mathematical strategy is to obtain tractable approximations by exploiting

symmetries in the statistics of interest over rearrangements of the observations.



Preface

Although the chapters in this dissertation differ in substantive focus, they share a common
mathematical structure. Each chapter studies an econometric procedure whose behavior is
determined by an average over many overlapping functions of the observations in a fixed
sample. This overlap induces complex dependence across the summands. As a consequence,
standard methods for approximating independent averages do not apply directly.

The common strategy is to replace independence with symmetry. In each chapter, the
statistic under consideration is invariant to a relabeling or rearrangement of the observations.
That invariance turns the dependence induced by the reuse of observations into a source
of structure. The dissertation develops non-asymptotic approximations that exploit this
structure, and then uses those approximations to answer econometric questions about

reproducibility, learning, and inference.

Chapter 1

The first chapter, coauthored with Joseph P. Romano, studies the residual, or post-data,
variability induced by cross-splitting. In cross-fit and cross-validated methods, the researcher
does not observe a statistic determined by the data alone. The reported output also depends
on a random partition of the sample. When many partitions give nearly the same answer, this
distinction is harmless. When they do not, the split itself can affect empirical conclusions.

We first show that this residual randomness can be economically and statistically
meaningful. In examples from the applied economics literature, different random splits
change the statistical significance of a cross-fit treatment-effect estimate, the interpretation
of a model selected by cross-validation, and the features of treatment-targeting rules learned
from cross-fit nuisance-parameter estimates.

We then propose a method for removing this randomness. The procedure takes as inputs a
tolerance and a nominal error probability. It sequentially averages the statistic over randomly

drawn partitions of the sample and estimates the remaining split-induced variation. The
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procedure stops once this estimated variation is small enough that two independent runs of
the same algorithm would differ by more than the tolerance with probability approximately
equal to the nominal error rate. Thus, by setting the bound and error rate to be sufficiently

small, sample-split statistics aggregated with the procedure are reproducible.

The analysis begins from a common representation of cross-split statistics. We consider

averages of the form

g

a(Ryx, D) = Z a(ry, D (P.1)
where
a(r,D) = A{T(s;, D)}}_,) and T(s,D) =V (Ds,7(Ds)). (P.2)

Here, D = (D), is an i.i.d. sample, R, ; = (ry)7_, is a collection of k-fold partitions
rh = (s;n)5- of [n] = {1,...,n}, and Ds = (D;);cs denotes the observations indexed by s.
The complement of s is § = [n] \ s, the map 7)(+) is an estimator of a nuisance parameter,

and W(-) and A(+) are known functions.

Our target is the conditional expectation
a(D) = Ela(r,D) | D] . (P3)

The quantity (P.3) is the average value the statistic would take over the distribution of
random k-fold partitions. The question is how rapidly the computable average a(R, x, D)

approaches this target as the number of repeated cross-splits grows.

The essential difficulty is that the summands in (P.1) and (P.2) are not independent, both
withing and across partitions. We handle this dependence using the method of exchangeable
pairs (Stein, 1986). The key observation is that a random collection of partitions can be
generated from a random collection of permutations. We construct an exchangeable pair
by selecting one of these permutations and swapping two of its components, adapting a

coupling argument due to Chatterjee (2005, 2007).

Under regularity conditions, this construction yields the conditional approximation

1111 -1
P{|a<Rg,k,D> —a(D)| < [y D} >1-c (P4)
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with probability at least 1 — § over the draw of the data. The bound shows how the residual
randomness decreases with the sample size, the number of folds, and the number of repeated
cross-splits. We use this approximation to characterize how the computation needed to
achieve a given bound on residual randomness and the accuracy of the nominal error rate

depend on the desired error tolerance and number of folds used for cross-splitting.

Chapter 2

The second chapter, coauthored with Vasilis Syrgkanis, studies a classical problem in a
non-classical regime. A U-statistic is an average of a function evaluated on each of the

subsamples of a dataset of a given size; that is, statistics of the form

Up (1) = (Z) h S (D), (P.5)

SGSnyb

where S,,;, collects all of the subsets of [n] of size b, the vector D = (D;)?_; collects an
independent sample, and D again gives the subset of the sample with indices in s. Many
modern non-parametric regression estimators have this structure, including random forest
regression. Classical theory is sharp when the size b is fixed or the dimension d is small.
The chapter asks what remains true when both b and d are allowed to be non-negligible
relative to the sample size n.

The canonical approach for studying the large-sample behavior of statistics with this
structure, due to Hoeffding (1948), is based on the observation that the projection of the
average (P.5) onto the space of statistics that decompose additively into the contributions of

individual observations takes the form
b n
- > u(D;), where u(D)=E[u(Dy)| Dy = D] - Elu(Dy)] . (P.6)
=1

This is referred to as the Hajek projection of the U-statistic (P.5), following Hajek (1968).
If the residual from this projection is of lower order, then the analysis of the U-statistic
reduces to the analysis of an average of independent random variables. In the classical scalar

fixed-order setting, Hoeffding (1948) shows that, under regularity conditions,

/#(Umb(u)—E[u(D[b])])i N(0,1), where o2 = Var(wV(D;)).  (P7)

See Serfling (1980), Lee (1990), and van der Vaart (2000) for textbook treatments.
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We make this projection argument non-asymptotic and order-explicit in a high-dimensional,
growing-order regime. Suppose u = (u1, ..., uq) and each component satisfies the Orlicz-
norm bound ||u;(Dpy))||y, < ¢. If the order b satisfies blog(dn) < cn, we show that

< C%¢log2(dn) (P.8)

(e 9]

|t~ Elu(Dy)] - Y- ()

with probability at least 1 — C'/nd. The bound is unimprovable up to the polynomial factor

in the logarithmic term.

The linearization (P.8) has two main consequences. First, it yields as a corollary an
order-explicit Bernstein-type large-deviation bound whose leading term matches the scaling
suggested by the asymptotic approximation (P.7). Second, it can be used to derive an
order-explicit high-dimensional central limit theorem that applies throughout the regime
blog®(dn) = o(n). These results extend the available high-dimensional theory for U-

statistics to cases where the order and dimension of the statistic are large.

The structure of the proof departs from existing arguments. In the scalar case, one can
combine the orthogonality of the Hoeffding decomposition with Chebyshev-type inequalities.
This is not enough for high-dimensional approximation, where exponential tails are needed.
Existing high-dimensional arguments rely on decoupling and symmetrization methods
developed in De la Pefia and Montgomery-Smith (1995) and Sherman (1994) that have
poor dependence the order b. Our main technical contribution is an order-explicit one-sided
decoupling inequality for U-statistics. After decoupling, we combine a symmetrization
argument due to Sherman (1994) with a specialization of a moment inequality from Giné
et al. (2000). This yields exponential bounds for higher-order Hoeffding terms with the

required dependence on both b and d.

The final part of the chapter applies these approximations to inference for nonparametric
regression estimators built from subsampled kernels, including subsampled nearest-neighbor
regression and generalized random forest regression. Under regularity conditions, these
estimators are well-approximated by U-statistics of order b with d-dimensional kernels.
At the same time, consistency of the regression estimators requires the subsample size to
satisfy n?/(P+¢) = o(b), where p is the dimension of the covariates. This places the relevant
regime outside the range b = o(n'/?) covered by the available high-dimensional central
limit theorems, while scalar results that allow for large orders b cannot handle growing
dimensions d. The chapter’s approximation closes this gap, allowing us to establish the

consistency of a class of resampling-based simultaneous confidence intervals.
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Chapter 3

The econometric problem considered in the third chapter is motivated by the fact that
the indirect effects of economic actions are often multifaceted. For instance, one firm’s
investment in research and development may influence another firm’s value through both
product market competition and communication among researchers (Arrow, 1962; Dasgupta
and Stiglitz, 1980; Griliches, 1992; Bloom et al., 2013). Likewise, productivity changes
in one city may affect output in others through the exchange of goods, labor, and ideas
(Marshall, 1890; Ellison et al., 2010; Allen and Arkolakis, 2014; Monte et al., 2018). As
a result, empirical strategies that relate spillover effects to single measures of economic

proximity risk conflating distinct and potentially countervailing mechanisms.

Concretely, the chapter focuses on the interpretation and statistical analysis of a common
regression specification used by empirical economists to characterize how the indirect effects
of economic actions vary with measures of economic proximity. In many applications with

this structure, empirical researchers consider regressions specifications of the form

Yi=a+0-Aj+e, where A=Y DiW;. (P.9)
J#
Here, Y; is the outcome of unit ¢, WW; is the treatment, shock, or policy variable associated
with unit j, and D, ; is a measure of the economic proximity of 7 and j. I begin by
showing that, under regularity conditions, the coefficient # in (P.9) has a clear nonparametric
interpretation. In particular, the coefficient recovers a convex average of the mixed partial
derivatives
82

5B | Dij = 6,W; = ). (P.10)

That is, the regression (P.9) measures how the association between one unit’s outcome and
another unit’s treatment correlates with the proximity of the two units, marginalizing over

the remainder of the population.

This interpretation is useful, but only descriptive. Suppose that the effects of changes
in firm-level investment in research and development W; on an outcome Y; are larger for
pairs of firms i, j that are technologically similar, and technological similarity is positively
correlated with geographic proximity D ;, then the parameter (P.10) does not recover the
causal relationship between geographic proximity and productivity spillover intensity. This

distinction matters for policy. Estimates of the role of geographic proximity are essential for



evaluating policies change the spatial organization of economic activity, such as research

parks, transportation investments, and special economic zones.

The remainder of the chapter develops a framework for estimating causal relationships
of this form. I introduce a class of estimands, that I call spillover proximity gradients,
that describe how the effect of unit j’s treatment on unit ¢’s outcome changes under an
intervention that alters a chosen measure of proximity between the two units. I then
show how to adapt approaches to nonparametric causal inference used in settings without
interference to this context. I use strategies based on selection on observables as a running

example, because this best describes the relevant empirical literature.

Formally, let X; and H,; denote collections of unit-level and pair-level covariates,

respectively. The proposed procedure first forms
Wi =W, —#.(X;), Dj;=D;;—4n(H;;), and A;=> D;W;. (P11
ji

It then estimates the coefficient in the residualized specification
Vi=a+0-Af +¢; . (P.12)

The residualization of I¥/; accounts for selection into treatment using unit-level covariates.
The residualization of D, ; removes variation in the proximity measure of interest that
is explained by observed pair-level characteristics. Under identifying conditions, the

population coefficient in (P.12) recovers a convex average of spillover proximity gradients.

My statistical analysis of this procedure allows for rich forms of interference. Each unit’s
outcome is modeled as an anonymous, or permutation-invariant, function of the variables
that characterize other units. Let the state variable Z; collect the treatment and any observed

and unobserved characteristics of unit 2. The maintained structure can be written as
Yi=F(Zi,{Z; 1 j #1}) , (P.13)

where the function F' is invariant to permutations of the multi-set of other units’ states. This

permutation-invariant representation permits a Hoeffding-type decomposition

Y, =E[Y; | Z]+ ) (EYi| Z, 2] - E[Y; | Z)) + R . (P.14)
J#i

The first term captures the component of the outcome determined by unit z’s own state. The

X1



summation captures the contribution of other units one at a time. The remainder R; collects
higher-order interactions among several other units. The chapter controls this remainder by

imposing smoothness restrictions on F' and a local structure on interference.

The local structure is expressed through an unobserved latent space. Interference can be
substantial only between units that are close in this latent space. Let p,, denote the fraction of
units that are latent neighbors of a typical unit. I focus attention on the asymptotic sequence
that allows np,, to diverge while p,, converges to zero. The observed proximity measure
D; ; need not be the latent distance that organizes interference. This is essential for settings
where spillovers are plausibly mediated by social, technological, or economic relationships

that are only partially observed.

After substituting the decomposition (P.14) into the the coefficient in (P.12), the leading
term can be written as a degenerate U-statistic of order three. This is the main technical

distinction from conventional regression asymptotics. I use this representation to show that
0% =05+ 0,(pY?) (P.15)

where 07 denotes the pseudo-parameter identified by the residualized regression. I show
that the rate Op(p}/ 2) is unimprovable. The limiting distribution is nonstandard for the same
reason. Degenerate U -statistics do not generally converge to Gaussian limits. Their limits
can instead be represented as weighted sums of centered chi-square variables, with weights
determined by the eigenvalues of the relevant kernel. I show that, under the same regularity
conditions need for consistency, these relevant eigenvalues become sufficiently diffuse to

converge to a Gaussian limit.

The final part of the chapter develops an inference procedure that is adapted to this
structure. Standard clustered standard errors require a partition of units into approximately
independent groups. Kernel methods require interference to decay with an observed distance.
Neither approach is well suited to a settings where interference may be unobserved. The
proposed alternative uses the fact that the residualized treatment variables enter the kernel
of the leading U-statistic linearly and are centered. Resampling their signs preserves the

variance contribution of this part of the kernel.

Operationally, the procedure computes residuals from (P.12), draws independent Rademacher

signs Vi, ..., V,, and forms the sign-flipped exposure

Z D WV, (P.16)
J#
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For each draw of the signs, it regresses the empirical residuals on A*(V'). If ¢* (V) denotes

the resulting coefficient, then the variance estimate is given by

B

3 (&; (V® ) . (P.17)

b=1

Q>
3[\’)

Uall\3

The resulting confidence intervals are conservative (and exact in some non-pathological
cases) for the pseudo-parameter targeted by the residualized regression. They do not require
the researcher to assume that all relevant spillover channels are measured.

The chapter concludes by applying the method to settings in which spillovers are
plausibly mediated by multiple correlated measures of proximity. The main application
revisits productivity spillovers across firms using data from Bloom et al. (2013). Additional
applications study spillovers across locations. These exercises return to the economic
motivation for the chapter. Adjusting for correlated channels can materially change the
estimated relationship between a chosen proximity measure and spillover intensity. The
contribution of the chapter is to make such comparisons interpretable and inferentially

tractable when spillovers are heterogeneous, nonlinear, and partly unobserved.

Proofs and discussion supporting Chapters 1 to 3 are given in Appendices A to C, respectively.
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Chapter 1

Reproducible Aggregation of
Sample-Split Statistics

with Joseph P. Romano

Statistical inference is often simplified by sample-splitting. This simplification comes at the
cost of the introduction of randomness not native to the data. We propose a simple procedure
for sequentially aggregating statistics constructed with multiple splits of the same sample.
The user specifies a bound and a nominal error rate. If the procedure is implemented twice
on the same data, the nominal error rate approximates the chance that the results differ by
more than the bound. We illustrate the application of the procedure to several widely applied

econometric methods.

1.1. INTRODUCTION

Sample-splitting is ubiquitous in modern econometric theory. Routine statistical tasks—
model selection, dimension reduction, nuisance parameter estimation—can be implemented
on a randomly selected subsample of a data set, without contaminating the validity of a
statistical inference produced on its complement. This principle underlies the widely applied
practices of cross-validation for predictive risk estimation (Stone, 1974; Arlot and Celisse,
2010) and cross-fitting for adaptive estimation of semiparametric models (Bickel, 1982;
Schick, 1986; Chernozhukov et al., 2018), among a growing set of additional applications.

For a fixed data set, statistics constructed with sample-splitting are not deterministic.

Two researchers can compute the same statistic on the same data and obtain different values.

1



2 CHAPTER 1

Researchers are incentivized to report significant results. If there is scope to materially alter
the statistics that they report through the choice of the split of their sample, should this

choice be left to chance?

This paper makes two contributions. First, we show that many widely applied sample-
split econometric methods exhibit significant residual randomness. We give examples
from the applied economics literature where the randomness induced by sample-splitting
determines the statistical significance of a treatment effect estimated with cross-fitting,
the interpretation of a model selected with cross-validation, and the qualitative features of

treatment targeting rules learned from cross-fit nuisance parameter estimates.

Second, and accordingly, we propose an efficient method for removing the residual
randomness from sample-split statistics. The procedure takes as input a bound and an error
rate. The statistic of interest is sequentially aggregated over randomly drawn splits of the
sample. The procedure is stopped after an estimate of the residual variation of the aggregate
statistic falls below a pre-determined threshold. If the procedure were run twice, we show
that the chance that the outputs differ by more than the bound is well-approximated by the
error rate. That is, by setting the bound and error rate to be sufficiently small, sample-split

statistics aggregated with the procedure are reproducible.

We begin, in Section 1.2, by discussing several widely applied sample-split econometric
methods and demonstrating that, for each, the randomness induced by sample-splitting can
substantively effect results. In Section 1.3, we propose an efficient method for sequentially
aggregating sample-split statistics that ensures that the residual randomness is small. We
illustrate that, in each of our examples, the proposed method stabilizes results—ensuring
reproducibility at a minimal computational expense. We establish that the procedure
is valid, in a particular asymptotic sense, without imposing any restrictions on the data
generating process or statistic of interest. Similarly, we show that, for a large class of
applications, sample-split statistics aggregated with the procedure maintain (or, improve
upon) unconditional statistical guarantees. That is, reproducibly aggregated sample-split

statistics are still consistent and associated inferences are still valid.

To implement the procedure, a user must make several choices that may affect performance,
including the specification of a suitable bound and error rate. Additionally, in most
applications, the procedure is applied to stabilize a statistic that is itself constructed with
cross-splitting. In these cases, users must also specify how many folds to use for cross-
splitting.

To shed light on these choices, in Section 1.4, we give an analysis of the performance



SECTION 1.1 3

of the procedure under a set of simplifying conditions. We give two main results. First,
the computation needed to achieve a given bound on residual randomness is very sensitive
to the desired error tolerance, but is insensitive to the number of folds that are used for
cross-splitting. Second, and on the other hand, the accuracy of the nominal error rate of the
procedure deteriorates as the number of folds used for cross-splitting increases. We conclude,
in Section 3.8, by synthesizing these results into a set of concrete recommendations for
practice. We emphasize simple rules-of-thumb for choosing suitable error tolerances and
approaches to cross-splitting.

The main theoretical challenge posed by this analysis is the accommodation of the
dependence between statistics computed on cross-splits of a sample. We address this
through an application of the method of exchangeable pairs (Stein, 1986; Ross, 2011;
Chen et al., 2011). To construct an appropriate exchangeable pair for our problem, we
develop a novel application of a coupling argument due to Chatterjee (2005), that may be of

independent interest.

1.1.1 Related Literature

The procedure studied in this paper is applicable to a large variety of sample-split statistical
methods. In Section 1.2, we give a selective review of various sample-split methods that are
frequently used in applied economics. There are many, additional, sample-split methods,
proposed in the statistics literature, that have the potential to be useful in econometric
applications. Generic sample-split methods for testing statistical hypotheses are studied in
Guo and Romano (2017), DiCiccio et al. (2020), and Wasserman et al. (2020). Additional
applications include sample-split procedures for selective inference (Rinaldo et al., 2019),
inference on high-dimensional linear models (Meinshausen and Biihlmann, 2010), conformal
and predictive inference (Lei et al., 2018), and knockoff tests of conditional independence
(Barber and Candes, 2015).

Chernozhukov et al. (2018) and Chernozhukov et al. (2023) advocate for the aggregation
of estimators and p-values computed with sample splitting, over a pre-determined number of
splits, in the context of applications related to semiparametric estimation and characterization
of treatment effect heterogeneity, respectively. We second these recommendations and
contribute a general purpose method that provides a statistical guarantee that residual
randomness has been controlled up to a specified level of error, at a minimal computational
cost.

Our setting is related to a large literature that studies methods for constructing confidence
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intervals for cross-validated estimates of generalization error. Several examples include
Dietterich (1998), Nadeau and Bengio (1999), Lei (2020), Bayle et al. (2020), Austern and
Zhou (2020), and Bates et al. (2023). By contrast, we are interested in the randomness
conditional on the data. Formally, our non-asymptotic results are most similar to the Berry-
Esseen bounds given in Austern and Zhou (2020), who study the unconditional normal
approximation of statistics similar to the those considered in Section 1.4. Our bounds apply
under weaker conditions and are substantially simpler.

Some of our results build on a literature studying the role of algorithmic stability in
the accuracy of cross-validation (Kale et al., 2011; Kumar et al., 2013). These papers
are related to a broader literature that derives generalization bounds for stable algorithms,
originating with Bousquet and Elisseeff (2002). Some of the concentration inequalities
that we derive can be compared to the results of Cornec (2010) and Abou-Moustafa and
Szepesvari (2019). Again, the setting we study is different and our conditions, and resultant
bounds, are substantially simpler.

Although our emphasis is on statistics constructed with sample-splitting, the algorithmic
and formal methods studied in this paper are potentially applicable to randomized algorithms
more generally (Motwani and Raghavan, 1995). See Beran and Millar (1987) for a classical

analysis of the asymptotics of randomized tests and estimators.

1.2. THE RESIDUAL RANDOMNESS OF SAMPLE-SPLIT STATISTICS

Sample-splitting has proliferated as a useful subroutine for simplifying various tasks
associated with modern statistical inference. The high-level situation is as follows. Consider
a researcher who observes the independent data D = (D;)!" , and wishes to report the
statistic

W(D,n), (1.2.1)

where 7 is some unknown nuisance parameter.

For example, each observation D; could contain a measurement of an outcome Y;, a
treatment IV;, and a vector collecting a large number of covariates X;. The researcher
could be interested in measuring the effect of IV; on Y;. To ensure that their estimate is not
unnecessarily imprecise, they might like to include controls for only the subset of covariates
that are correlated with the outcome. Here, formally, the nuisance parameter 7 collects the
indices of the subset of “relevant” controls and the statistic ¥ (D, n) denotes a treatment

effect estimate associated with, say, a regression of the outcome on the treatment with



SECTION 1.2 5

controls for covariates with indices in 7.

In practice, the researcher cannot compute the statistic (1.2.1), as the nuisance parameter

7 is unknown. Often, however, an estimator 7j( D) is available and so it may be tempting to
report the feasible statistic

U (D,n(D)) . (1.2.2)

In the example, the estimator 77( D) could collect the indices of the covariates whose absolute

sample correlation with the outcome is greater than some pre-determined threshold.

Statistical inferences that, counterfactually, would be appropriate if the infeasible statistic
(1.2.1) were available will not necessarily be valid if they were instead based on the feasible
statistic (1.2.2). In particular, the process of computing the nuisance parameter estimate
7(D) might produce a confounding effect. In the example, screening control variables
according to their correlation with the outcome produces a bias in the resultant treatment

effect estimate.

Sample-splitting solves this problem.! Let s denote a randomly drawn subset of the
numbers [n] = {1,...,n} of size b and let S denote its complement. Sample-split statistics
take the form

T(s,D) =V (Ds,7(Ds)) , (1.2.3)

where the quantities Dg = (D;);es and Dz = (D;);ez collect the data with indices in s and S,
respectively. Splitting the data D into two independent subsamples (Ds, Ds) prevents the
construction of nuisance parameter estimates from contaminating statistical inferences that

the researcher may wish to make with the feasible statistic (1.2.3).

There are two, well-known, practical issues with this approach. First, by splitting the
data, statistical precision may be meaningfully reduced. Second, the statistic (1.2.3) is
random through both the data D and the choice of the random subset s. That is, if the same
sample-split statistic were computed on the same data by two different researchers, and the
statistic was sensitive to the choice of the random subset s, then the researchers could report

meaningfully different results.

To address these concerns, researchers often aggregate several replications of sample-

split statistics through cross-splitting (Stone, 1974; Schick, 1986). In particular, researchers

'Of course, under certain conditions involving the sparsity of the covariance between the treatment,
outcome, and controls, “double post selection” of control variables with a Lasso regression (Tibshirani, 1996)
can produce consistent treatment effect estimates (Belloni et al., 2014). However, consistent estimates can be
obtained under weaker conditions through a closely related approach based on sample-splitting (Chernozhukov
et al., 2018; Belloni et al., 2012).
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typically report aggregate statistics of the form

a(r,D) =

| =

k
> T(s;. D), (1.2.4)
j=1

where the quantity r = (s;)¥_, denotes a random k-fold partition of [n], i.e., a collection of
k mutually exclusive sets whose union is equal to [n]. By reusing subsamples of the data
for computation of both the statistic of interest and the estimation of nuisance parameters,

cross-split statistics mitigate potential losses in statistical precision.

In this section, we demonstrate, in several real applications from applied economics,
that the second concern—the residual randomness generated by sample-splitting—can
substantively affect results. This residual variability is, often, not resolved by cross-
splitting. Consequently, in Section 1.3, we propose an approach to aggregating sample-split
statistics that controls the scope of residual randomness at a minimal computational cost.
Revisiting the applications, we demonstrate that sample-split statistics aggregated through

this procedure are reproducible.

1.2.1 Cross-Validation

The most prevalent instance of sample-splitting in applied economics is the use of cross-
validation for model selection. Often, in this setting, the data D; consist of a measurement
of an outcome Y; and a vector X; collecting measurements of p covariates. Interest is in

choosing a parsimonious subset of the covariates that, together, best predicts the outcome.

Lasso regression is a standard approach to this problem (Tibshirani, 1996; Hastie et al.,

2015). The Lasso coefficient is the solution to the regularized least-squares regression

. 1 -
(D) = arg%m{ﬁZ(Yi —n" X)) ynjy} : (1.2.5)
neRry i=1 j=1

where ) is some tuning parameter chosen by the user. Penalization of the ¢;-norm of the
coefficient 77 encourages sparsity. That is, often, many elements of 7, (D) are exactly equal
to zero. The set of covariates associated with non-zero coefficients are referred to as the
model “selected” by the Lasso. The selected model is sensitive to the choice of the tuning

parameter A. If \ is sufficiently large, no covariates are selected. If ) is sufficiently small,



SECTION 1.2 7

all covariates are selected.”
Cross-validation is a widely applied and, perhaps, uncontroversial approach for choosing
tuning parameters. Here, cross-validation entails assigning A the value that minimizes the

cross-split estimate of the out-of-sample mean-squared error

k
Z (sj,D), where Ti(s,D) = |Z inDs)" X;)?  (1.2.6)

1€S

?vl»—

and, as before, r = (s;)h_, is a random k-fold partition of [n]. By measuring error out-
of-sample, i.e., in the independent subsample D, the cross-validated risk estimate (1.2.6)
avoids any “over-fitting” bias induced by the estimation of the coefficient 7, (Ds). This
approach is widely applied throughout various subfields of applied economics.?

The risk estimate (1.2.6) is random both through the data D and through the choice of
the k-fold partition r. That is, the choice of A, and thereby, the selected model, have the
potential to change for different choices of the random collection r. To evaluate the scope of
this sensitivity, we consider data from Casey et al. (2021a,b). Casey et al. (2021b) study a
large-scale experiment, implemented in Sierra Leone, in which a randomly selected subset of
parliamentary elections were preceded by direct vote, party-specific primaries. They select
covariates to include in various, downstream, econometric analyses with the cross-validated
Lasso. In their setting, the outcome Y; is the vote share, in a poll of party officials, for
each of 390 candidates. The vector X; collects measurements of 48 characteristics for each
candidate.

Panel A of Figure 1.1 displays quantiles, across random draws of the 10-fold partition r,
of the cross-validated estimate of the mean-squared error (1.2.6) over a grid of values of \.
The curve associated with the 0.05th quantile has a minimum around A = 0.02. By contrast,
the curve associated with the 0.95th quantile is monotonically decreasing. This induces
instability in the value of A chosen by cross-validation. Panel B of Figure 1.1 displays, in

light green, the probability—again, across random 10-fold partitions r—that each value of

ZFor sufficiently small )\, a covariate is selected so long as it is not collinear with other covariates and its
sample correlation with the outcome is not exactly equal to zero.

3See, for example, applications to Crime (Mastrobuoni, 2020; Arnold et al., 2020), Development (Casey
et al., 2021b; Blattman et al., 2024; Sadka et al., 2024), Economic Theory (Fudenberg and Liang, 2019),
Education (Ellison and Pathak, 2021), Environment (Deryugina et al., 2019; Cicala, 2022), Finance (Koijen
et al., 2024), Health (Abaluck et al., 2016; Cooper et al., 2020), Industrial Organization (Kelly et al., 2023;
Dubé and Misra, 2023), Innovation (Chen et al., 2021; Myers and Lanahan, 2022), Labor (Muendler and
Becker, 2010; Card et al., 2020; Adermon et al., 2021; Derenoncourt, 2022), Market Design (Agarwal et al.,
2019), Macroeconomics (Hansen et al., 2018), and Political Economy (Gentzkow et al., 2019; Cantoni and
Pons, 2022).
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Figure 1.1: Cross-Validation
Panel A: Mean-Squared Error Quantiles
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Notes: Figure 1.1 measures the residual randomness of the cross-validated Lasso, implemented in data from
Casey et al. (2021a,b). Panel A displays quantiles of the 10-fold cross-validated estimate of the mean-squared
error (1.2.6) of the lasso regression (1.2.5) over a grid of values of A. In Panel B, the probabilities that each
value of A minimize the cross-validated risk estimate are displayed with light green dots, relative to the left
y-axis. The number of covariates selected at each value of A are displayed with dark blue dots, relative to the
right y-axis. See Appendix A.1.1 for further details.

A is selected, i.e., minimizes the cross-validated estimate of the mean-squared error. The
number of covariates in the model associated with each value of \ is displayed in dark
blue. The distribution of the selection probabilities has two maxima—both are associated
with probabilities greater than 0.2. One entails selecting a model with 14 covariates. The
other entails selecting a model with zero covariates. The random choice of the partition r

substantively affects the size of the selected model.*

1.2.2 Cross-Fitting

Meaningful residual randomness is not particular to cross-validated risk estimation. A second
class of sample-split methods, seeing increasing use in applied economics, are characterized

by the application of “cross-fitting” to accommodate—or characterize—treatment effect

4Casey et al. (2021b) take measures to stabilize their results. In particular, they select covariates that are
selected in more than 200 of 400 randomly drawn 10-fold partitions r. We use this setting as an example, in
part, because a serious attempt was made to address residual randomness. This is not commonplace in the
literature surveyed in Footnote 3 (a similar strategy is used in, e.g., Hansen et al. (2018), however).
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heterogeneity. Often, in this case, the data D; consist of an outcome Y}, a binary treatment
W;, and a vector of covariates X;. Let Y;(1) and Y;(0) denote the potential outcomes induced

by the treatment WW;. As before, let s denote a random a subset of [n], with complement .

The basic idea underlying this class of methods is to use the data from the units 7 in s
to predict the treatment effects Y;(1) — Y;(0) for the units ¢ in s. For example, a machine
learning algorithm can be applied to the data Ds to construct estimates of the conditional

expectation
fo(z) =E[V; | Xi =2, Wi =w] and p(e) = P(Wi=w|X; =1}  (12.7)

for each w in {0,1}. Collect these estimates into 7(Ds) = (fi1, fip). Predictions of the

treatment effects for the units ¢ in s can be constructed through the sample-split statistic
Y(D;,n(Ds)) = fu(X;) — fuo(Xi) (1.2.8)

These predictions can then be used to estimate average treatment effects and characterize
treatment effect heterogeneity, among other related problems. The point is, by splitting the
data, these “second-stage” analyses are not confounded by the construction of the “first-stage”

estimators.

“Double Machine Learning” (DML) estimates of average treatment effects are a leading
example of a method that takes this structure (Chernozhukov et al., 2018). Here, the
sample-split statistics (1.2.8) are aggregated with cross-splitting, through

k
a(r,D) = %ZT(sj, D), where T(s,D) = éZw(pi,ﬁ(Dg)) (1.2.9)

j=1 1€s

and, again, r is a random k-fold partition of [n]. An appropriate standard error for (1.2.9) is

itself given by the cross-split statistic

se(r, D) — % SOST (@D i(Ds))) — alr, D)) (1.2.10)

j=1 ics;

Chernozhukov et al. (2018) show that an asymptotically efficient test of the null hypothesis
that an average effect treatment effect is less than zero can be constructed by comparing

(1.2.9) to the critical value cv,(r, D) = z1_,, - se(r, D), where z;_, is the 1 — « quantile of
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the standard normal distribution.” DML estimators have been increasingly used in applied
economics, as they place weaker restrictions on treatment effect heterogeneity than, say,
methods based on linear regression.’

The DML estimator (1.2.9) and standard error (1.2.10) are, again, random through both
the data D and the k-fold partition r. To evaluate the extent of resultant variability, we
consider data from Chakravorty et al. (2024a,b). Chakravorty et al. (2024a) use DML to
study the effect of a program, implemented in two Indian states, involving the provision of
information concerning prospective jobs to vocational trainees, on employment outcomes.
Here, the binary outcome Y; indicates employment five months after completing training
for each of 890 trainees placed into jobs, W; denotes assignment to the program, and X;
collects measurements of 77 pre-treatment covariates.

Panel A of Figure 1.2 displays a heat map of the joint distribution of the 5-fold cross-
fit estimator (1.2.9) and the associated critical value cv,(r, D) over random draws of the
partition r.” A black line is placed at the threshold where the estimate is equal to the critical
value. The residual variability in the estimate is large relative to estimates of the sampling
variability, and is sufficient to determine the purported statistical significance. Concretely,
the difference between the 0.05th and 0.95th quantiles of the distribution of the estimator
(0.094 and 0.131, respectively) is equal to 68% of the median of the distribution of the
standard error (0.054).%

The same behavior is exhibited in related applications that use cross-fitting in more
complicated ways. In these cases, measures to stabilize results are more common, although

there is little guidance on how to best operationalize this stabilization. To illustrate this, we

3This result does not apply to estimates of the form (1.2.8), but rather to estimators analogous to (1.2.9)
constructed with the “Neyman Orthogonal” or “Doubly Robust” moment

B P Wi(Yi — in(Xs)) (1Wz‘)(Yz‘ﬂo(Xi)))
V(D DE) = (i () — ol X)) + (O Y
where the nuisance parameter now includes a estimate of the propensity score p(z) = P{W; =1 | X; = «}.
An estimator of this form is used by Chakravorty et al. (2024a), but not by Haushofer et al. (2022) or Beaman
et al. (2023b).

6See, for example, applications in Okunogbe and Pouliquen (2022), Beraja et al. (2023), Covert and
Sweeney (2023), Delfino (2024), Farronato et al. (2024).

"We follow the replication package associated with Chakravorty et al. (2024a). Nuisance parameters are
estimated with random forests using the “Ranger” R package (Wright and Ziegler, 2017). Estimates and
standard errors are constructed using the “DoubleML” R package (Bach et al., 2024). See Appendix A.1.2 for
further details.

8Some papers take measures to address analogous residual randomness (see e.g., Covert and Sweeney
(2023)). In fact, Chernozhukov et al. (2018) suggest taking the median over several partitions r. Most
implementations of DML in standard statistical software allow the user to aggregate estimates, although this
aggregation does not occur by default (e.g., Bach et al., 2024 in R or Ahrens et al., 2024 in STATA).
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Figure 1.2: Cross-Fitting
Panel A: Treatment Effect Estimation
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Notes: Figure 1.2 displays discretized heat maps quantifying the residual randomness of three estimators
constructed with cross-fitting. All three panels give the joint distribution of an estimator and an associated
critical value. In each case, a black line has been placed at the threshold where the estimator is equal to the
critical value. Panel A displays the distribution of the DML estimate (1.2.9) cross 5-fold cross-splits using data
from Chakravorty et al. (2024a,b). Panel B displays the difference between treatment effects estimates for the
“most impacted” and “most deprived” individuals, following Haushofer et al. (2022), using data from Egger
et al. (2022a,b), again across 5-fold cross-splits. Panel C displays the distribution of the estimate associated
with a test of treatment effect heterogeneity using data from Beaman et al. (2023a,b). Here, each estimate and
critical value is computed by averaging over 250 independently drawn half-samples s. See Appendix A.1 for
further details on the construction of each panel.
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consider examples from Haushofer et al. (2022) and Beaman et al. (2023b).° Haushofer
et al. (2022) use data from a randomized cash transfer implemented in Kenya. These data
were originally considered in Egger et al. (2022a,b). Beaman et al. (2023a,b) use data from
an experiment concerning agricultural lending in Mali. Both papers use sample-splitting to
construct estimates, of the form (1.2.8), of the treatment effects Y;(1) — Y;(0) for each of
the units 7 in s. Haushofer et al. (2022) additionally construct sample-split estimates of the

untreated outcome Y;(0) for each of the units in s.

Haushofer et al. (2022) identify the 50% of units in s that have the largest predicted
treatment effect as well as the 50% of units that have the smallest predicted untreated
outcome. They refer to these groups as the “most impacted” and “most deprived,” respectively.
They estimate the difference in the average treatment effect for the two groups, and construct
a standard error, and associated critical value, for this difference with the bootstrap. See
Appendix A.1.3 for details. Panel B of Figure 1.2 displays a heat map of the joint distribution
of the 5-fold cross-fit estimate of the difference between the treatment effect estimates for
the two groups, and the associated critical value, over random draws of the partition r.'° The
residual randomness is considerable. Here, the difference between the 0.05th and 0.95th
quantiles of the distribution of the estimator (37.82 and 109.69, respectively) is equal to
190% of the median of the distribution of the standard error (54.44). To stabilize these
results, Haushofer et al. (2022) average over 400 draws of the 5-fold partition r. Due to
this increased computation, they only report confidence intervals for their main results. The
methods developed in this paper ensure that stabilization of sample-split statistics, in this

way, occurs at a minimal computational expense.

Likewise, Beaman et al. (2023b) implement a test of treatment effect heterogeneity
proposed by Chernozhukov et al. (2023). In particular, in data for units in s, the outcome
is regressed on the treatment, the treatment effect estimate, and an interaction between the

treatment and the treatment effect estimate. The idea is that, if treatment effect estimates

°Additional, related, methods that uses cross-fitting to estimate and evaluate treatment targeting rules are
proposed by Athey and Wager (2021) and Yadlowsky et al. (2024).

10We were not able to access a replication package associated with Haushofer et al. (2022), and so implement
a simplified version of the exercise considered in that paper using data from the replication package associated
with Egger et al. (2022b). Treatment effects, and untreated outcomes, are estimated with random forests
using the “GRF” R package (Athey et al., 2019). Analogous estimates reported in Haushofer et al. (2022)
are statistically significant. We emphasize that, as we implement only a simplified version of the exercise
conducted in Haushofer et al. (2022), our estimates should only be interpreted an an illustration of the scope
of residual randomness in analyses of this type, rather than as a substantive characterization of underlying
treatment effect heterogeneity. In particular, we make no attempt to reweigh observations according to their
sampling probabilities and appear to be using a different measure of the time between the administration of the
experiment and the measurement of post-treatment outcomes.



SECTION 1.3 13

are well-calibrated, then the coefficient on the interaction should be statistically greater
than zero. Chernozhukov et al. (2023) recommend aggregating p-values associated with
the coefficients on the interaction over 250 replications of this sample-split test. Panel C of
Figure 1.2 displays a heat map measuring the joint distribution of the average coefficient
and critical value associated with this test.!! That is, each coefficient and critical value
is computed by taking the average over 250 sample-splits. Despite this aggregation, the
residual randomness remains meaningful.!> The difference between the 0.05th and 0.95th
quantiles of the distribution of the estimator (0.86 and 1.08, respectively) is equal to 28%
of the median of the distribution of the standard error (0.80). Perhaps motivated by this
instability, Beaman et al. (2023b) aggregate over 1000 sample-splits.

Two themes emerge from these examples. First, sample-splitting is a versatile tool
for simplifying various tasks associated with modern statistical inference. Second, the
residual randomness induced by sample splitting is often large and can affect the substantive
interpretation of results. In the next section, we provide a general-purpose method for
aggregating sample-split statistics that ensures that residual randomness is controlled at a

minimal computational cost.

1.3. REPRODUCIBLE AGGREGATION

We propose a sequential method for aggregating sample-split statistics. Our objective is
to ensure that the auxiliary randomness induced by sample-splitting is small. To introduce
the method, we require some additional notation. The set S, , consists of all subsets of
n] = {1,...,n} of size b. In turn, the set R, x, contains all collections of & mutually
exclusive elements of S, ;. That is, if n = k - b, then the set R,, ;. ;, collects all partitions
of [n] into k£ mutually exclusive sets of size b. We refer to the elements of the set R,
as cross-splits. Throughout, the quantity R, , = (r;)7_, collects g cross-splits, each given
by r, = (Si,j)le- Unless otherwise specified, the elements of R, ;, are random, sampled
independently and uniformly from the collection R, .

Suppose that we are interested in some sample-split statistic 7'(s, D). We study the

'We follow the details of the replication package associated with Beaman et al. (2023b). Nuisance
parameters are estimated with random forests using the “GRF” R package (Athey et al., 2019). Further details
are given in Appendix A.1.4.

12Chernozhukov et al. (2023) recommend aggregating p-values the median to ensure robustness to outliers.
In practice, if aggregation of a sample-split statistic with a median, rather than a mean, makes a material
difference, we strongly encourage researcher to investigate why some sample-splits generate extreme (or
highly skewed) estimates (e.g., outliers in the underlying data or poor overlap in an intervention).
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construction of aggregate statistics of the form

—_

7j=1

g
a(Ryk, D) == a(r, D), where a(r, D) = A({T(s;;, D)}}_,) (1.3.1)
=1

)

and the function A(-) aggregates the statistics 7'(s; j, D) across the cross-split r;. To simplify
exposition, for the time being, we will restrict attention to the case that the statistic a(R, x, D)
is real-valued. This is natural, if, for example, the statistic a(r, D) is a treatment effect
estimate or p-value constructed with cross-fitting. Later, in our application to cross-validated
risk estimation, we treat vector-valued sample-split statistics, e.g., cross-validated risk
estimates queried at a vector of values of a penalization parameter.

Our task is to formulate a method for choosing the number of cross-splits g to ensure
that the residual variability of the aggregate statistic (1.3.1) is small. We formalize this

objective as follows.

Definition 1.3.1 (Reproducible Aggregation). Let the sequences {r;}2, and {r;}, be
drawn independently and uniformly, conditional on the data D, from the collection of
cross-splits R, i - Define R, . = {r,}{_, and R} , = {r) }{_, for each integer g. Suppose
that the integers ¢ and ¢’ are independent and identically dlstrlbuted, again conditional on
the data D. We say that the aggregate statistic a(R; x, D) is (&, 3)-reproducible if

P{‘G(Rg,mD) —a(Ry 4, D)| > €| D} <p (1.3.2)

almost surely.

Definition 1.3.1 is motivated by the following thought experiment. Suppose that the data D
are given to two researchers. Each researcher is tasked with producing an estimate of the
form (1.3.1). They generate the collections of splits, R; ;, and R’g,7 i» iIndependently using
the same, potentially data-dependent, procedure. That is, the two collections of splits are
independent and identically distributed, conditional on the data D. If the estimate a (R x, D)
is (¢, §)-reproducible, then the probability that the two researchers’ estimates differ by more
than £ is less than f.

Of course, ensuring that estimates are reproducible, in the sense of Definition 1.3.1, does
not preclude deceptive behavior. Researchers might compute a reproducibility aggregated
statistic many times, until a desirable estimate is obtained. However, reporting reproducible
statistics greatly increases the cost of searches of this form, as the scope of residual

randomness has been reduced.
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Algorithm 1: Anscombe-Chow-Robbins Aggregation
Input: Data D, tolerance &, error rate /3, collection size k, split size b, initialization
Ginit
Set g < Ginit
Draw ry, ..., ry, . independently and uniformly from R,, 5. Collect Ry, . = (r;)7.
while 0(R, , D) > cv(¢, 5) do
Setg <+ g—+1
Draw r, uniformly from R,, ;. 5. Collect R, = (Ry—14, ).
end
Setg< g
return a(R; x, D)

L N N A W N =

Notes: Algorithm 1 gives a method for sequentially aggregating sample-split statistics. The critical
value cv(¢, 8) is defined in display (1.3.5).

We propose a sequential method for constructing reproducible sample-split statistics.
The proposal is based on the fixed-length sequential confidence intervals of Anscombe
(1952) and Chow and Robbins (1965). The procedure works by repeatedly drawing a cross-
split ry uniformly from R, j 5, appending the cross-split to the collection Ry, = (Ry_1 4, 1),

and estimating the conditional variance

vgk (D) = Var(a(Ry, D) | D) (1.3.3)
with the plug-in estimator
i 11§ 2
0 (Ry, D) =———=> (a(r;,D) —a(Ryx, D)) (1.3.4)
99— 1 i=1
until the condition )
. 1
# Ry ) < o) = 5 () (135)
<1-8/2

is satisfied, where z,, denotes the o quantile of the standard normal distribution. In particular,
let ginit > 2 denote some “burn-in” period chosen by the user. The number of cross-splits
g chosen by the procedure is the smallest value of g, greater than g;,;, such that (1.3.5) is

satisfied. The procedure is summarized in Algorithm 1.

In Section 1.3.1, we show that Algorithm 1 is applicable, off-the-shelf, to a large
class of problems. In particular, without imposing any conditions on the data generating
process or the statistic of interest, we show that sample-split statistics aggregated with

Algorithm 1 are reproducible, in a particular asymptotic sense. Moreover, we show that,
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in many applications, statistics aggregated with Algorithm 1 maintain, or improve on,
various unconditional statistical guarantees. We then revisit, in Section 1.3.2, the examples
considered in Section 1.2. We show that, in each case, an application of Algorithm 1

produces a reproducible, stabilized, estimate.

1.3.1 Asymptotic Validity

The following theorem establishes that statistics aggregated with Algorithm 1 are reproducible,
in a particular asymptotic sense. The proof is closely related to the arguments of Anscombe
(1952) and Chow and Robbins (1965) and is given in Appendix A.3. See e.g., Theorem 3.1
of Gut (2009) for a textbook treatment.

Theorem 1.3.1. Suppose that the conditional variance Var(a(r, D) | D) is strictly positive,
almost surely, where r denotes a random collection drawn uniformly from R, .. If the

collections Ry ;, and Ré/7k are independently obtained using Algorithm 1, then
P{\a(Rg,k, D) —a(R}, ., D)| > ¢ | D} BB as £€—0. (1.3.6)

Two aspects of Theorem 1.3.1 are worthy of emphasis. First, no restrictions on the data
generating process or the statistic of interest are imposed. For instance, the data D do not
necessarily need to be i.i.d. and the statistic a(r, D) can be random though quantities other
than just r and D. The result, thus, provides a strong assurance that Algorithm 1 can be
applied widely.

Second, in the statement (1.3.6), asymptotics are taken as ¢ — 0, with all other quantities,
including the sample size n, fixed. This asymptotic framework is somewhat opaque, or at
least nonstandard, as the parameter £ is a choice variable. The operational interpretation
is that, if £ is chosen to be sufficiently small—at a point negligible relative to, say, the
conditional variance vy ;(D)—then the nominal reproducibility error 5 is accurate. In
Section 1.4, by imposing some simplifying restrictions, we give a set of non-asymptotic
results that make the dependence of the performance of Algorithm 1 on the choices of &, 3,
and the statistic a(r, D) more transparent.

The intuition underlying Theorem 1.3.1 is straightforward. The result follows directly
from the observation that the cross-splits r; are independent and identically distributed
conditional on the data D. Thus, for large values of g, the variance estimator ¢ (R, x, D)

will be close to the conditional variance v, (D). As a consequence, if ¢ is sufficiently
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2

small, then the number of cross-splits g chosen by the procedure will be close to the “oracle

stopping time

| { 1/ ¢\
g =argmin ¢ cv(&, ) = 3 ( > > vgx(D) (1.3.7)

9> Ginit 21-B/2
2 D
=argmin< § > 21_g/2 L() , (1.3.8)
9> Ginit g

where we have used the fact that v, (D) = g~ 'v1 (D) in writing (1.3.8). This, then,
ensures that the aggregate statistic is approximately (£, 3)-reproducible, as

P {|a(R

Rl*k? )‘ >§|D}

g* ku
o ()

as & — 0, where the limit follows from the central limit theorem (as ¢* — oo as & — 0)."3
In most cases, sample-split statistics are used because they have some desirable property.
For example, a sample-split estimator a(r, D) might be asymptotically normal or might
perform well in terms of some loss function. The following result—roughly, a sequential
version of Jensen’s inequality—can be applied to show that, in many situations, statistics
aggregated with Algorithm 1 inherit these properties. Chernozhukov et al. (2023) give a
related risk contraction bound for a fixed number of sample splits. The proof is given in

Appendix A.3 and follows from an application of the martingale stopping theorem.

Theorem 1.3.2. If the collection Ry, is obtained with Algorithm 1, the cross-split r is a

random element of the set R, ., and f(-) is any convex function, then
E[f(a(Ros, D))] < E[f(alr, D))] . (13.9)

Suppose that the estimator a(r, D) has good performance in terms of some convex loss,
e.g., squared or absolute error. Theorem 1.3.2 demonstrates that the aggregate estimator
a(Ry.x, D) will also perform well (and, in fact, may perform better). For example, Chetverikov
et al. (2021) demonstrate that the cross-validated lasso has nearly optimal rates of convergence

in sparse regression problems. Theorem 1.3.2 shows that all higher-order moments of risk

BThe discrepancy between a(R; x, D) and a(Ry« &, D) can be shown to be negligible by applying an
appropriate maximal inequality—an idea due to Rényi (1957).
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estimates obtained with our procedure are smaller than those of risk estimates obtained from
a single cross-split. Thus, we expect the same result to hold for tuning parameters chosen
with risk estimates aggregated with Algorithm 1.

Alternatively, in many cases, sample-split statistics are shown to be asymptotically

normal by demonstrating that the variance of the discrepancy

b

1
vn | a(r,D) - E;ﬂ](/}i,n) (1.3.10)
is small, where ¢(D;,n) is some score, or influence, function and 7 is some unknown
nuisance parameter.'* This is how Chernozhukov et al. (2018) demonstrate that DML
estimates of average treatment effects are asymptotically normal, for example. Theorem 1.3.2
demonstrates that the same argument will apply to statistics aggregated with Algorithm 1.

In some cases, substantial residual randomness in a sample-split statistic might cause
concern for the validity of associated inferences. For example, for DML estimators, the
variance of the term (1.3.10) is bounded from below by the expectation of its variance
conditional on the data. So, if the conditional variance is large, then the unconditional
variance of (1.3.10) is likely not small. On the other hand, the conditional variance can
be reduced through the application of our procedure. In other cases, substantial residual
randomness may not be a reason for concern, because inferences are based on estimating a
nuisance parameter in one split of a data set, and then conducting inference in the other split
by conditioning on this estimate. This is the case for the applications considered in Beaman
et al. (2023b) and Haushofer et al. (2022).

There is a large statistical literature on the use and interpretation of average p-values. In
general, a level « test can be constructed by comparing an average p-value to 2 - « (see e.g.
Riiger, 1978; Vovk and Wang, 2020; DiCiccio et al., 2020). Using a result analogous to
Theorem 1.3.2, for a pre-determined number of sample-splits g, Chernozhukov et al. (2023)
show that, under some high-level conditions, valid p-values aggregated by averaging over
sample-splits are also valid p-values. Under the same conditions, Theorem 1.3.2 can be

applied to give an analogous result for p-values aggregated with Algorithm 1.

4That is, if second term in (1.3.10) is asymptotically normal and the variance of (1.3.10) converges to zero,
then the statistic a(r, D) is also asymptotically normal by Chebychev’s inequality and the continuous mapping
theorem.

I5A variety of methodological papers use this observation to construct sample-split hypothesis tests that
control the Type I error rate under very general conditions. In Appendix A.2.1, we show that the sample-split
hypothesis tests considered in e.g., DiCiccio et al. (2020), Meinshausen et al. (2009), and Wasserman et al.
(2020) continue to be valid when they are constructed sequentially with Algorithm 1.
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1.3.2 Reproducible Aggregation in Practice

Equipped with Algorithm 1, we return to the examples considered in Section 1.2. We
show that, in each case, an appropriate application of the procedure produces a stabilized,

reproducible estimate.

1.3.2.1 Cross-Fitting

We begin by treating the three examples that use cross-fitting. The most important choice
to make when implementing Algorithm 1 is the specification of the statistic a(r, D). There
are many reasonable choices that one might make here. For example, one could choose to
ensure that estimates or standard errors are stable up to a desired level of precision. For the

sake of comparability across settings, we opt to stabilize the p-value

a(r,D) =1— & (%) , (1.3.11)

where the function ®(-) is the standard normal c.d.f. and the quantities est(r;, D) and
se(r;, D) denote the cross-split estimate and standard error that corresponding to the axes of
Figure 1.2. In effect, controlling the residual randomness of the average p-value ensures that

the residual randomness in the aggregate estimate is small relative to the sampling error.

Table 1.1 summarizes the results. We choose £ equal to either 0.001 and 0.01, as these
are the levels of precision relevant for the determination of statistical significance at levels
a = 0.025 and o = 0.10, respectively. For now, we follow the approaches to cross-splitting
taken by all three papers. In the applications to Chakravorty et al. (2024a) and Haushofer
et al. (2022), we aggregate over 5-fold cross splits. In the application to Beaman et al.
(2023b), the split r; contains a single half-sample, i.e., subset of [n] of size n/2.!° The
estimates displayed in Table 1.1 indicate that all three applications require aggregation
over hundreds of cross-splits to ensure reproducibility, in the sense of Definition 1.3.1, at
these levels of error tolerance. Moreover, we find that nominal error rate [ associated with

Algorithm 1, here set to 0.05, is very accurate.

161f it is desirable to aggregate the median p-value, Algorithm 1 will continue to apply with a small
modification. In particular, the variance estimator (1.3.4) can be replaced by an estimator constructed with the
bootstrap. In this case, a result analogous to Theorem 1.3.1 will continue to hold.
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Table 1.1: Reproducible Aggregation in Practice: Cross-Fitting

Application & p-value Average g Reproducibility
Chakravorty et al. (2024a) 0.001  0.980 868.4 0.946
Haushofer et al. (2022) 0.01 0.80 1360.6 0.947
Beaman et al. (2023b) 0.01 0.82 2794.8 0.950

Notes: Table 1.1 summarizes the application of Algorithm 1 to three of the examples considered in Section 1.2.
The first column indicates the application. The second column specifies choices for the error tolerance £. In
each case, we set the reproducibility error rate to 8 = 0.05 and the burn-in sample size gjnit to 10. The third
column gives the p-value produced by one-application of the procedure. The fourth column gives the average
number of cross-splits ¢ drawn in each implementation, taken across 2,000 replications of the aggregation
procedure. The fifth column displays an estimate of the true reproducibility probability, i.e., the probability
that two independent implementations of Algorithm 1 produce estimates that differ by less than &, computed
with these replicates.

1.3.2.2 Cross-Validation

We now turn to our application to cross-validated risk estimation. In this setting, there is
more ambiguity in how to best apply Algorithm 1. We find that the following approach works
well in the data from Casey et al. (2021b). Recall that, in this application, the sample-split
statistic a,(r, D) denotes the cross-validated estimate of the mean-squared error, queried at
a specified value of the regularization parameter A\. We are interested in stabilizing these
estimates for each value of A in an increasing sequence (\,)}_,, where ), is the smallest

value such that no covariates have non-zero coefficients when estimated using the full data.!”

To do this, we apply Algorithm 1 to each component of the vector
(ba,(r, D), ..., bx,_(r, D)), where by/(r,D)= (a(r,D)—ay,(r,D)). (1.3.12)

The rationale for this is that the relative, rather than absolute, values of the risk estimates
are what are relevant for determining where the estimates takes their minimum value. We
find that, in practice, consideration of the differences (1.3.12) can substantially reduce the

amount of aggregation needed for stabilization.

We implement Algorithm 1, independently, for each component of the vector (1.3.12). In

"Throughout, we use the grid (A¢)}_; of values of the regularization parameter A chosen by default by the
“glmnet” R package (Friedman et al., 2021).
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other words, we ensure that each component of the risk estimate is marginally reproducible. '8
We let &; denote the error tolerance used for the ith component of the vector (1.3.12). We use
a simple approach for determining suitable values for these tolerances. Roughly speaking,
we compute the statistic (1.3.12) for each element of a small, initial sample of cross-splits
(e.g., g = 20). Using these estimates, we find that the level of precision needed to distinguish
between the close-to-optimal values of ) is approximately £; = 10~*. The error tolerances
specified at values of A that can be determined to be sub-optimal are set to larger values.
Further details are given in Appendix A.2.2.

Figure 1.3 gives measurements of the performance of Algorithm 1 for aggregation
of the statistic (1.3.12), implemented in the data from Casey et al. (2021b). Panel A
displays quantiles of the reproducibly aggregated statistic (1.3.12) across replications of
the procedure. The y-axis has been truncated to focus attention on the close-to-optimal
values of the regularization parameter. There is little residual randomness. Panel B displays
quantiles of the number of 10-fold cross-splits g chosen by the procedure at each value
of the regularization parameter. Precise estimates at the close-to-optimal values require
aggregation over thousands of cross-splits. Observe that less aggregation is used at small,
sub-optimal values of ), as we have used larger error tolerances for these values. We find
that, if cross-validated model selection is implemented twice, and, in each case, aggregated
at this level of error tolerance, then the same value of ) is selected with probability 0.84 and
the same 14 covariates are selected with probability 0.999. In Appendix A.2.2, we show
that the nominal reproducability error, again = 0.05, is very accurate over the full range

of the regularization parameter.

1.4. THEORETICAL ANALYSIS

The asymptotic results given in Section 1.3 are quite general. In particular, Theorem 1.3.1
holds in the absence of any restrictions on the data generating process or statistic under
consideration. It is worth asking, however, whether these results confer a clear statistical
understanding. At least two issues arise. First, Theorem 1.3.1 relies entirely on the fact that,

in Algorithm 1, successive cross-splits are sampled independently. That is, we have said

181n principle, it is straightforward to ensure that the components of the vector (1.3.12) are simultaneously
reproducible. For example, simultaneous reproducibility at level S can be obtained by ensuring that each
component is reproducible at level §/(p — 1), mimicking the standard Bonferonni adjustment. More
sophisticated schemes, based on the bootstrap, say, are also applicable. In practice, ensuring simultaneous
reproducibility can substantially increase the required computation and tends not to lead to materially different
risk estimates.



22 CHAPTER 1

Figure 1.3: Reproducible Aggregation in Practice: Cross-Validation
Panel A: Mean-Squared Error Differences
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Notes: Figure 1.3 displays the performance of Algorithm 1 in the application to cross-validated Lasso,
implemented in data from Casey et al. (2021b). Algorithm 1 is applied independently to each component of
the vector (1.3.12). The error tolerances ; are specified in Appendix A.2.2. We set the nominal reproducibility
error to 5 = 0.05. Panel A displays quantiles of the statistic (1.3.12) at each value of a grid of values of
the regularization parameter A. The y-axes is truncated to focus attention on large values of A\. We give an
un-truncated version in Appendix A.2.2. Panel B displays quantiles of the number of 10-fold cross-splits g
chosen by the procedure at each value of the regularization parameter.

nothing, yet, about the role of cross-splitting. Second, the interpretation of the asymptotic
approximation with £ — 0 is somewhat opaque. What would be a reasonable value of ¢ to
choose to ensure that Algorithm 1 is accurate? And how do these choices impact the amount

of computation required to implement the procedure?

In this section, we give a non-asymptotic description of the performance of Algorithm 1.
This is accomplished by placing some simplifying restrictions on the statistic of interest.
The more specialized analysis that follows is aimed at providing qualitative and quantitative
intuition for how the computational cost and reproducibility error of statistics aggregated
with Algorithm 1 depend on the choices of k£ and &. Proofs for results stated in this section

are given in Appendix A.4.
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1.4.1 Symmetry, Linearity, and Stability

We impose a set of simplifying restrictions. Recall that, in general, we are considering the

aggregation of cross-split statistics of the form
a(r,D) = A({T(sj,D)}g‘?:l) , where T (s,D)= V(D1 (Ds)) (1.4.1)

is a sample-split statistic and the function 7(+) is an estimator of an unknown nuisance
parameter 7). In the main text, we restrict attention to the case that n = £ - b, i.e., where each
element r in R,, ., is a complete partition of [n] into k sets of size b. Each of the results
given here will follow directly from more general results stated in Appendix A.4, where this
restriction is not imposed.

First, we assume that the sample-split statistic under consideration is symmetric and

deterministic in each part of a split sample.

Assumption 1.4.1 (Symmetry and Determinism). For all sets s in S,,;, and data D, the
statistic T' (s, D) is deterministic and invariant to permutations of the data with indices in s

and s, respectively.

The intention of Assumption 1.4.1 is to restrict the residual randomness under consider-
ation to the randomness introduced by sample-splitting. This holds in cases where 7(+) is
deterministic, e.g., when 7j(-) is a coefficient vector determined by a regularized regression or
in the applications to hypothesis testing considered by DiCiccio et al. (2020) or Wasserman
et al. (2020). Assumption 1.4.1 rules out procedures where the estimator 7(+) is random
conditional on the data. This excludes settings where, e.g., 7)(-) is estimated with stochastic
gradient descent, bagging or subsampling, or is itself constructed with data splitting.
Second, we assume that the aggregation function .A(+) is an average and that the statistic

T (s, D) is linearly separable in the first part of the split sample.
Assumption 1.4.2 (Linearity). For all cross-splits r = (sj)é?:1 in Ry, 1, the cross-split

statistic a(r, D) can be represented by

1
a(r, D) = + > T(s;,D) . (1.4.2)
1€s
Moreover, for all sets s in S,, , the sample-split statistic T' (s, D) can be represented by

T(s,D) = 2 3 (D (D3) (143)

1€ES
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for some function (-, -).

We make these restrictions to ease exposition. Assumption B.2.3 is satisfied if, for example,
the statistic under consideration is a cross-fit treatment effect or cross-validated mean-
squared error estimate. In principle, Assumption B.2.3 rules out some applications of
interest. In practice, so long as the linear representations (1.4.2) and (1.4.3) hold up to a
suitable degree of approximation, the qualitative and quantitative predictions of the results
that follow will continue to hold.!” In particular, we show below that the predictions of our
results play out in the data from Chakravorty et al. (2024a), where the statistic 7' (s, D) is a
p-value of the form (1.3.11).

The remaining assumptions, and our ensuing results, are expressed in terms of two
objects that measure the sensitivity of the statistic under consideration to perturbations of
the data and of the splits, respectively. We refer to these objects as stabilities. They are

defined as follows.

Definition 1.4.1 (Sample Stability). Fix asets C S, and let ¢ be an arbitrary element of s.
Let D’ denote an independent and identical copy of the data D. For each q C [n], let D@
be constructed by replacing D; with D’ in D for each j in q. Let q be a randomly selected
subset of s of cardinality q. We refer to the quantity

o = |[(Dy, i (Ds)) = Dy n(D))['] (14.4)
as the (r, ¢)-order sample stability.
Definition 1.4.2 (Split Stability). We refer to the quantity

(M =E { max (T (s, D) — T(s’,D))T] : (1.4.5)

s,s'€Snp

as the rth-order split stability.

We restrict attention to statistics whose sample stabilities decay in a suitable way with
the sample size n. Throughout, we say x < y if there exists a universal constant C' such that
x < COy.

Assumption 1.4.3 (Sample Stability Decay). The (r, ¢)-order sample stability satisfies the

bound ;
o) < ( Vi ) (1.4.6)

~\n—->

9Extensions of our results to cases where the function .A(-) or the statistic 7' (s, D) satisfy component-wise
Lipschitz or bounded differences conditions, say, are feasible, and will exhibit the same qualitative behavior.



SECTION 1.4 25

uniformly for each q in [b] and r in {2,4}.

We call a statistic sample stable if it satisfies Assumption 1.4.3.2° Many sample-split
statistics of interest are sample stable. In Appendix A.2.3, we show that statistics satisfying
Assumption B.2.3 are sample stable if the nuisance parameter estimator 7(-) is an empirical
risk minimizer of a, potentially regularized, strictly convex loss. There is a large literature
that gives analogous bounds for other standard machine learning estimators, including
bagged or subsampled estimators, like random forests (Chen et al., 2022; Ritzwoller and
Syrgkanis, 2024), ensemble estimators (Elisseeff et al., 2005), and estimators computed
with stochastic gradient descent (Hardt et al., 2016).2!

Nevertheless, sample-stability should be viewed as a strong assumption, that is only
applicable to highly regular estimators. Below, we show that the predictions that follow
from the imposition of sample-stability, concerning the qualitative behavior of the residual
randomness, play out in the applications to Casey et al. (2021b) and Chakravorty et al.
(2024a). These predications may not have the same quality in settings that use less well-
behaved nuisance parameter estimators.

The split stability (") is a less frequently studied object. We will only require that it is
finite for r equal to 4 or 8, depending on the setting. This is a weak restriction that will hold,

for example, if the statistic 7" (s, D) is bounded.

1.4.2 Computation and Concentration

Algorithm 1 entails sequentially computing the statistic a(R, ;, D), as g increases, until a
stopping criteria is satisfied. How much computation should we expect to do? And how
does this quantity depend on the parameters k and £?

Recall from Section 1.3.1 that we should expect the total number of splits m = ¢ - k

used by Algorithm 1 to be close to the “oracle” quantity

2
m* = g* -k~ 2k-v (D) (%) , (1.4.7)

where vy (D) = Var(a(r, D) | D) denotes the conditional variance of the statistic computed

20The (2, 1)-order sample stability o1 is a widely studied object in the statistical learning literature,
where it is referred to as mean-square stability (see e.g., Bousquet and Elisseeff, 2002; Kale et al., 2011; Kumar
etal., 2013).

2IChen et al. (2022) show that, under some regularity conditions, sample-splitting is unnecessary for the
consistency and asymptotic normality of DML estimators, if a condition related to, but partially stronger than,
Assumption 1.4.3 is satisfied. We comment on the relationship between Assumption 1.4.3 and the conditions
considered in Chen et al. (2022) in Appendix A.2.3.
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using a single cross-split. Two aspects of the expression (1.4.7) are worth highlighting. First,
the total number of splits depends on the error tolerance ¢ through the factor £~2. In other
words, in order to reduce the reproducibility error by a factor of 10, e.g., to move from
¢ =0.1to & = 0.01, the total number of splits must be increased by a factor of 100. Second,
the total number of splits depends on the parameter k through the factor & - vy (D). How
should we expect this quantity to scale with £?

We answer this question with the following result, which characterizes the rate of

convergence of the statistic a(R, ;, D) around its conditional mean, given by
a(D)=Ela(Rys, D) | D] =E[T(s;;,D) | D] (1.4.8)

under Assumption B.2.3. The nonstandard aspect of this result is that we account for the
dependence in the summands in a(R, 4, D) across cross-splits, i.e., the dependence induced
by cross-fitting. This is accomplished by applying a coupling argument due to Chatterjee
(2005, 2007).2

Theorem 1.4.1. Suppose that Assumptions 1.4.1, 1.4.3, and B.2.3 hold, the data D are
independently and identically distributed, and n = k - b. If the 4th-order split stability (V) is
finite, then for each § > 0, the inequality

<1b_11_
~o n?og

vgi(D) =E [(a(Rgx, D) —a (D)) | D] (1.4.9)

holds with probability greater than 1 — § as D varies.

The left-hand side of the inequality (1.4.9) is random through the data D. Theorem 1.4.1 says
that, if F is the event that the inequality (1.4.9) holds, then P{F} > 1 — § unconditionally.
This bound results from an application of Markov’s inequality, at one point in the proof, to

bound a complicated, data-dependent term with a term that depends on the sample stability.

22Theorem 1.4.1 is closely related to the unconditional variance bounds given in Kale et al. (2011) and
Kumar et al. (2013), who give bounds with the same dependence on k for cross-validated risk estimation.
Our result follows from a different method of argument. In particular, Theorem 1.4.1 is a corollary of a more
general result, presented in Appendix A.4, that gives an analogous large deviations bound. In particular, we
show that, for each ¢ > 1, the bound

_ b—11log(e~1)
P {|a<Rg,k,D> (D) <[ o | Dy
holds with probability greater than 1 — § as D varies. That is, the rate of convergence suggested by
Theorem 1.4.1 holds for all higher-order moments as well. This large deviations bound is applied repeatedly to
establish the result given in the following subsection.
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This strategy—bounding the conditional quantities of interest with unconditional quantities—
is helpful because the resultant unconditional object, the sample stability, is tractable and

has been characterized in many settings of interest.

Theorem 1.4.1 demonstrates that the variance v, ; (D) converges to zero at the rate

1ol 1 1410
Consequently, for a fixed total number of splits m = g - k, the rate of convergence
is proportional to (mn)~'. That is, the conditional randomness of aggregate statistics
constructed with m sample-splits concentrates like averages of m i.i.d. random variables,
despite the dependence across cross-splits. Observe, also, that if b = 1, corresponding to
“jackknife” or “leave-one-out” sample-splitting, then there is no residual randomness and

the left-hand-side of (1.4.10) collapses to zero.
Plugging the bound (1.4.9) into the expression (1.4.7), we find that

1 /=2 2
mE = (1—5/2) , (1.4.11)
n §

In other words, Theorem 1.4.1 implies that—in contrast to the error tolerance {—the number
of cross-folds & does not affect the required computation.”? On the other hand, all else equal,
less aggregation is needed to remove residual randomness from settings with larger sample

sizes n.

Theorem 1.4.1 plays out empirically. Figure 1.4 displays measurements of the conditional
variance vy ;(D) in dark blue, as k varies, for our applications to Casey et al. (2021b) and
Chakravorty et al. (2024a). For the application to Casey et al. (2021b), we use the cross-
validated estimate of the mean-squared error at the value of A that minimizes the curves
displayed in Panel A of Figure 1.3. For the application to Chakravorty et al. (2024a), we use
the p-value (1.3.11), associated with the cross-fit estimate of the average treatment effect. If

the variance bound (1.4.9) is accurate, then the approximation

k,/
v1 k(D) ~ (E) v (D) (1.4.12)

should hold for each pair &, k’. To test this, we display estimates of right-hand-side of

BThroughout our discussion, we assume that the computation involved in computing the estimator using

one split is invariant to the fold size b. This should hold to a good degree of approximation for small values of
k.
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Figure 1.4: Concentration
Panel A: Casey et al. (2021b)
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Notes: Figure 1.4 illustrates the concentration of the residual randomness of various cross-split statistics
with the number of cross-splits &, using data from Casey et al. (2021b) and Chakravorty et al. (2024a). For
the application to Casey et al. (2021b), we use the cross-validated estimate of the mean-squared error at the
value of A that minimizes the curves displayed in Panel A of Figure 1.3. For the application to Chakravorty
et al. (2024a), we use the p-value of the form (1.3.11), associated with the cross-fit estimate of the average
treatment effect. The z-axes give 1/k. The y-axes give measurements of the conditional variance of each
statistic. Both the axes are displayed on a logarithmic scale, base 10. The theoretical prediction (1.4.12), based
on Theorem 1.4.1, is given in light green.

(1.4.12) in light green, where £’ is the largest value of & considered in each sub-figure. In

each case, the approximation is remarkably accurate.?*

1.4.3 Reproducibility

Algorithm 1 confers a guarantee. In particular, statistics aggregated with Algorithm 1
should be interpreted as being reproducible, up to an error tolerance £, with probability
greater than 5. How accurate is this guarantee? In particular, how does the accuracy of the
nominal reproducibility error 5 depend on the choice parameters & and k? These questions

are answered by the following Berry-Esseen type bound on the accuracy of the nominal

24t is worth emphasizing that neither Assumption 1.4.1 nor Assumption B.2.3 holds for the application to
Chakravorty et al. (2024a). That is, in this case, nuisance parameters are estimated with random forests, which
are random conditional on the data, and the p-value (1.3.11) does not admit an exact representation of the form
(1.4.3). Rather, in this setting, both of these assumptions are good approximations (so long as the number of
trees used to construct the random forests is sufficiently large), and so the predictions of Theorem 1.4.1 hold.
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reproducibility of Algorithm 1.

Theorem 1.4.2. Suppose that the collections R;;, and ng',k: are independently obtained
using Algorithm 1. If Assumptions 1.4.1, 1.4.3, and B.2.3 hold, the conditional variance
v1 k(D) = Var(a(r, D) | D) is strictly positive, almost surely, the data D are independent
and identically distributed, and the eighth-order split stability (®) is finite, then for all
sufficiently small £, the inequality

\P{\a(Rg,k,m 4Ry, D) > €| D} _ 5\

5/4 1/2
< L1 S R (1.4.13)
83/ kn \ v1 (D) Z1-p8/2

holds with probability greater than 1 — § as D varies, where in writing (1.4.13), we have

omitted a multiplicative term that converges to zero logarithmically as £ decreases to zero.

Theorem 1.4.2 describes the settings under which Algorithm 1 is accurate. To unpack this

result, observe that the variance bound (1.4.9) gives

L( 1 )5/4( ¢ )”3&“( 3 )1/2 (1.4.14)
kn \ vi (D) Z1-8/2 ~on <1-8/2

This suggests that the performance of Algorithm 1 improves as k and ¢ decrease and

as n increases.”” These predictions hold empirically. Panel A of Figure 1.5 displays
estimates of the reproducibility error in the application to Casey et al. (2021b) as k and ¢
vary. An analogous figure for the application to Chakravorty et al. (2024a) is displayed
in Appendix A.1.5. As predicted, over most of the range of &, the reproducibility error is
increasing as k increases.”®

Likewise, Panel B displays estimates of the average number of cross-splits g used in
Algorithm 1, at each value of ¢ and k. Again, as predicted, the total number of splits used
by the procedure stays constant as k varies. To see this, observe that the average value of g
is roughly 10 times smaller for £ = 20 than for £ = 2, as predicted by the approximation
(1.4.11). Comparing Panels A and B, observe that, once the average value of g is larger than

approximately 500, the reproducibility error is close to the nominal error rate 3.

23The dependence of the bound (1.4.13) on ¢ is sharp, at least up to the logarithmic factor. This follows
from general results concerning randomly stopped sums given in Landers and Rogge (1976, 1988).

26Note, however, that for large values of £, the reproducibility error decreases as k increases. This is due to
early stopping. That is, if the variance vq (D) is large relative to &, then there is an increased chance that §
stops immediately after the burn-in period, i.e., § = ginit-
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If the total number of splits required to ensure reproducibility at a given error tolerance
¢ is constant as k varies, then why does the performance of Algorithm 1 decrease with £?

As part of the proof of Theorem 1.4.2, we show that, for each € > 0, the bound

~

11 1 \%¥? log(e~!
2_1‘55_(1“@) £ JlosE™) plo g, (1.4.15)

P
gt k ( Z1-p/2 0

holds with probability greater than 1 — ¢, as D varies. Again the variance bound (1.4.9)

11/ 1 \*? K/
(mD)> TS < (1.4.16)

EE ( 21_5/2 ~on 21_5/2

Written differently, as & increases the discrepancy between the realized and oracle number of

gives

cross-splits, |g/g* — 1|, increases, reducing the accuracy of the nominal error rate. Roughly
speaking, this happens because the quality of the estimator v, (D) for the conditional
variance v, (D) depends only on the number of cross-splits g.>” That is, for a given number
of sample-splits m = k - g, Algorithm 1 is most accurate when ¢ is large, as the variance
estimate v, ; (D) is more precise.

As before, these predictions play out in practice. Panel C of Figure 1.5 displays estimates
of the 0.05th and 0.95th quantiles of the distribution of the discrepancy §/g* — 1 as k and &
vary. Over most of the range of £ the discrepancy between ¢ and g* is increasing in k. At
small values of k and large values of &, there is an increased chance that g stops immediately
after the burn-in period, i.e., § = Ginit-

It is worth pausing to note that these results do not support eschewing cross-splitting
altogether, i.e., setting k equal to one and aggregating over independent splits, as we have
restricted attention to the case that n = k - b. In Appendix A.4, we give analogous results
that relax this assumption and show that cross-splitting, i.e., setting n = k - b, reduces
residual randomness at a faster rate than independent splitting, i.e., setting k equal to one.
In other words, all else equal, Algorithm 1 performs best, in the sense that the nominal
reproducibility error is most accurate, when k is equal to 2 and b is equal to b/2.

To summarize, the computation needed to achieve a desired bound on residual randomness

is highly sensitive to the error tolerance &, but is not affected by the number of cross-folds

7Similarly, in Appendix A.4, we show that the quality of a normal approximation to a(Rg k, D) depends
only on g, although this discrepancy is not the leading term in the reproducibility error. The close approximation
exhibited in Figure 1.4 suggests that is may be reasonable to estimate vy (D) by taking the sample variance
both across and within cross-splits, i.e., computing the sample variance across all m sample-splits. Although
this worth further consideration, asymptotic validity, i.e., Theorem 1.3.1, would not hold at the same level of
generality.
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k. On the other hand, the accuracy of the nominal error rate of Algorithm 1 decreases as
the number of cross-folds % increases. If the error bound £ is chosen to be suitably small,
such that the realized number of cross-splits g is greater than roughly 500, then the nominal
reproducibility probability tends to be quite accurate, and insensitive to changes in the

number of cross-splits.

1.5. RECOMMENDATIONS FOR PRACTICE

Sample-splitting is a helpful tool for simplifying many widely encountered problems in
applied econometrics. This simplification comes at the cost of the introduction of residual
randomness. We have shown, in several applications, that this residual randomness is large
enough to substantively affect results. To address this, we have proposed a simple procedure,
summarized in Algorithm 1, for removing the auxiliary randomness from sample-split
statistics. The procedure takes as input a bound and an error rate. We have shown that, if
the procedure were run twice, the chance that the results differ by more than the bound is

well-approximated by the error rate.

We conclude, in this section, by detailing several recommendations for how to best
implement Algorithm 1 in practice. The most important choice to make is the specification
of the sample-split statistic of interest. For example, suppose that we are interested in
estimating an average treatment effect, or other causal contrast, using an estimator based
on sample-splitting. Denote this quantity by est(r, D) and let se(r, D) denote an associated,
potentially sample-split, standard error estimate. There are several reasonable choices that
one might make. In this case, we recommend applying Algorithm 1 to sequentially aggregate
the p-value

a(r,D)=1—-® (%) (1.5.1)
associated with a test that the contrast of interest is greater than zero, where ®(-) denotes the
standard normal c.d.f. This approach has the benefit of benchmarking residual randomness

with an estimate of the sampling error.

In some settings, it may be of interest to report the scope of residual randomness for
alternative quantities associated with statistics that have aggregated with Algorithm 1. For
example, suppose that we have applied Algorithm 1 to stabilize the p-value (1.5.1), and

obtain a(R; ;, D). We may also wish to report the associated estimate est(R; x, D). In this
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case, we recommend reporting and interpreting the standard error

1 g
251 > (est(r;, D) — est(Ry, D))? (1.5.2)
=1

in the usual way. That is, the standard error (1.5.2) estimates the residual randomness of
the estimate est(R; , D), conditional on the data. If this is too large, the error tolerance &
should be decreased.

The optimal choice of statistic in settings where cross-validation is used for model
selection and risk estimation is less immediate. In this case, we recommend applying
Algorithm 1 to each element of the statistic (1.3.12), i.e., the relative values of the risk
estimates.

The second most important choice to make is the choice of the error tolerance &. In
some cases, an appropriate choice is clear. For example, it may be desirable to ensure that a
p-value is reproducible at the level relevant for the determination of statistical significance at
level 0.10 or 0.025, e.g., setting £ = 0.01 or £ = 0.001. In other cases, like in applications
to cross-validated model selection, this choice is less clear. We propose a procedure for
making this choice in that setting in Appendix A.2.2.

The error tolerance £ should be set to a value that is sufficiently small so that the nominal
reproducibility error is accurate. On the other hand, £ should not be set so small that the
computation associated with implementing Algorithm 1 becomes infeasible. To ensure that
the chosen value of ¢ satisfies these constraints, we recommend computing the statistic
of interest for each of a small, initial sample of cross-splits (e.g., g equal to 20 or 30).
Let 0 (D) denote an estimate of the conditional variance v ;(D) computed using this
sample. An estimate of the total number of cross-splits needed to implement Algorithm 1 at

a specified level of ¢ can then be obtained by

2
g(&) = 201(D) <%) . (1.5.3)

Motivated by the numerical results reported in Section 1.4, we recommend choosing a value
of £ such that this estimate is greater than 500.

In some cases, the estimate (1.5.3) may be too large at practically relevant values of &
to be computationally feasible. Unfortunately, as we have shown in Section 1.4, changing
the number of cross-folds k& will not address this issue, and it may be best to consider

alternative choices of nuisance parameter estimators. In this situation, one might consider
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using “leave-one-out” or “jackknife” sample-splitting, i.e., setting & = n, which exhibits
no residual randomness. This is not an omnibus fix, however. For example, proofs of the
asymptotic normality of DML estimates of average treatment effects require that & is small
relative to n (Chernozhukov et al., 2018). Similarly, leave-one-out cross-validation is not
necessarily optimal for model selection (see e.g., Shao (1993) for early discussion of this
point). Chetverikov (2024) gives a review of various, alternative, approaches to tuning
parameter selection.

If the number of cross-folds £ is set too high, the realized number of cross-splits ¢ may
be too small and Algorithm 1 may perform poorly. But, so long as the user ensures that the
error tolerance ¢ is sufficiently small such that the number of cross-splits g tends to be large
(e.g., greater than 500, say), small changes in the number of folds k£ should not have adverse
effects. Thus, this choice should be made on substantive grounds, that will depend on the
application. In practice, the conventional choices of £ equal to 2, 5, or 10 should work well
in most settings.

We have had relatively little to say about the choice of the nominal reproducibility error
(. We have found that setting 5 = 0.05 is suitable for most applications. Finally, although it
has not played a central role in our theoretical analysis, it is important to choose the burn-in
period ginir to be suitably large to ensure that the variance estimate v, (D) is reasonably
accurate, otherwise Algorithm 1 will tend to stop too early. We recommend setting gini: to

be equal to at least 10.
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Figure 1.5: Performance in Application to Casey et al. (2021b)
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Notes: Figure 1.5 displays measurements of the performance of Algorithm 1 on the data from Casey et al.
(2021b). Panel A displays measurements of the reproducibility error, P{|a(Rg x, D) — a(R}, 1, D)| > £ | D},
as € and k vary. A solid horizontal line is displayed at the nominal error rate 3 = 0.05. Panel B displays
measurements of the average number of replications ¢ s £ and k vary. The y-axis is displayed with a log scale,
base 10. Solid horizontal lines are placed at each exponential factor of 10. Panel C displays measurements of
the 0.05th and 0.95th quantiles of the discrepancy §/¢g* — 1 as k and £ vary. Further details on the construction
of this figure are given in Appendix A.1.5.



Chapter 2

Order-Explicit Linearization of
High-Dimensional U -Statistics

with Vasilis Syrgkanis

We give an order-explicit large deviation bound for the difference between a high-dimensional
U-statistic and its Hajek projection. In particular, we show that any U-statistic of order b on
n observations, with a d-dimensional kernel whose coordinates have v/, -Orlicz norm at most
¢, has a maximum deviation from its H4jek projection of order O,(¢bn~"log®(dn)). The
proof relies on the development of novel order-explicit moment inequalities for higher-order
Hoeffding components. We show that this rate is unimprovable, up to the polynomial factor
on the logarithmic term. As corollaries, we obtain new Bernstein-type concentration and
Gaussian approximation results for high-dimensional U-statistics. We apply these results to
establish the consistency of a set of resampling-based simultaneous confidence intervals built
around a class of nonparametric regression estimators constructed with subsampled kernels.
This class encompasses several forms of random forest regression, including Generalized

Random Forests.

2.1. INTRODUCTION

Let D,, = (D;)!, collect independent observations from a distribution P on a set D. For

each symmetric, d-dimensional kernel function w : D’ — R4, define the b-order U-statistic

Upo(u) = (:) B 3" u(D), 2.1.1)

35
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where the set S,,, collects all of the subsets of [n| = {1,...,n} of size b and the quantity
Dy collects the subset of the observed data D,, with indices in the set s.

The canonical approach for studying the large-sample behavior of statistics with this
structure, due to Hoeffding (1948), is based on the observation that the projection of the
average (2.1.1) onto the space of statistics that decompose additively into the contributions

of individual observations takes the form
b n
- > u(D;), where u(D)=E[u(Dy)| D= D]—E[u(Dy)]. (212
i=1

The average (2.1.2) is known as the Hajek projection of the U-statistic (2.1.1), following
Héjek (1968). The essential idea is that, if the residual from this projection can be shown
to be of a lower stochastic order, then the problem reduces to the analysis of an average of
i.i.d. random variables. In particular, under classical regularity conditions, Hoeffding (1948)

establishes that if the dimension d = 1 and the order b is fixed, then
, /%(Unvb(u) — Elu(Dy)]) % N(0,1), where o2 = Var(u)(D;)). (2.13)
Oy

See Serfling (1980), Lee (1990), and van der Vaart (2000) for textbook treatments.

In this paper, we extend this approach to settings where the order b and the dimension d
are non-negligible relative to the sample size n. Formally, we obtain the following order-
explicit large deviation bound on the residual from the Hjek projection. Throughout, the
quantities ¢ and C' denote universal positive constants, whose values are allowed to change

in each appearance. We write A < B if A < C'B almost surely.

Theorem 2.1.1. Consider a symmetric kernel function v : D® — R®. If the order b satisfies

blog(dn) < cn and each component u;(-) of u(-) satisfies

i (D) by, < ¢, (2.1.4)

then the large deviation bound

holds with probability greater than 1 — C'/nd.

S %gblogQ(dn) (2.1.5)

Uns(w) = Blu(Dy)) — >~ V(D)

o0

We give the proof in Section 2.2. Moreover, we show that the bound (2.1.5) is unimprovable
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up to the polynomial factor on the logarithmic term.

Theorem 2.1.1 generates two corollaries through the application of the idea proposed
in Hoeffding (1948), each closing an open problem in the large-sample approximation of
high-dimensional U-statistics. The first corollary is the following order-explicit Bernstein-
type large deviation bound. The proof follows by combining Theorem 2.1.1 with a standard

Bernstein inequality, and is deferred to Appendix B.1.

Corollary 2.1.1. Define the Héjek projection variance o ; = Var(u§1)(Di)) and set G, =

maxc(q) 0. If the conditions of Theorem 2.1.1 hold, then the inequality

b252 1 d b
Tlog(nd)

n n

|Unsw) — Eu(Dw)]||

~Y

log?(nd) (2.1.6)

holds with probability greater than 1 — C'/nd.

Large deviation bounds for U-statistics were first given in Hoeffding (1963) (see Lemma
A.5 of Song et al. (2019) for a modern statement). However, the leading term in the bound

given there takes the form

brlog(dn) where 7 = max Var(u;(Dp)) . (2.1.7)
n Jj€ld]

As it can be shown that boj, ; < Var(u;(Dyy)), the quantity (2.1.7) is larger than the leading
order term appearing in (2.1.6).! Seen differently, through comparison to the asymptotic
approximation (2.1.3), the leading term of the non-asymptotic bound (2.1.6) uses the correct

normalizing quantity.
The second corollary is the following order-explicit central limit theorem for high-
dimensional U-statistics. The proof follows by combining Theorem 2.1.1 with the high-
dimensional central limit theorem for i.i.d. sums stated in Chernozhukov et al. (2022), and

is deferred to Appendix B.1.2

Corollary 2.1.2. Continue the notation introduced in Theorem 2.1.1. Define o;, = minjc(q 0y ;.

'In part motivated by the deficiency of the Hoeffding (1963) bound, Arcones and Giné (1993), Arcones
(1995), Giné et al. (2000), Adamczak (2008), and Peel et al. (2010) establish a series of refined large deviation
bounds for high-dimensional U-statistics that use appropriate normalizing factors (among many other related
results). However, the constants used to express these bounds depend implicitly on the order b. Maurer (2019)
and Minsker (2023) give large deviation bounds for U-statistics that can converge when the order is increasing,
but place much stronger assumptions on the regularity and smoothness of the kernel under consideration.

The boundedness condition (2.1.8) can be relaxed to the assumption that E[(u;-l) (Di))*] < ¢?ap ; for
each index j.
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If the order b satisfies blog(dn) < cn and the kernel u(-) satisfies the bound
[u(Dpy) — Efu(Dp)]lloe < & (2.1.8)

almost surely, then the inequality

P {\/gilb_m(Umb — E[u(Dy)]) € R} _ p{zb—l/zz c R} ' < (gbzl%l(dn)yﬂ

sup
RER

(2.1.9)
holds, where ¥, = Diag(ag’l, o ,aid), Z denotes a centered Gaussian random vector in

R¢ with the same covariance matrix as u™") (D;), and R denotes the set of hyper-rectangles

in R,

The Hoeffding (1948) univariate central limit (2.1.3) was extended only recently to the
regime where b is non-negligible relative to n. Under the condition that b~! < o2, DiCiccio
and Romano (2022) give a result that applies to the regime b = o(n'/?). Wager and Athey
(2018) and Peng et al. (2022) strengthen this result to the full regime b = o(n). The results
developed in each of these papers apply only to the case that d = 1. In parallel, Chen
(2018), Chen and Kato (2019), and Song et al. (2019) give results that apply to the case
where d can be large relative to n. Of these papers, only Song et al. (2019) gives results
with explicit dependence on the order b. However, their results are only applicable to the
regime bng_Q = o(n). By contrast, in settings where b~! < o7, the central limit theorem
(2.1.9) applies to the full regime blog®(dn) = o(n).

These improvements are the consequence of a set of new order-explicit moment inequalities
for higher-order components of Hoeffding decompositions. In the scalar case, existing
arguments rely on pairing the total orthogonality of the Hoeffding decomposition with
Chebyshev-type bounds. This approach is insufficient for the high-dimensional case, which
requires exponential tail bounds. Existing high-dimensional results instead build on the
decoupling and symmetrization arguments developed in De la Pefia and Montgomery-Smith
(1995) and Sherman (1994) and surveyed in De la Pena and Giné (1999). However, available
decoupling bounds incur poor dependence on the order b, which becomes prohibitive when
b is non-negligible.

Our main technical innovation is a new order-explicit one-sided decoupling bound for
U-statistics that is sufficient to resolve this tension. We show that the quantity that results

from this bound can be controlled by combining a symmetrization argument due to Sherman
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(1994) with a specialization of a moment inequality from Giné et al. (2000). This approach
yields exponential tail bounds for higher-order Hoeffding terms that have the correct scaling

in the regime where both b and d are large.

The broader scope of Theorem 2.1.1 can be essential for the analysis of modern statistical
methods that aggregate algorithms computed on subsamples of a larger data set. To illustrate
this point, in Section 2.3, we apply Theorem 2.1.1 to establish the consistency of an approach
for constructing resampling-based simultaneous confidence intervals around nonparametric
regression estimators based on subsampled kernels, including subsampled nearest-neighbor
regression (Fix and Hodges, 1989; Khosravi et al., 2019; Demirkaya et al., 2024) and random
forest regression (Breiman, 2001; Mentch and Hooker, 2016; Wager and Athey, 2018).

Our analysis again follows the agenda set out by Hoeffding (1948), and makes essential
use of Theorem 2.1.1. We first show that, under regularity conditions, the estimators
under consideration are well-approximated by U-statistics of order b with d-dimensional
kernels. However, these estimators are only consistent if the subsample size b satisfies
nP/(Pe) = o(b), where p is the dimension of the available covariates. This places the
relevant regime outside of the range b = o(n'/3) covered by the available high-dimensional
central limit theorems, while scalar results that allow for larger values of b cannot account
for growth in the kernel dimension d. Theorem 2.1.1 closes this gap by showing that the
higher-order remainders are negligible at the subsample sizes required for consistency in

high dimensions.

Our treatment of this application builds on Oprescu et al. (2019), who augment the
Generalized Random Forests framework proposed by Athey et al. (2019) to study pointwise
inference for subsampled random forest estimators with nuisance parameters. Our results
are comparable to the bounds on the accuracy of Gaussian multiplier bootstrap confidence
regions for nonparametric regression and Z-estimation given in Chernozhukov et al. (2014)
and Belloni et al. (2018). We generalize these results, in the sense that we treat inference for

conditional Z-estimators whose score function is potentially unknown to the researcher.

Additional applications of large order U-statistics to split-sample testing, robust estimation,
and conditional density estimation are reviewed in DiCiccio and Romano (2022), Minsker
(2023), and Song et al. (2019). Omitted proofs are given in Appendices B.1 to B.3.
Appendices B.4 to B.6 give additional results and discussion that will be introduced at

appropriate points throughout the paper.
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2.2. PROOF OF THEOREM 2.1.1

In this section, we outline the proof of Theorem 2.1.1. Throughout the proof and supporting
Lemmas, we maintain E[u(Djp))] = 0 without loss. The result is obtained in two steps. First,
we decompose the difference between the U-statistic under consideration and its Hajek
projection through a Hoeffding expansion (Hoeffding, 1948; Efron and Stein, 1981). We
adopt the following formulation of Hoeffding’s expansion based on the use of stochastic
differences, stated as Part (i) of the following Lemma (see e.g., Lachieze-Rey and Peccati
(2017)). Part (i1) gives the well-known specialization of this result to U-statistics (see e.g.,
Lemma 5.1.5 A of Serfling (1980)).

Lemma 2.2.1 (Hoeffding’s Expansion). Fix a deterministic function f : D™ — R.
(i)

[m]

(i) Let Dfm] denote an independent copy of Dy,. Construct D, ', by replacing D; with D in

Dy, leaving all other entries unchanged. For each index i, define the difference operator
Vif (Dpmy) = (D) = f(Dp) - (2.2.1)

If the moment E|[f (Dy,,)?] is finite, then the representation

F(Dp) = E[f (D)) + > > fO(Ds),  where (2.2.2)

/=1 SESmyg

f(g)(Diu ""Diz) = (_1)£E[vi1 ’ "Vizf(D[M]) | Dilv “'>Diz] )

holds, the non-constant summands appearing in (C.4.2) are mean-zero, and all 2™ summands

are uncorrelated.

(ii) For each integer { < n, define the operator

Uyo(h) = (Z) B 3" w(Dy) (2.2.3)

SESn,[

on the set of measurable functions h : D* — R. If the statistic f(Dj,,) is mean-zero and has

a finite variance and the function f(-) is symmetric in its arguments, then the decomposition

Unm(F) = (Zf) Une(£) (224)

(=1

holds and all m summands appearing in (2.2.4) are uncorrelated.
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In particular, specialized to our setting, we obtain the decomposition

b« b
Unp(u) = z_; u(D;) = mz:; (m) Up (u™) (2.2.5)
by applying Part (ii) of Lemma C.4.1.

Second, and more substantively, we bound each of the summands of the decomposition
(2.2.5) by applying the following new higher-order moment bound. The essential novelty
of the bound is that the dependence on the order m is kept explicit. The proof, given in
the following subsection, develops a new one-sided decoupling bound for U-statistics of
an arbitrary order, which avoids introducing order-dependent constants present in previous
work (see, for comparison, De la Pefia and Montgomery-Smith (1995) and Chapter 3.1 of
De la Pena and Giné (1999)). The argument then proceeds by combining symmetrization,
Bonami’s inequality, and a Rosenthal-type decomposition due to Giné et al. (2000) to control
the resulting quantity. The final bound is obtained through the application of a new estimate
for higher-order moments of conditional expectations of Hoeffding components, derived

from a further application of Hoeffding orthogonality.

Lemma 2.2.2. Fix an integer 1 < m < min{b,n/2}. If the function f : D* — R is

symmetric in its arguments and satisfies the bound

£ (D)l < &, (2.2.6)

then the higher-order moment inequality

[

holds for each 2 V 2log(n) < q < en/b.

n

qq1/q m/2
} < ¢q <%) (2.2.7)

In particular, by setting ¢ = 2Vv2log(nd) and the constant ¢ sufficiently small, the assumption
blog(nd) < cn guarantees that ¢ < cn/band b < n/2, so that Lemma 2.2.2 applies. Thus,
for each integer m € {2,...,b} and each component u;(-) of the kernel u(-), Markov’s

inequality yields

P {’ ( b)Un,m(ugm))‘ > 2e¢ log(nd) <%g(nd)) m/z}

m
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2 log(nd)]

< exp(—2log(nd)) /2 2108 (nd)
(¢ log(nd) (C’blos(nd)) >

1
n2d? -

< exp(—2log(nd)) = (2.2.8)

Moreover, by taking the universal constant ¢ sufficiently small, the condition blog(dn) < cn

again implies

b m/2 2
Cblog(dn) ¢blog®(dn)
log(d Zo e\ <o 7 2.2.9
dlog(dn) mZZQ ( » ) S (22.9)
Consequently, the decomposition (2.2.5) and a union bound imply that
b blog(d
p{ Uns(u) — =S uD(Dy)|| > Cw}
n - n
d b m/2
1
<33 P ()t = 2o (520"
m n
j=1 m=2
b—1 C
< < — 2.2.10
<< (2.2.10)
completing the proof. [ |

Remark 2.2.1. The bound (2.2.10) is unimprovable up to the polynomial factor on the
logarithmic term. In particular, in Appendix B.1 we show that, for eachn > b > 2 and
d > 1, there exists a symmetric kernel function w : D — R4 whose coordinates satisfy the
bound (2.1.4) and such that the lower bound

gl

holds. That is, the factor ¢b/n and at least one logarithmic factor in nd are unavoidable. B

> CM} > @211

~ n nd

Uns(w) = Elu(D)] = = S~ u(Dy

2.2.1 Proof of Lemma 2.2.2

The result is obtained in three steps. Proofs for each sub-lemma are deferred to Appendix B.1.
First, we obtain a novel one-sided decoupling bound for the higher-order moments of U-

statistics. This is the key innovation in our argument.
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Let R = (rq,...,ry, ) be a random partition of [n], such that each cell r; has cardinality
|n/m| and the remainder cell ¥ has cardinality n — m|n/m|. In turn, let DY, ... . DM

denote m independent copies of the data D,, and consider the arbitrary symmetric kernel
g : D™ — R. Define the identically distributed statistics

Upan(g,R) n/m —> "+ > g(Di,....D;,) and (2.2.12)
11€r1 im€rm
o ln/m|  [n/m] ( :
Un, R) " 2.2.13
n(9:R) = /m G > > gD ™, (2.2.13)
i1=1 im=1
respectively. Observe that the elements of the fixed set s € S, ,,, are assigned to distinct
cells of the partition rq, . . ., r,,, with probability
[n/m]| [n/m] [n/m] n\"
[ e = m . 2.2.14
" n n-—1 n—m-+1 [n/m] m ( )
Thus, we can evaluate
n\ !
E [Unm(g.R) | D] = (m) > 9(Ds) = Unim(g) - (2.2.15)
SGSn,m

Consequently, as ¢ > 1, Jensen’s inequality implies that

E[|Unm(9)IT* < E[[Unm(g, RIT . (22.16)
But then, as (2.2.12) and (2.2.13) are identically distributed, the bound

E[|Um(9)|]"* <E [[Tnm(g,R)7]" (22.17)
also holds.
Remark 2.2.2. It is illustrative to contrast the decoupling bound (2.2.17) with existing

results. Many analyses of the large-sample behavior of high-dimensional U-statistics are

based on the decoupling bound

1/q

1 q
E ([Upn(9)|177 < h(m)E \(”) S g0, D) (22.18)
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where h(m) =< m®™*)_This bound was first given by De la Pefia and Montgomery-Smith
(1995). See Chapter 3.1 of De la Pena and Giné (1999) for a textbook treatment. Although
this decoupling is sufficient to derive a bound with the same dependence on n that we obtain
in Lemma 2.2.2 through an argument analogous to that pursued below, the explosive growth
of the quantity h(m) with m makes the dependence on m dramatically worse. By contrast,

the multiplicative factor appearing in the bound (2.2.17) is equal to one.

The bound (2.2.17) is instead reminiscent of the well-known representation
1 n |7t [n/m]
Unim(9) = — D bJ > 9(Ds,,) (2.2.19)
TE€EPn /=1

used in Hoeffding (1948), where P,, denotes the set of permutations of [n| and s, =
{m((( —=1)m+1),...,m(¢m)}. In particular, Hoeffding (1948) argues that

-1 L/ .1
E [|Un7m(g)|q]1/q <E ‘ {EJ Z 9(Ds,,) (2.2.20)
=1

by appealing to (2.2.19) and Jensen’s inequality, thereby reducing the problem to an i.i.d.
sum. The essential aspect of the bound (2.2.17), relative to the bound (2.2.20), is that the
dominating quantity exhibits a recursive structure, shared by the term appearing in (2.2.18),

that we are able to leverage in the ensuing argument. |

Second, we apply the symmetrization and multilinear Khintchine inequalities stated
in the following Lemma. Part (i) is obtained by an iterated application of a standard
symmetrization inequality for sums of independent, centered random variables; see e.g.,
Section 6.4 of Vershynin (2018). Part (ii) is a direct specialization of the Bonami inequality
for homogeneous Rademacher chaos, stated as Theorem 3.2.2 of De la Pena and Giné
(1999); see also Sherman (1994).

Lemma 2.2.3. Foreach ( in [m], let V(¥ = (Vi(f) )7, denote a collection of i.i.d. Rademacher
variables.

(i) If the symmetric function g : D™ — R satisfies the condition

Elg(D1,Ds, ..., D) | Da, ..., D] =0 (2.2.21)
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almost surely, then the moment inequality

E [|Tm(g,R)[7]"

9gm [n/m] [n/m] ® ( o o . 1/q
= Tojmp" > 2 Vi Vel D) (2.2.22)
i1=1 im=1

holds foreachq > 1.

(i) Fix the deterministic real-valued array {g, . ;. : i; € [|[n/m]] forall j € [m]}. The

moment inequality

In/m]  In/m) 1/

q
Z Z V(m g(“ ~~~~~ iM)

11=1 im=1

n/m]  [n/m]

DI SF N 2223

i1=1 im=1

holds for each q > 2.

It is well-known that the Hoeffding projection f(™) is completely degenerate, in the sense
of the condition (2.2.21). Thus, Parts (i) and (ii) of Lemma 2.2.3 and the law of iterated
expectation imply that

q} 1/q

[

1/q
2m ‘(b) %nfj Ln/ZmJ W) ym o) DO ( >)q
<2 E v ym pemp® - plm
[n/m ™ mj = " "
b lnjm]  |n/m)] 2]
SCmqm/QLn/me< ) > > (D , DI™)? . (2224)
m
i1=1 im=1

Hence, by choosing ¢ = (™) and combining (2.2.17) and (2.2.24), we obtain the inequality

(2

< ™™ nfm) T ( b)

m

q11/q
} (2.2.25)
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n/m]  n/m] . ()sz
m) m)\2
Ln/mmz Zf Du"" im) ’
11=1 im=1
for each ¢ > 2.
Finally, we bound the moment
2/q

ln/m]  |n/m] /2

n/mjm Z Z f 11 "" z(::))2 (2.2.26)

i1=1 im=1

through the application of the following Lemma. Part (i) is a specialization of Proposition
2.1 of Giné et al. (2000) to large higher-order moments of symmetric non-negative kernels.
The bound controls moments of the form (2.2.26) with a geometrically weighted series of
conditional moments obtained by fixing subsets of arguments of the kernel under consider-
ation. Part (i1) then gives a suitable bound for these conditional moments. The result follows
by fixing the first ¢ arguments of the kernel f and identifying the corresponding section of
f(m) as the (m — t)th Hoeffding component of the induced kernel. This representation then
facilitates a further application of Hoeffding orthogonality. We are not aware of a direct
antecedent for this estimate, although Hoeffding orthogonality has been used in a related
way to control the variance of higher-order terms in Hoeffding expansions. See, for instance,
Athey et al. (2019) and Peng et al. (2022).

Lemma 2.2.4. (i) Let g : D™ — R be a symmetric, non-negative kernel. For each integer
0 <t < m, define

q71/q
DAQ=EHEMDMHDMHJM } , (2.2.27)

where we adopt the convention that 'y 4(g) = E[g(Dyy,)]. The inequality

1/q

[n/m]  n/m] q m .
Bl 2 a0 D) | <on S () )

11=1 im=1

holds for each g > 1 V log(|n/m]).

(ii) Let f : D" — R be a symmetric kernel that satisfies the bound || f (Dyy)) |y, < ¢. Then,
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for each integer m < b and 0 <t < m, the inequality

Lo (f™)?) < ¢*(Cg)*C" < ’ ) R (ﬂ)t (2.2.28)

m m

holds for eachq > 1.

In particular, as log(n) < ¢/2, Parts (i) and (ii) of Lemma 2.2.4 imply that

In/m)  |n/m) 2/4

T D WL

11=1 im=1

B ool S

t=0

Consequently, as ¢ < cn/band b < n/2, we obtain the bound

q11/q —m/2 1/2
E H (TIZL) Un,m(f(m)) } < Cmqm/2+1¢ {%J < b ) (2.2.30)

m
by plugging (2.2.29) into (2.2.25) and applying the geometric series formula. Hence, as
b b\ ™ —m/2 9 m/2
( ) < (6_) and H < (—m> , (2.231)
m m m n

we obtain the bound
b
o[ ()t
m

for all 21log(n) < ¢ < cn/b, as required. |

q71/q m/2
1 < ¢q (%) (2.2.32)

n

2.3. SIMULTANEOUS INFERENCE FOR SUBSAMPLED KERNEL REGRESSION

In this section, we apply Theorem 2.1.1 to establish the consistency of an approach for
constructing resampling-based simultaneous confidence intervals around nonparametric
regression estimators based on subsampled kernels. We begin in Appendix A.4.4 by defining
and illustrating the confidence region under consideration. In Sections 2.3.2 and 2.3.3 we
define subsampled kernel regression and state several regularity conditions. The main result

is given in Section 2.3.4. Throughout, for any function f(z) and vector ¥ = (z())9_,
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we let f(x@) denote the vector (f(x™M), ..., f(z(D)).

2.3.1 Construction

The target for inference is the parameter vector 0y (x(?), where 6y(z) is defined as the

unique solution in 6 to the conditional moment equation
M(z;0,90) =E[m(D;;6,90) | Xs =2] =0. (2.3.1)

Here, X is a sub-vector of the observation D;, (¥ = (2 ))?:1 is a vector of query points,
and gy is a nuisance parameter. We focus on estimators én(x) obtained as solutions to the
empirical moment equation
n
M, (250, g, D) = > K(x, X;)m(D;; 0, 3,) =0 | (2.32)
i=1
where g, is some first-stage estimator of gy and K (-, -) is a data-dependent kernel constructed

with subsampling.

Example 1. To fix concepts, consider Banerjee et al. (2015), who study the effects of a
poverty alleviation program implemented in Ghana.® For each individual in their sample,
they observe the data D; = (Y;, W;, Z;), where Y; is a measurement of total assets taken
two years after the implementation of the program, W, is an indicator denoting assignment
to the program, and Z; is a vector of covariates. A broad aim of the study is to determine
the conditions under which recipients of aid experience lasting improvements in welfare.
One quantity that can inform this determination is the conditional average treatment effect
(CATE)

Oo(z) = Ep [Yi(1) = Y;(0) | X; = 2] , (2.3.3)

where Y;(1) and Y;(0) are the potential outcomes generated by the intervention W; and X is
some chosen subvector of Z;. Many modern approaches to estimating CATEs are premised

on the observation that 6,(x) is the solution to the conditional moment equation

M(x;0, go) = E[(11(Zi) — po(Zi)) + BWi, Zi) (Vi — pw,(Z:)) = 0| Xy = 2] =0,
(2.3.4)

3Banerjee et al. (2015) study data collected from several similar graduation programs. We focus on the
data from their evaluation of the program implemented in Ghana. Appendix B.4.3 gives further details.
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where the nuisance parameter g, collects the conditional outcome regression and Horvitz-
Thompson weight

wo 1—w
w(z) 1—m(2)’

o (2) =Ep Y | W, =w,Z; =2] and p(w,z) = (2.3.5)
for the propensity score 7(z) = P{W; =1 | Z; = z}. See Semenova and Chernozhukov
(2021), Foster and Syrgkanis (2023), and Kennedy (2023), for further discussion.

Figure 2.1 displays CATE estimates for the experiment studied in Banerjee et al. (2015),
where the chosen conditioning covariates X; are pretreatment measurements of monthly
consumption and total assets. The nuisance parameter estimate §,, and the kernel K (x, 2’)
are constructed with the implementation of random forest regression made available through
the “GRF” R package (Athey et al., 2019). The graduation program appears to be most
effective for individuals with a high level of baseline consumption and a low level of baseline
assets.* These results are suggestive of a poverty trap: individuals with an opportunity to
increase their assets are able to do so only if they have a high level of baseline consumption
(Balboni et al., 2022; Kraay and McKenzie, 2014). [ |

We consider a method for assessing the statistical significance of estimates typified by
Figure 2.1. In particular, we study a simple procedure for constructing confidence intervals

C(xD) centered around the solutions to (2.3.2) that satisfy the bound

sup | P {Go(w(d)) € (f(w(d))} —(1—a)| <rug (2.3.6)
PeP
for a sequence 7, 4 that converges to zero in regimes where d may increase more quickly

than n and P is some statistical family that contains the distribution P.’

To this end, let h denote a random element of S,, ,, /2, 1.e., a random half-sample of [n]
and let éh(az(d)) denote the vector of the solutions to (2.3.2), with the data D,, replaced by
the half-sample D,,. Our construction is premised on approximating the distribution of the

root
Ru(2 @) = 6, (@) — 0y (x'?) (2.3.7)

4The quartiles of baseline log consumption are 3.33, 3.76, and 4.20. The quartiles of baseline assets are
-0.45, -0.71, and 0.03. Panel A of Figure B.3 displays a scatter plot of baseline log consumption and assets.

SFor the sake of simplicity, we consider only the case that the moment m(-; 6, go) and the parameter ¢
are scalar-valued. The vector-valued case is relevant, e.g., when estimating CATEs with multiple treatment
variables. Our results generalize to the vector-valued case at the cost of additional notation.
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Figure 2.1: CATE Estimates
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Notes: Figure 2.1 displays a heat map giving CATE estimates for the intervention studied in Banerjee
et al. (2015) on post-treatment assets. The color of each rectangle indicates the estimate of the CATE queried
at the rectangle’s central point. The horizontal and vertical axes display the baseline monthly consumption,
normalized to 2014 US dollars and measured in logs base 10, and the baseline value of an index for total assets.
CATE estimates are obtained by solving the empirical moment equation (2.3.2) for each value x on an evenly
spaced grid on both axes. See Appendix B.4.3 for further details.

with the conditional distribution of the half-sample bootstrap root
R (2 D) = 0, D) — 0,(x'D) . (2.3.8)

The nuisance parameter estimator ¢, does not need to be re-estimated when computing
(2.3.8). A version of the half-sample bootstrap is implemented by default in the GRF R
package (Athey et al., 2019). The half-sample bootstrap is an instance of subsampling
(Politis and Romano, 1994; Politis et al., 1999).

Let S\i ; denote the variance of \/n R, (7)), conditioned on the data D,,, and let cv,, (cv)

denote the 1 — « quantile of the distribution of the studentized statistic

~

Sul@®) = v |42 R @) (239)

o

again conditioned on the data D,,. Here, An denotes the diagonal matrix with elements

5\2 j.6 We consider confidence intervals with the following structure.

®The quantities /A\fb ; and ¢v,, () are easily approximated by resampling the bootstrap root (2.3.8). To
simplify exposition, we omit explicit consideration of residual randomness induced by this approximation.
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Definition 2.3.1. Define the intervals

~ ~

C(xD) = ,(zD) £ n™Y2\, ;& (o) foreach jin|[d]. (2.3.10)
The level-a half-sample confidence region for 6y (x(?) is given by C(z®).

Confidence intervals with the same structure, based on different choices of bootstrap root,
are studied in, e.g., Chernozhukov et al. (2014) and Belloni et al. (2018).

The essential feature of the bootstrap root (2.3.8) is that it can be computed without
knowing anything about the structure of the estimator 6, ((9). In particular, approaches
based on the Rademacher or Gaussian multiplier bootstrap rely on knowledge of a linear
approximation to 6,,(z?). To gain intuition, suppose that the estimator 6, (x(?) satisfies

the exact linear representation

b, (@) =

z”: (2.3.11)

=1

§I>—‘

for some function @(-,-). Let Vi,...,V, denote a collection of random variables, where
V; takes the value 1 if the index 7 is an element of the random set h used to define the

half-sample bootstrap root (2.3.8), and takes the value —1 otherwise. Observe that

n

R (@) = (D) — f, (@) = 2 Z I{i € hya(@®, D) — - 3 u(z®, Dy)
n < n

i=1

= _Zv D;) = o)) . (2.3.12)

The weights V; are exchangeable Rademacher random variables, i.e., they are uniformly
distributed on {1, —1}. If the weights were fully independent, the representation (2.3.12)
reduces to the more familiar Rademacher bootstrap. The representation (2.3.12) is due
to Yadlowsky et al. (2023), who draw on a similar observation made in the context of
two-sample testing in Chung and Romano (2013).

In practice, many widely applied estimators are not perfectly linearly decomposable.
Often, however, estimators do satisfy an approximate linear decomposition, in the sense
that the equality (2.3.11) holds with a remainder term of order, say, o,(n~") for some
positive constant . As we will see, estimators constructed with subsampled kernels are
approximately linear around some unknown function %(-,-). If an estimator 6, () is

approximately linear, then the subsampled estimate Qh( 9)) is immediately also approximately
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linear.” Thus, for approximately linear statistics, the representation (2.3.12) continues to

hold, now with a remainder term of order o,(n~7).

Example 1 (Continued). We now return to the data studied in Banerjee et al. (2015).
Figure 2.2 displays upper and lower half-sample confidence bounds for the CATE (2.3.3) on
post-treatment assets. The null hypothesis that the CATE is equal to zero is only rejected for
individuals with low baseline assets. The lower bounds are meaningfully larger than zero
only for individuals with low baseline assets and high baseline consumption. That is, the
graduation program has a positive impact on individuals who do not have many assets to
begin with, but who do have access to a stable source of consumption. On the other hand,
the confidence regions contain zero for individuals who have low baseline consumption or
high baseline assets. In Section 3.6.4, we measure the coverage and average length of the

confidence region C (x?) in a simulation calibrated to this setting. |

2.3.2 Subsampled Kernel Regression

Subsampled kernel regression is a broad class of algorithms for solving regression problems
of the form (2.3.2), based on constructing a data-driven kernel function K(z,z’) with
subsampling. Formally, fix some positive integer  and let (s,);_, collect a sequence of
subsets of [n] drawn independently and uniformly from S,, ;. Let £ denote some auxiliary
source of randomness and let (§,);_; collect a set of independent random variables with
the same distribution as £. We study conditional empirical moment estimators of the form

(2.3.2), where the kernel function K (z, z") admits the decomposition

T

K(z, X;) = %ZH{Z’ € s, }w(x, Xi, D, &,) (2.3.13)

q=1

for some known kernel «(-,-, Ds,&). Several widely applied instances of subsampled

kernels are as follows.®

Example 2. Subsampled nearest-neighbors regression is a simple example of a kernel with
the structure (2.3.13) (Fix and Hodges, 1989). Here, the kernel x(x, X/, Dy, &) is non-zero

if and only if X is one of the £k closest points to x among the points in the subsample Ds.

7 Approximate linearity does not immediately imply a representation analogous to (2.3.12) for a root
constructed with an empirical bootstrap, as approximate linearity would not necessarily hold under the
empirical distribution.

8The half-sample bootstrap is particularly computationally efficient for estimators constructed with
subsampling, as the estimator and the half-sampled estimator can be constructed using the same collection of
subsamples. See Section 4.1 of Athey et al. (2019).
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Example 3. Random forest regression, introduced by Breiman (2001), is another example of
a kernel with the structure (2.3.13). In this case, each pair (Ds, &) generates some partition
of X. The kernel x(x, 2’, Dy, &) is non-zero if and only if = and 2’ are in the same element
of the partition generated by (D, &). Often, such partitions are constructed with recursive

algorithms, e.g., the “CART” algorithm of Breiman et al. (1984).
We impose the following restrictions on the kernels under consideration.

Assumption 2.3.1 (Honesty and Positive Symmetry).
(i) The kernel k(-, -, Dy, £) is Honest in the sense that

k(z, Xi, Ds, &) L m(Di; 0, 9) | Xi, Ds (2.3.14)

where 1L denotes conditional independence and s_; denotes the sets \ {i}.
(i) The kernel x(-, -, Ds, §) is positive and satisfies the restriction ) . (-, X;, Ds, &) = 1
almost surely. Moreover, the conditional expectation E [k (-, X;, D, &) | D] is invariant to

permutations of the data D.

The “Honesty” condition stipulated in Part (i) of Assumption 2.3.1 imposes the restriction
that any part of the data D; that can affect the value of the moment m(D;; 6, g) cannot
affect the value of the kernel x(z, X;, Dy, &). This condition was introduced in Athey and
Imbens (2016). Honesty is often achieved through kernel construction schemes based on
sample-splitting; see Wager and Athey (2018) and Athey et al. (2019) for further discussion.
Part (ii) of Assumption 2.3.1 imposes several weak regularity conditions.

The following two quantities restrict the “size” and “variability” of the chosen kernel.

Definition 2.3.2 (Shrinkage and Incrementality).
Let s be an arbitrary element of S,, , and let £ be any element of s.

(i) We say that the kernel (-, -, Ds, &) has a uniform shrinkage rate &, if

sup sup E [max {||X; — 29| s 1 K(2YV, X5, Dg, &) > 0}] <es. (2.3.15)
PeP je[d)

(ii) We say that the kernel (-, -, Ds, &) is uniformly incremental if

> k(@D Xy, Dy, &)m(Di; 6, 9) | Dy = D

Pep jeld) 1€s

inf inf Var (E

) >pt (2.3.16)

where D is an independent random variable with distribution P.
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The shrinkage rate of a kernel «(-, -, Ds, &) is analogous to the bandwidth of a classic
deterministic kernel. The incrementality restriction ensures that the chosen kernel is not
overly dependent on a single data point. Both notions were introduced by Wager and Athey
(2018) and have been characterized explicitly for various widely applied subsampled kernel

estimators.’

Example 2 (Continued). In the case of honest subsampled k-NN regression, Khosravi
et al. (2019) show that g, < b=1/P, where p is the intrinsic dimension of the measure of the
covariates X;. See e.g., Kpotufe (2011) for further discussion. In turn, Khosravi et al. (2019)
and Peng et al. (2022) show that the kernels associated with both honest and non-honest
variants of k-NN regression are incremental, up to logarithmic factors that depend on the

dimension of the covariates. [ |

Example 3 (Continued). Analogously, for honest random forest regression, under suitable
regularity conditions, Wager and Athey (2018) establish that £, < b~¢/?, where p is the
dimension of the domain of X;. See e.g., Wager and Athey (2018) and Oprescu et al.
(2019) for further discussion. Bounds adaptive to the intrinsic dimension of the measure
of X; are given in Huo et al. (2023). Wager and Athey (2018) and Peng et al. (2022) give
simple conditions under which the kernel associated with subsampled, honest, random forest

regression is uniformly incremental, again up to dimension-dependent logarithmic factors.ll

2.3.3 Moment Restrictions

We restrict attention to conditional moments that satisfy a Neyman orthogonality condition

(Chernozhukov et al., 2018). We assume that the nuisance parameter g, is a collection of

h real-valued functions gy = (gék))zzl, each having domain Z given by the support of the

covariates Z;. Define the norm

1N 1/2
g = gollz.cc = sup sup (E (%)) — g”(2))? | X = 2] ) 2:3.17)
kelh] jeld]

for any g = (¢g®)h_,. The nuisance parameter g, takes values in the space G. Throughout,

for a functional I’ on J, we use the notation

2

Crrvm)

and Oy ¢ F(f)[h] = a2

OF(f)[h] = S F(f +th)

t=0

The terminology “shrinkage” was introduced in Oprescu et al. (2019), and is not intended to connote
(explicit) regularization.
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to denote first- and second- order directional derivatives, respectively.

Definition 2.3.3 (Local Neyman Orthogonality). We say that a conditional moment M (-; 6y, go)

is uniformly locally Neyman orthogonal if
0, M (27); 60, 90)lg — g0] = 0 (2.3.18)

forall Pin P and 2 in (9.

The use of Neyman orthogonal moments ensures that the bias induced by the estimation of
the nuisance parameter gy with g, is small (Chernozhukov et al., 2018).

In addition to Neyman orthogonality, we require several smoothness restrictions on the
function m(+; 6, g). In the main text, to ease exposition, we impose the following linearity

and boundedness restriction.

Assumption 2.3.2 (Moment Linearity and Boundedness). The moment function m(-; 0, g)

satisfies the linear representation
m(D;; 0, g) = m®(Di; g) - 0 +m®(D;; g) (2.3.19)

for some known functions m")(-; g) and m®(-; g). Moreover, the absolute value of the

function m(-; 6, g) is bounded by the constant (|0| + 1)¢ for some ¢ > 1 almost surely.

The linearity restriction entailed in Assumption 2.3.2 is inessential and is imposed for the
sake of simplicity.'” Like in Corollary 2.1.2, the boundedness restriction can be weakened
to a slightly more involved assumption stated in terms of sub-exponential norms. Again, we
impose boundedness to ease exposition.

We maintain the following additional mild smoothness restrictions.

Assumption 2.3.3 (Moment Smoothness).

(i) The moment M (-; 0, go) is uniformly second order smooth, in the sense that

sup sup |04 M (2; 60, 90)[g — 9o]| < 119 — 903 (2.3.20)
PeP je[d]

foreach g in G.

19Tn Appendix B.2, we show that moment linearity can be replaced by the high-level assumption that
0, (@) is consistent for Oy(z(¥)). This state of affairs is standard in M -estimation problems (see e.g.,
Newey and McFadden, 1994). As our running examples use linear moments, and sufficient conditions for the
consistency of én(sc(d)) have been established (see e.g., Assumption 4.1 and Theorem 4.3 of Oprescu et al.,
2019)), we omit a detailed consideration of nonlinear moments.
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(ii) The variogram

V(x;g) = E[(m(Dy; 0p(x), g) — m(Dy; 0p(x), 90))? | X = ]
is uniformly Lipschitz in its first component, in the sense that

supsup |V (z;9) — V(2’5 9)| S lv — 2/l (2.3.21)
PeP geg

holds for all z and x’ in X. Moreover, the variogram satisfies the mean-squared continuity
condition

sup sup |V (2, g) = V(29, ¢")| < [lg — ¢'[15 (23.22)
PP je[d)

foreach g and ¢' in G.

(iii) Define the moments

MY (2;0,9) =E [mY(Di;g) | X, =2] and (2.3.23)
M®(z;9) =E [m®(Dy;9) | Xi = 2] | (2.3.24)

associated with the functions m™W(-; g) and m®(-; g) introduced in Assumption 2.3.2. Both

moments are uniformly Lipschitz in their first component. That is, it holds that

sup sup ’M(l)(:v; g) — MW (2, 9)| S llz— 2|« (2.3.25)
PeP geg

for all z, 2, and 6, and analogously for M?) (x; g). Moreover, the first moment is uniformly

Lipschitz in its second component and bounded from below in the sense that

sup sup | MY (2960, g) — M (29 90)| < lg = goll2,o  and (2.3.26)
PeP je[d)
inf inf [M® (29 g)| > 2.3.27
b 2 IR0 = 2327

for each g and 0 and some positive constant c.
(iv) The parameter space © is a bounded, convex subset of R. Moreover, the target parameter
satisfies 0y(x) € © forevery v € X and every P € P and the estimator én(x) is constructed

as a solution over ©.

Neyman orthogonal moments satisfying the smoothness restrictions specified in Assumption 2.3.2

and Assumption 2.3.3 are available for many widely considered statistical problems. For
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example, the moment (2.3.4) is the unique Neyman orthogonal identifying moment for the
parameter (2.3.3) (see e.g., Hahn, 1998; Chernozhukov et al., 2018).!! Additional examples
of problems where smooth Neyman orthogonal identifying moments are available include
estimation of partially linear regression and partially linear instrumental variable regression
(Chernozhukov et al., 2018), local average treatment effects (Tan, 2006; Frolich, 2007),
dynamic treatment effects (Lewis and Syrgkanis, 2021), and long-term treatment effects
identified by surrogate outcomes (Athey et al., 2020; Chen and Ritzwoller, 2023).

2.3.4 Coverage Accuracy

The following theorem gives a bound on the error in the nominal coverage probability of the
confidence regions introduced in Definition 2.3.1. We emphasize that the result is applicable
to asymptotic regimes where the dimension of the query-vector (¥ can be exponentially

larger than the sample size n.

Theorem 2.3.1. Suppose that the kernel k(-, -, Ds, &) satisfies Assumption 2.3.1, has uniform
shrinkage rate ¢, and is uniformly incremental. Additionally, suppose that the Neyman
orthogonal moment function M (-; 0, go) satisfies Assumption 2.3.2 and Assumption 2.3.3
and that r has been chosen to satisfy n < b+/r. If the estimator §,, is statistically independent

of the data D,, and satisfies the moment bound

. b\ 4
SupEan—gdﬁmF”f§q<—) Ong (2.3.29)
PeP n

for some sequence 9, , and each ¢ > 2V 2log(dn), then the confidence region given in
Definition 2.3.1 satisfies

sup |P {Hg(w(d)) € é(w(d))} - (1- &)!

PeP
41 3 1/4
5<@J%g@) +G@+¢%ﬁb§@ﬂ- (2.3.30)

"For estimation of CATEs, Part (i) of Assumption 2.3.3 is implied by the more refined bound

sup sup |94 M(27); 60, 90)[g — gol| S 1w — poll2.00[18 = Boll2.00 » (2.3.28)
PeP jeld)

where p and § are defined in (2.3.5). This structure yields the celebrated “Double Robustness” result for
estimation of conditional average treatment effects; see Chernozhukov et al. (2018) and Kennedy (2023) for
further discussion. We impose the more general condition (2.3.20), as this bound exhibits many of the same
features and will hold for a wider variety of problems.
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Remark 2.3.1. To expedite exposition, in stating Theorem 2.3.1, we have assumed that
the nuisance parameter estimator g, is computed on a separate sample, independent of
the data D,,. This can be achieved by randomly splitting the available data into two
subsamples. The first can be used to construct the nuisance parameter estimate ¢,,; the
second to construct the confidence region C (x@). There are practical issues with this
strategy. First, the region C (2(9) might be sensitive to the choice of the split of the data
(Ritzwoller and Romano, 2023). Second, by splitting the data, researchers incur a potentially
meaningful loss in statistical precision. In Appendix B.4.1 we give additional conditions
under which the nuisance parameter estimator g, can be computed using the same data
used to construct the region C (2(9)."2 If these conditions are not plausible for a given
application, in Appendix B.4.2, we detail a modified version of the confidence region given

in Definition 2.3.1 that is constructed with cross-splitting. |

Remark 2.3.2. The bound (2.3.30) can be interpreted as a bias-variance decomposition. The
first term in (2.3.30) results from a Berry-Esseen-type bound, analogous to Corollary 2.1.2,
on the accuracy of a normal approximation to (2.3.31). The term involving the kernel

shrinkage ¢, is a remnant of a bound on the bias of the estimator 0, (x(4). |

Remark 2.3.3. Theorem 2.3.1 follows from an application of an abstract result stated in
Appendix B.2. The proof is given in Appendix B.3. The abstract result applies to conditional
moment estimators that are not necessarily constructed with subsampled kernels. Rather,
the result holds under the high-level assumption that the estimator 0, (x(9) is approximately
linear, with a sufficiently small remainder term, and has sufficiently small bias and stochastic

equicontinuity. [

The proof of Theorem 2.3.1 has three main steps. First, through a standard series of
expansions (see e.g., Chernozhukov et al., 2018; Oprescu et al., 2019), we show that the

root R,,(2¥)) can be approximated by

—1
Wn7b(m(d)):(z> > E[u(@?;Ds, &, 00,90) | Ds] ,  where  (2.3.31)

SGSnyb
U(ZE, DS? gsa 9) g) = _M(l) (33, go)_l Z (/‘i(gj’ Xia Dsa gs)m(Dlv 97 g)
i€s

— E[x(x, X;, Ds, &)m(D;; 0, 9)])

2Qur analysis builds on Chen et al. (2022), who give a pointwise analysis of unconditional moment
estimators.
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with a remainder term given by the second term in (2.3.30). The quantity (2.3.31) can be
recognized as a U-statistic of order b. Second, we apply Theorem 2.1.1 to show that this
quantity is approximately linear. Written differently, we establish that the root R,,(x(?)
satisfies a linear representation of the form (2.3.11), up to a small remainder term. It
immediately follows that the bootstrap root R*(x(?) satisfies the linear representation
(2.3.12), up to a small remainder term. Finally, we conclude by applying suitable central
limit theorems (Chernozhukov et al., 2022) to the linear terms (2.3.11) and (2.3.12).

The broadened scope of Theorem 2.1.1 is an essential input into making Theorem 2.3.1
operational. To see this, recall that for many honest subsampled kernel estimators, the
shrinkage rate ¢, satisfies the bound &, < /P for some small constant ¢ and some integer
p measuring the dimension of the covariates X;. Suppose that

b=n" and |G, — goll2.00 SN, (2.3.32)

~Y

with probability greater than 1 — 1/n, for some constants -, and -, between 0 and 1.
In this case, ignoring logarithmic factors and other constants, the bound (2.3.30) can be

re-expressed as
n%(%_l) + n%(l—’yb_4'Yg) + n%(l—%(l"rc/?)) . (2333)

In other words, the confidence region defined in Definition 2.3.1 is consistent if
IL<m+4y, and 1< y(1+¢/p), (2.3.34)

and so the bound (2.3.30) only converges if

p
p+c’

Vo = (2.3.35)

Written differently, it is essential to accommodate subsample exponents -, very close to one,

i.e., the regime b = o(n). This is exactly the range enabled by Theorem 2.1.1.

2.3.5 Simulation

We now measure the performance of the confidence region formulated in Definition 2.3.1.
We apply a method for simulation design proposed by Athey et al. (2021). In particular,
we calibrate a simulation to the Banerjee et al. (2015) data using a Generative Adversarial

Network (GAN) (Goodfellow et al., 2014). In effect, we construct a data generating process
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that approximates the Banerjee et al. (2015) data, where we know the true value of the CATE
0o(x) queried at each value x used to construct the grids displayed in Figures 2.1 and 2.2.
Further details are given in Appendix B.4.4.

Measurements of performance are taken as two parameters vary. First, we consider
several values of the sample size n. In particular, we consider settings with n = h - ng, for h
in {1,2.5,5,7.5}, where n is the sample size of the Banerjee et al. (2015) data. Second, we
vary the proportion b/n. We consider three regimes: b/n = 0.05, b/n = (2/(h + 1))0.05,
and b/n = (1/h)0.05. Observe that b increases in proportion to n in the first regime and
that b is constant as n varies in the third regime. The second regime resides between these
two extremes.

Figure 2.3 displays measurements of the coverage and width of the confidence region
formulated in Definition 2.3.1, in addition to measurements of the bias of the estimator
én(az(d)). Here, we consider the setting where the nuisance parameter estimator g, is
computed using the same data used to construct the region C (2(49). The first row displays
measurements of the coverage of the confidence region, the coverage of the lower bound
(i.e., Panel B of Figure 2.2), and the coverage of the upper bound (i.e., Panel A of Figure 2.2).
The nominal level is o = 0.1. Throughout, the confidence region is somewhat conservative.

The second row of Figure 2.3 illustrates a bias-variance trade-off with the subsample
size b. The first panel displays measurements of the average width of the confidence region.
Here, the average is taken over both simulation draws and the query-vector x(?. The width
of the confidence region is increasing in the proportion b/n and is essentially constant if b/n
is constant as n increases. By contrast, the second and third panels display the maximum
and average bias of the estimator én(a:(d)), again taken over the query-vector x(¥). The bias

is decreasing in the proportion b/n and is essentially constant if b is constant as n varies.
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Figure 2.2: Half-Sample Confidence Region
Panel A: Upper Bound
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Notes: Figure 2.2 displays heat maps giving half-sample upper and lower confidence bounds for the CATE
of the intervention studied in Banerjee et al. (2015) on post-treatment total assets. The confidence bounds
are constructed at level o = 0.1. The upper and lower bounds are displayed with different color palettes to
emphasize the use of different scales. A contour line has been superimposed over the lower bound to demarcate
where the bound crosses zero. The axes and estimator are the same as in Figure 2.1.
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Figure 2.3: Performance
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Notes: Figure 2.3 displays several measurements of the performance of the confidence intervals formulated
in Definition 2.3.1 in a simulation calibrated to the Banerjee et al. (2015) data. The nominal level is « = 0.1; a
horizontal dotted line is displayed at the nominal coverage 1 — « in the first panel. The confidence bounds
considered are constructed analogously to the confidence bounds displayed in Figure 2.2. The z-axis of each

panel is the sample multiplier 4. The color of each measurement varies with b/n.
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Regression Adjustments for

Disentangling Spillover Effects

Empirical analyses that characterize the mechanisms that mediate spillover effects often
do so by relating responses to a treatment, shock, or policy change with a measure of
economic proximity, such as geographic distance, technological similarity, trade costs, or
migration flows. Typically, such efforts are based on regressions that associate outcomes
with proximity-weighted averages of the treatments received by other units. We show that
regressions with this structure measure how the association between one unit’s outcome
and another unit’s treatment correlates with the proximity between the two units. We then
argue that, if the proximity measure of interest is associated with other channels that mediate
spillover effects, causal interpretations of such relationships are susceptible to confounding.
For instance, if technologically similar firms tend to be geographically proximate, then a
positive association between technological similarity and the intensity of the productivity
spillovers between firms might arise spuriously. We give conditions under which the effect of
a proximity measure on spillover intensity can instead be recovered by regressing outcomes
on averages of other units’ treatments, reweighted by residualized versions of the proximity
measure under consideration. We show that estimates obtained in this manner achieve the
optimal rate of convergence and give a resampling procedure for constructing estimates
of the associated uncertainty. We illustrate the proposed method with several empirical

applications.

63
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3.1. INTRODUCTION

The indirect effects of economic actions are often multifaceted. For instance, one firm’s
investment in research and development may influence another firm’s value through both
product market competition and communication among researchers (Arrow, 1962; Dasgupta
and Stiglitz, 1980; Griliches, 1992; Bloom et al., 2013). Likewise, productivity changes
in one city may affect output in others through the exchange of goods, labor, and ideas
(Marshall, 1890; Ellison et al., 2010; Allen and Arkolakis, 2014; Monte et al., 2018).

As aresult, aggregate estimates of indirect effects can conflate distinct and potentially
countervailing mechanisms. A shock to one location’s natural resource endowment, for
example, might benefit locations closely connected through labor markets, while harming
locations linked through trade in intermediates, as factor reallocation toward the natural-
resource sector crowds out manufacturing (i.e., “Dutch Disease”; Krugman, 1987; Allcott
and Keniston, 2018). The indirect effects of changes to industrial policy (Greenstone
et al., 2010; Giroud et al., 2024) and infrastructure investment (Kline and Moretti, 2014;
Donaldson and Hornbeck, 2016), similarly, can depend on how—and how closely—locations
are connected. As a consequence, efforts to disentangle the channels through which spillover

effects propagate are frequently critical in the design and evaluation of economic policy.

Empirical analyses that characterize the mechanisms that mediate spillover effects often
do so by relating responses to a shock or policy change with a chosen measure of economic
proximity. For example, Moretti (2004) finds that the spillover effects of increases in human
capital on productivity are larger for firms whose investments in research and development
are concentrated in more similar technological areas.! Analyses with this structure confront
an essential ambiguity. The association between spillover intensity and any one proximity
measure may be confounded by correlation with other mediating channels. That is, if
productivity spillovers are larger for technologically similar firms, and technologically

similar firms are likely to be geographically proximate, should we infer that technological

'Results with an analogous structure are common. For example, Franklin et al. (2024) show that the
spillover effects of localized public investment on wages are larger for locations that are more closely connected
in labor markets. Myers and Lanahan (2022) find that the spillovers from venture grants to small firms are
larger for firms that are technologically or geographically close. Bernstein et al. (2019) find that the spillover
effects of bankruptcy are larger for firms that draw on more similar customer bases. Moscona and Seck (2024)
show that the spillover effects of cash transfer programs on consumption are larger for more culturally similar
individuals. Miguel and Kremer (2004), Feyrer et al. (2017), Diamond and McQuade (2019), and Egger et al.
(2022b) (among many other analogous examples) find that the spillover effects of de-worming programs,
shocks to natural resource endowments, low income housing credits, and cash transfer programs, respectively,
decrease with the geographic distance.
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similarity, itself, affects the intensity of productivity spillovers??

In this paper, we develop an econometric framework for identifying and estimating the
effect of a measure of proximity on spillover intensity. To motivate our approach, we begin by
giving a nonparametric decomposition, in the spirit of Yitzhaki (1996), Angrist (1998), and
Angrist and Krueger (1999), of the implicit estimands of a class of regression specifications
typically used in empirical applications that link spillover effects to measures of proximity.
In particular, in such settings, researchers often report coefficients obtained from regressions
that relate outcomes to proximity-weighted averages of other units’ treatments—that is,

through specifications similar to

Yi=a+0-Aj+e, where A=Y Di;W;. (3.1.1)

J#
Here, Y; is an outcome, IV} is a treatment, and D; ; is a proximity measure of interest. See,
for instance, Miguel and Kremer (2004), Conley and Udry (2010), Bloom et al. (2013),
Acemoglu et al. (2016a), Cai and Szeidl (2024), and Franklin et al. (2024). In Section 3.2,
we show that, under certain conditions, the coefficient 6 on the covariate A; identifies a

convex average of the mixed-partial derivatives®

82

Written differently, such regressions measure how the association between one unit’s
outcome and another unit’s treatment correlates with the proximity between the two units.*
Yet researchers who consider regressions of this kind are, in many instances, fundamentally
interested in assigning a causal interpretation to such relationships. That is, often, substantive
interest is in measuring the structural relationship between a measure of proximity and
spillover intensity. For example, a central question animating the study of economic
agglomeration concerns the role of geographic proximity in generating and magnifying
spillover effects (Jaffe, 1986; Ellison and Glaeser, 1997; Ellison et al., 2010). To what extent

’This indeterminacy was highlighted saliently by Jaffe et al. (1993), who write “The most difficult
problem confronted by the effort to test for spillover-localization is the difficulty of separating spillovers from
correlations that may be due to a pre-existing pattern of geographic concentration of technologically related
activities.”

3In the result stated in Section 3.2, the conditional expectation in parameter (3.1.2) is replaced by a
conditional expectation that effectively holds the “location” of the unit j fixed, and averages over other units ¢
with D; ; = 0. Further notation will be introduced to make the distinction precise.

“We allow for the distributions of the treatments and proximity measures to be discrete, continuous, or
to contain point masses. For instance, if the treatment variable is valued on {0, 1}, the parameter (3.1.2) is
replaced by the derivative of the difference % (E[Y; | Di; =96, W; =1] —E[Y; | D; ; =, W; =0]).
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is Silicon Valley’s outsized success in the production of novel technologies a consequence
of the close geographic proximity of innovative firms? Would industrial policies that
encouraged greater clustering (e.g., tax credits, investments in transportation and housing
infrastructure, etc.) increase the social returns to investment in research and development?
This literature has long recognized, however, that productivity spillovers can also propagate
in other ways. For example, ideas may move through scientific networks, and so productivity
spillovers might thus be determined by the quantity of effort directed to related scientific

problems, rather than through geography, per se (Jaffe, 1986; Jaffe et al., 1993).

As a consequence, if the proximity measure of interest is not the only channel that
potentially mediates spillovers, then the parameter (3.1.2) does not necessarily measure
changes in spillover effects induced by exogenous changes to proximity. That is, if the effects
of changes in public sector investment in research and development I¥; on the outcome Y;
are larger for pairs of firms ¢, 7 that are technologically similar, and technological similarity
is positively correlated with geographic proximity D; ;, then the parameter (3.1.2) does not
recover the causal relationship between geographic proximity and productivity spillover

intensity.

We formalize this point in Section 3.3. In particular, we propose a class of parameters,
analogous to the descriptive parameter (3.1.2), that reflect the causal relationship between
a measure of proximity and spillover intensity. We refer to the elements of this class as
“Spillover Proximity Gradients.” We show, with an example calibrated to data from Bloom
et al. (2013), that when there are several, correlated measures of proximity that mediate
spillover effects, unadjusted estimates of the causal relationship between spillover intensity

and any one proximity measure can be badly biased.

Accordingly, in Section 3.4, we propose a regression-based approach for recovering
convex averages of spillover proximity gradients. This proposal is premised on the observation
that, in many applications, researchers observe additional, auxiliary measures of the features
and economic proximity of the units in their sample. For instance, Myers and Lanahan (2022)
measure how the spillover effects of small business loans depend on firms’ technological
proximity, and also observe the geographic distance between each pair of firms. Formally,
let X; and H; ; denote vectors of covariates associated with the unit ¢ and the pair of units

1, J, respectively, where X; and X; can be included as sub-vectors of H; ;.

The core methodological idea advanced in this paper is to adjust the regression (3.1.1)
by residualizing the treatment and proximity measure of interest with appropriately chosen

covariates and auxiliary proximity measures. The proposed method has two steps. First, the
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user constructs estimates of the conditional expectations

respectively. Denote these estimates by 7,(-) and 4,(-). Second, the user solves the

regression specification

Y;:a+«9-Af—|—€i ,  where Af:Zﬁf]W]* (3.1.4)
J#i

and the variables

Wr=W; —#,(X;) and D}; = D;; —4,(H;;) (3.1.5)

J

denote residualized versions of the treatment and proximity measure of interest.

This two-step estimator accounts for potential endogeneity in both the treatment IV}
and the proximity measure D; ; by conditioning on observable covariates. Formally, we
assume that the treatment W; is unconfounded conditional on the covariates X;, and that
the covariates and auxiliary proximity measures f1; ; are sufficient to stratify pairs of units
in terms of any characteristics that jointly determine spillover intensity and the proximity
measure of interest. For instance, in the setting considered in Myers and Lanahan (2022),
the latter condition would be satisfied if, on average, firms in the same geographic location
have the same response to changes in the productivity of firm j, up to their technological
similarity to j.° In extensions deferred to the Appendix, we illustrate how to augment the
specification (3.1.4) to accommodate settings in which treatment endogeneity is addressed
using difference-in-differences or instrumental variable research designs, as well as settings

in which instrumental variables are available for the proximity measure of interest.

In Section 3.5, we give conditions under which the estimator (3.1.4) is consistent. We
enforce two main restrictions. First, we restrict attention to settings where the estimators
7n(+) and 4, (-) are obtained from well-specified linear regressions. This is analogous to
the “saturated specification” condition considered by Angrist (1998). Second, we assume
that interference is determined by an underlying, unobserved measure of the proximity of
each pair of units in a latent space. That is, we assume that interference can be substantial

only among pairs of units that are close in this latent space, and that units are only ever

SRoughly speaking, this is the identification strategy considered in Jaffe et al. (1993). It has been applied,
implicitly or explicitly, by Bloom et al. (2013) and Myers and Lanahan (2022), among many others.
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proximate in observed measures if they are proximate in the latent measure. The converse,
for the latter, need not hold. We focus our consideration on asymptotic regimes in which
the number of units that are proximate in the latent space to each unit increases, so long
as the fraction of such units converges to zero. The main novelty of this framework is that
we allow for interference to be mediated by proximity in both observed and unobserved

characteristics, rather than through the proximity measure of interest alone.

We show that, in such settings, coefficients obtained from regression specifications of
the form (3.1.4) converge at a rate strictly slower than Op(n_l/ 2). In particular, the rate of
convergence achieved by the class of estimators under consideration decreases as the extent
of cross-unit interference increases. Nevertheless, we establish that this sub-parametric rate

is optimal, up to constant factors, in a minimax sense.

In Section 3.6, we detail a procedure for quantifying the uncertainty associated with
estimates obtained from regressions with the structure (3.1.4). Most approaches to inference
in settings with interference take two routes. In the first, units are placed into disjoint groups,
and clustered standard errors can be constructed under the assumption that interference
across groups is sufficiently small (Leung, 2023). In the second, interference is assumed to be
bounded above by a decreasing function of an observed proximity measure, and inferences

can be constructed with kernel-based methods (Kojevnikov, 2021; Leung, 2022a).

Neither approach is applicable to our setting. In particular, as we allow for interference
to be mediated by unobserved characteristics, units cannot necessarily be arranged into
groups or otherwise organized around an observed proximity measure. Instead, we show that
conservative estimates of uncertainty can be obtained via a procedure based on repeatedly
computing the coefficient from a regression specification analogous to (3.1.4), where the
outcomes have been replaced by the empirical residuals and the signs of the residualized
treatments have been flipped at random. The implementation of the procedure does not
require the choice of any bandwidths or tuning parameters, and places no a priori restrictions
on the structure of the interference across units. This approach is closely related to the
variance estimators proposed in Adao et al. (2019) and the randomization inference-based
methods considered by Borusyak and Hull (2023). Relative to these procedures, we show
that the proposed method is asymptotically conservative for tests concerning the value of
the parameter targeted by the estimator (3.1.4) and is applicable to settings where spillovers

are non-linear, heterogeneous, and potentially mediated by unobserved channels.

In Section 3.7, we illustrate the application of the proposed methodology to measure the

relationship between productivity spillover intensity and technological and product market



SECTION 3.1 69

proximity, using data from Bloom et al. (2013). In line with the results reported in Bloom
et al. (2013), we find that adjusting estimates of the relationship between spillover intensity
and a given measure of proximity for correlated channels that also mediate spillovers
meaningfully changes spillover effect estimates. We give two additional applications, using
data from Hornbeck and Moretti (2024) and Franklin et al. (2024), in Appendix C.6.

This paper contributes to an extensive literature that considers the identification and
estimation of spillover effects. Much of this research builds on the “exposure mapping” and
“effective treatment” frameworks developed in Hudgens and Halloran (2008), Manski (2013),
Toulis and Kao (2013), and Aronow and Samii (2017), which parameterize outcomes with
correctly specified, low-dimensional summaries of the treatments received by other units.
By contrast, and joining Leung (2022a), Sédvje (2024), and Menzel (2025), we consider
parameters that can be defined without placing such restrictions and do not assume that the
complete structure of interference is known a priori (or that information sufficient to recover

this structure is observed).®

The key distinction, in our asymptotic analysis, is that we assume that interference
is determined by proximity in both the observed and unobserved characteristics of the
population under consideration. The assumptions that we use to express this structure are
closely related to the “latent surface models” considered by, for example, Hoff et al. (2002),
McCormick and Zheng (2015), and Breza et al. (2020). We differ, in that our primary aim is
not to recover the latent surface. Instead, we use the geometric structure associated with the
latent surface as device in our theoretical analysis for organizing the influence of unobserved

interference.

The main contribution of this paper is a method for characterizing the causal relationship
between a measure of proximity and spillover intensity. This objective is related to, but
distinct from, the descriptive problems considered in Pollmann (2023) and Wang et al.
(2025), who aim to characterize the average spillover effect between pairs of units that are
separated by a given distance (see also Munro et al. (2025) and Li and Wager (2022), who
consider related problems). Put differently, this paper is distinguished by the fact that its
explicit objective is to estimate the effect of interventions that affect the proximity between

pairs of units.

We contribute, as well, to a growing literature that considers the estimation of spillover

%See also Gao and Ding (2023), who apply the framework developed in Leung (2022a) to regression-based
estimators.
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effects in observational data (see e.g., Leung and Loupos 2025; Auerbach and Tabord-
Meehan 2025).” In this context, the main novelty of our analysis is that we consider models
where measures of proximity are endogenous, in the sense that pairs of units that are more
proximate in a particular measure can be more likely to be proximate in other observed or
unobserved factors that might also mediate spillover effects.®

Finally, we contribute to a broader literature concerning the interpretation and statistical
analysis of regression specifications where the covariates of interest take the form of
weighted averages (Adao et al., 2019; Goldsmith-Pinkham et al., 2020; Borusyak et al.,
2022b; Borusyak and Hull, 2023). In this literature, this paper is distinguished by the fact
that we do not assume that the regressions under consideration are well-specified, and study
inference for a class of parameters that can be defined nonparametrically.

Section 3.8 concludes. Proofs for results stated in Sections 3.2 to 3.4 are given in
Appendices C.1 and C.2. Proofs for results stated in Sections 3.5 and 3.6, and all supporting
lemmas, are given in Appendices C.3 and C.4, respectively. Appendices C.5 and C.6 give

additional results and discussion that will be introduced at appropriate points throughout the

paper.

3.2. A NONPARAMETRIC DECOMPOSITION OF SPILLOVER REGRESSION

We consider settings with the following structure. There are n units. Each unit 7 in
[n] = {1,...,n} is associated with a real-valued treatment W; and a real-valued outcome
Y;. In turn, each pair of units 7, j is associated with a variable D; ; that measures geographic
or economic proximity. The main interest is in characterizing the relationship between
the proximity measure D; ; and the spillover effect of the treatment 1¥/; on the outcome Y;.

Settings with this structure occur throughout applied economics.’

7A distinct line of this literature develops methods for accommodating network interference in treatment
selection, primarily through an assumption that a well-specified exposure mapping is unconfounded,
conditional on a vector of covariates (see e.g., Veitch et al., 2019; Forastiere et al., 2021; Ogburn et al.,
2024; Emmenegger et al., 2025; Auerbach and Tabord-Meehan, 2025). Leung and Loupos (2025) consider
a more general model, where treatments are jointly determined, conditional on an observed network and
covariates. In each case, the networks that mediate selection into treatment and spillovers between units are
taken to be fixed and observed. Moreover, in contrast to the regression-based methods at the center of this
paper, explicit specification, or estimation, of the network dependence in the treatments is required.

8We note that we use the term “endogenous networks” in a different sense than it is used in Gao (2024),
who studies experimental settings where treatments can affect measures of proximity.

To simplify exposition, we have ruled out applications where treatments and outcomes are measured for
different units; see, e.g., Kovak (2013), Autor et al. (2013), and Adao et al. (2019), where treatments are
assigned to industries and outcomes are measured at geographic units of aggregation. We treat this extension
in Appendix C.5.1.
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Example 4 (Research and Development). Firm level investments in R&D affect the market
outcomes of other firms (Arrow, 1962; Griliches, 1992). Bloom et al. (2013) measure how
“knowledge spillovers” vary with “technological proximity.” The main hypothesis is that a
firm’s innovative activity has larger effects on the productivity of firms that operate in similar
technological areas. In this application, the treatment IW; is the stock of R&D for firm j,
the outcome Y; is the market value of firm ¢, and the variable D; ; denotes technological
proximity, which, following Jaffe (1986), is measured by the uncentered correlation (or
“cosine similarity”) of patent shares across USPTO technology classes.'” This measure
is widely adopted, see e.g., Ellison and Glaeser (1997), Moretti (2004), and Ellison et al.
(2010). |

Example 5 (Productivity). Using city-level data from the U.S. Census, Hornbeck and Moretti
(2024) argue that the indirect effect of a change in a cities” manufacturing productivity on
the wages in another city depends on the propensity to migrate between the two cities. That
is, productivity growth increases labor demand in city 7, encouraging migration from city ¢,
which reduces labor supply. Here, the treatment WW; denotes total factor productivity growth,
the outcome Y; denotes growth in average earnings, and the proximity measure D; ; denotes

the pretreatment probability that an individual that migrates from city ¢ relocates to city j. B

Example 6 (Public Works). Similarly, Franklin et al. (2024) study the spillover effects of
a public works program implemented in Addis Ababa, Ethiopia. The program provided
guaranteed public work to targeted households and was randomized across neighborhoods.
In this setting, the treatment IW; indicates that neighborhood j has been assigned to the
program and the outcome Y; denotes the average earnings in neighborhood :. Franklin et al.
(2024) argue that the indirect effect of the program on earnings depends on commuting
flows. That is, individuals who participate in the program no longer commute to other
neighborhoods, reducing private sector labor supply. In our notation, they posit that the
effect of the program IV on earnings Y; is increasing in the pretreatment probability D ;

that a worker who works in neighborhood ¢ lives in neighborhood j. [

3.2.1 Spillover Regression

In the examples outlined above, the main interest is in characterizing the effect of economic

proximity on spillover intensity. What, precisely, does this mean? To give empirical content

10BJoom et al. (2013) consider several alternative measures of technological proximity, largely based on
reweighting or rescaling the inner product between patent shares. We focus our discussion on their baseline
measure for the sake of simplicity.
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to an answer to this question, we begin our analysis by considering the interpretation of
regression specifications often used in applications with this structure. In particular, in such
settings, researchers typically report coefficients obtained from regression specifications

similar to

Yi=a+0-Ai+eg, where A=Y DiW, (3.2.1)
J#

measures the “exposure” of unit ¢ to the treatments I¥; through the proximity measure
D; ;.M

The interpretation of coefficients obtained in this way varies widely. In some cases,
measures of proximity are observed directly in data and the specification (3.2.1) is posed
without a strict model-based justification; see, for instance, Bloom et al. (2013), Cai et al.
(2015), Fafchamps and Quinn (2018), Huber (2018), Zacchia (2020), Arque-Castells and
Spulber (2022), Lerche (2025), and Bergeaud et al. (2025). In others, either the specification
(3.2.1) or the measure D; ; are derived from (or approximate the solution to) models of
spatial equilibrium; see e.g., Redding and Venables (2004), Hanson (2005), Conley and
Udry (2010), Ahlfeldt et al. (2015), Acemoglu et al. (2016a), Acemoglu et al. (2016b),
Rotemberg (2019), Helm (2020), Borusyak et al. (2022a), Franklin et al. (2024), Cai and
Szeidl (2024), and Adao et al. (2025).

The sentiment adopted in much of this literature is that such estimates recover structural
quantities—parameters defined and justified in terms of the primitives and assumptions of an
economic, or parametric, model, but that are not necessarily nonparametrically meaningful.
In this paper, we advance an alternative perspective. We begin by giving a result, in the spirit
of Yitzhaki (1996), Angrist (1998), and Angrist and Krueger (1999), that shows that, under
certain conditions, the regression (3.2.1) identifies a weighted average of particular mixed-
partial derivatives of the conditional expectation of the outcomes. This result will suggest

that the coefficient 6,, on the covariate A; in the specification (3.2.1) can be interpreted as

HOften, researchers also include the variable W; as a covariate, and report the associated coefficient as a
measure of the “direct effect.” In other cases, the proximity measure of interest enters through some monotonic
function Q(D; ;). For example, when D, ; is a function of geographic distance, researchers often set Q(-) as
a binary indicator, or vector of binary indicators, that D; ; is an element of some pre-defined interval; see, e.g,
Miguel and Kremer (2004), Egger et al. (2022b), Myers and Lanahan (2022), and Muralidharan et al. (2023).
Similarly, in settings where the specification (3.2.1) has been derived from a model of spatial equilibrium, the
function Q(-) often depends on various elasticities fixed at values chosen by referencing pre-existing literature;
see e.g., Kovak (2013), Autor et al. (2013), Donaldson and Hornbeck (2016), and Adao et al. (2025). We treat
several of these extensions in Appendix C.5.1, but focus our consideration on the specification (3.2.1) in the
main text for the sake of parsimony.
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targeting a particular nonparametric, causal estimand, whose identification and estimation

are the main subjects of this paper.

3.2.2 Baseline Model

Our objective is to give a nonparametric interpretation for coefficients obtained from
regression specifications of the form (3.2.1). To do this, we impose several baseline
conditions on the joint distribution of the treatments WW; and proximity measures D; ;
across units. First, we posit that the proximity measure D; ; is generated by a function of

some, potentially unobserved, features of the units ¢ and j.

Assumption 3.2.1 (Latent Factor Structure). There exists a function D(-, -), valued on the
non-negative, real-valued set D, and potentially unobserved coordinates (,S;)?_, on the set S
such that the representation

D;; = D(S;,S;), (3.2.2)

holds for each pair of units 1,j.

If, for instance, the variable D ; is a function of the geographic distance between units :
and j, then .S; can be taken to denote the geographic coordinates of unit ¢. Likewise, in
Example 4, technological proximity is given by the uncentered correlation of the shares of
each firm’s patents that belong to each USPTO technology class. In more abstract settings,
like in Examples 5 and 6, the factors can be viewed more expansively. That is, if D; ;
measures the probability of migrating between cities ¢ and j, then the coordinate .S; could,
for example, collect city 7’s geographic coordinates, average wage, and average amenity
value.

The main restriction is that the proximity measure D; ; is not determined by any features
inherent to the pair i, j. In Appendix C.5.1 we show that the result stated in this section
can be extended to settings where D, ; is determined by the coordinates .S;, S; as well
as i.1.d., pair-specific errors. This includes, for instance, the latent position and graphon
network models considered by, e.g., Hoff et al. (2002), Breza et al. (2020), and Li and Wager
(2022). Nevertheless, ruling out pair-specific errors greatly simplifies the exposition of the
identification and statistical results given in subsequent sections.

Second, we assume that the treatments are i.i.d., centered, and orthogonal to the latent

factors.
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Assumption 3.2.2 (Exogeneity). The replicates (.S;, W;)"_, are i.i.d. and satisfy the condition
E[W;|S]=0 (3.2.3)

almost surely.

This assumption permits dependence in the outcomes across units, as would arise from
spillover effects, but rules out cross-sectional dependence in the treatments. We impose this
restriction because regression specifications of the form (3.2.6) are not suited to distinguish
spillover effects “mediated by” the proximity measure D; ; from correlation between the
treatments W; and W;."? This is a version of the identification problem studied in Manski
(1993).

Assumption 3.2.2 also rules out settings where the mean of the treatment varies with
S;. Equivalent assumptions, in closely related models, are used in Adao et al. (2019),
Borusyak et al. (2022b), and Borusyak and Hull (2023). In Section 3.4, we relax this
aspect of Assumption 3.2.2 to hold after conditioning on available covariates. We have also
stipulated that the treatments are centered. This is equivalent to the main methodological
recommendation of Borusyak and Hull (2023) and is increasingly adopted in practice.

Third, we require that the association between the treatment and outcome of two distinct
units is relatively insensitive to changes in their proximity to a third unit. To state this
assumption, we introduce some useful notation. For a real-valued function f defined on the
set A in R, we use the short-hand 0, f (a’) to denote the derivative of f(a) evaluated at a'. If
the set A is connected, this is defined in the usual way. If the set A is not connected, then,
following a convention set out in Kolesar and Plagborg-Mgller (2024), we define J, f (a) on
the convex hull of A by extending f via linear interpolation. That is, if A = {0, 1}, then
daf(1/2) = f(1) — f(0). We use the notation 02, f(a, b) for the analogous mixed-partial

derivative.

Assumption 3.2.3 (Limited Second-Order Interference). For distinct units ¢, j, and k, it
holds that
O3 E[Y; | Dyj =0, W; =w,S; =s] =o(n'?) (3.2.4)

uniformly over each 9, w, and s in their respective domains.

12This choice of emphasis is common in models of network interference (see, e.g., Leung 2020; Auerbach
2022; Li and Wager 2022). The settings considered in Forastiere et al. (2021), Pollmann (2023), Ogburn et al.
(2024), Emmenegger et al. (2025), and Leung and Loupos (2025) are exceptions. However, the approaches to
estimation taken in these cases are substantially more complex, and require explicit specification (or, in the
case of Leung and Loupos (2025), estimation) of the dependence across treatments.
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Assumption 3.2.3 is relatively mild, ruling out only situations where changes to the
coordinate Sy can make a non-negligible difference on the relationship between the distinct
units ¢ and j. Finally, we require two mild regularity conditions concerning the smoothness
of the conditional expectation of the outcome and the scaling of the proximity measure D; ;.

We defer the statement of these assumptions to Appendix C.1.

3.2.3 Decomposition
The following Theorem expresses the population solution to the regression (3.2.1) as a
convex average of the mixed-partial derivatives of the conditional expectation

u(é,w | Sj) = E[K | Di,j = 5, VVJ =w, Sj] 5 (325)

defined for each § and w in their respective domains. Let

Ly(0) =min Y (Yi—a—0-A4)° (3.2.6)
=1

denote the loss function associated with the regression specification (3.2.1).

Theorem 3.2.1. Assume that the treatments and proximity measures have support contained
in intervals YW and D of constant length and that the outcomes are identically distributed.
Under Assumptions 3.2.1 to 3.2.3, and two regularity conditions stated in Appendix C.1, the

parameter 0,, that minimizes the risk E[L,,(0)] admits the representation

én_//E[A(é,wysj)a;wu((s,msj)] dwdd +o(n~?), (327
DJW

where the weights

COV(]I{DZ'J Z 5}, Dz’,j | Sj) COV (]I{WJ Z 'UJ}, Wj ‘ S])

A, w | S;) = (3.2.8)
2 E[Var(Dy; | 5;) Var(W; | 5,
are convex, in the sense that
Ao, w|S;) >0 and / / E[A0,w | Sj)]dwdd =1, (3.2.9)
DJW

respectively. That is, the weights (3.2.8) are positive almost surely and integrate to one in

expectation.



76 CHAPTER 3

Remark 3.2.1. Theorem 3.2.1 applies to settings where distributions of the treatments
and proximity measures are discrete, have continuous support, or have point masses. For
instance, if the treatments W; are valued on {0, 1} and Var(W; | S;) is constant almost

surely, then the representation (3.2.7) can be re-expressed as the weighted average derivative

5, — / G | S;) 05(E[Y; | Dyj = 6,W; =1, 8]
D

—E[Y; | Dij =6,W; =0,8;])dd +o(n""/?),,

~ Cov({D;; > 6}, D | S))
where A(d | S;) = EVar(Ds, | 5) , (3.2.10)

by the convention set out prior to the statement of Assumption 3.2.3. Likewise, if, additionally,
the proximity measure D; ; is supported on {0, 1}, and Var(D;; | S;) is constant almost

surely, then (3.2.7) takes the form of the double-difference

0, = E[Y;| D;; =1,W; =1 —E[Y; | D;; = 1,W; = 0]) (3.2.11)

by the same convention. |

Remark 3.2.2. Observe that the minimization over the intercept « is included as part of the
definition of the loss function (3.2.6), and so occurs within the expectation used to define the
parameter 6,,. This arrangement is nonstandard, but is essential to obtain the representation

(3.2.7). In particular, by the Frisch-Waugh-Lovell Theorem, we can write

=1

where A; =) (Dm - %Z Dk,j> W, — %Z Dy Wi, (3.2.12)

J#i k] ki

and so, by the Projection Theorem, the parameter f,, admits the representation

5 _ Lo EmA

n

= n—j . (3.2.13)
2 ie1 E[(A:)?]

Here, by including the construction of the intercept within the expectation, the proximity

measures D; ; are effectively centered by the averages % >k 4j Dr,; (up to a negligible

error term introduced by the second term in (3.2.12)). That is, the proximity measures
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D, ; are implicitly centered conditional on the coordinate S;. The error in the average
L3 -; Dr,j about the expectation E[Dy ; | ;] contributes the leading term of the error in
the approximation (3.2.7), and is controlled by Assumption 3.2.3. This implicit centering
causes each of the terms that appear in the representation (3.2.7) to condition on the
coordinate \S;, which has important implications for the identification arguments pursued
below. |

This result can be best understood through comparison to the simpler setting where an
outcome Y; is regressed on a real-valued treatment W; and a vector of covariates X,—that

is, through the specification
Yi=a+60 - W+~ X, +¢ . (3.2.14)

Building on results due to Yitzhaki (1996), Angrist (1998), Angrist and Krueger (1999),
Kolesér and Plagborg-Mgller (2024) show that, under conditions analogous to those used in
Theorem 3.2.1, if the expectation of IW; conditional on the covariates X; is linear, then the

population coefficient on WW; admits the representation

/E[A(w | X,) 8.E[Y; | W, :w,Xi]] dw (3.2.15)
w
Cov(I{W; > w}, W; | X;)

E[Var(W; | X;)]

where Aw | X;) =

Here, as before, the weight function \(w | X;) is positive almost surely and integrates to one
in expectation. Written differently, linear regression coefficients identify convex averages of
the change in the outcome associated with incremental changes in the treatment.

Theorem 3.2.1 shows that, under certain conditions, an analogous, nonparametric
interpretation can be given to coefficients obtained from spillover regressions.'® That
is, regression specifications of the form (3.2.1) identify convex averages of the change in the
dependence of one unit’s outcome on another unit’s treatment associated with changes in
the proximity of the two units.'* This decomposition is purely descriptive. That is, we have

placed no restrictions on the causal relationship between the treatments, proximity measures,

13Vazquez-Bare (2023) consider estimators similar to (3.2.1) in settings where there are a collection of
groups, units within the same group receive the same treatment, and the proximity measure D; ; is binary
and indicates that ¢ and j are elements of the same group. He finds that the resultant estimate does not have
a coherent causal interpretation. By contrast, we show that, if treatments are independent and identically
distributed, the implicit estimand of the specification under consideration permits a clean representation.

As it can be shown that [ [ A\(6,w | S;) dwdd = Var(D; ; | Sj) Var(W; | S;), units j that have larger
conditional variances Var(W; | S;) and Var(D, ; | S;) tend to receive larger weights.
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and outcomes, and are only describing the joint distribution of their realized values. "
Linear regression coefficients invite causal interpretations, as measuring as the effect of
W, on Y;. So too does the representation (3.2.7), as measuring the effect of the proximity
measure D; ; on the intensity of the spillover effect of W on Y;. In the remainder of the
paper, we define causal parameters that encode this structure, state conditions under which
they are identified, and develop procedures for augmenting the regression specification

(3.2.6) to operationalize these conditions.

3.3. SPILLOVER PROXIMITY GRADIENTS

In many settings in applied economics, the primary, substantive interest is in characterizing
the causal relationship between a measure of proximity and the spillover effects of a shock,
policy, or action. In particular, often, spillover effects are potentially mediated by several
distinct economic phenomena, whose extent and intensity have different implications for
welfare and policy. Recovering the structural relationship between responses to a treatment

any one proximity measure, then, requires disentangling these channels.

Example 4 (Continued). Consider, for instance, the problem of interest in Bloom et al.
(2013). Aggregate estimates of the indirect effects of one firm’s investment in R&D on other
firms’ values risk conflating two distinct mechanisms. The first mechanism gives rise to
the core market failure in markets for innovation (Arrow, 1962). One firm’s investment in
R&D may reduce the cost of R&D for technologically similar firms. Such cost reductions
are socially valuable, but are rarely internalized by the innovating firm. Thus, when this
mechanism exists—and, in particular, when it is quantitatively meaningful—there is a
risk of persistent underinvestment in R&D. The second mechanism concerns product-
market interactions: investments in R&D by one firm may reduce sales for firms marketing
substitutes and increase sales for firms marketing complements (Dasgupta and Stiglitz,
1980). The welfare and policy implications of the second channel have little overlap with
the first, in the sense that the underlying economic phenomena are fundamentally different,
and depend largely on market structure (Spence, 1984).

To estimate the effect of technological proximity on R&D spillover intensity, it is

necessary to account for the potentially countervailing effect of product market rivalry.

5The orthogonality condition stipulated by Assumption 3.2.2 is best motivated by the assumption that the
treatments are randomly assigned. If this condition did not hold, the part of the weight A(d, w | S;) associated
with D; ; would vary with W}, and would no longer necessarily integrate to one. We relax this assumption, by
introducing covariates, in Section 3.4.
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2

To operationalize this idea, Bloom et al. (2013) measure the “product market proximity
of firms ¢ and j by computing the uncentered correlation G; ; of the share of each firms’
sales across four-digit industry codes. Panel A of Figure 3.1 displays features of the joint
distribution of technological proximity D; ; and product market proximity G; ; across the
sample of firms considered by Bloom et al. (2013).'® Technological proximity increases

substantially and systematically with product market proximity. |

Example S (Continued). In Hornbeck and Moretti (2024), interest centers on characterizing
how the spillover effect of total factor productivity growth on wages varies with migration.
Of course, other notions of economic proximity might also mediate indirect effects. For
instance, suppose that we measure the proportion of output produced in city ¢ that is
purchased by firms in city j. Denote this measure by (; ;. An increase in city ¢’s productivity
may increase demand for intermediate inputs produced by city j, increasing city j’s labor

demand in proportion to G} ;. |

Example 6 (Continued). Franklin et al. (2024) measure how the indirect effects of a
public works program depend on commuting flows. There are, again, other channels that
might also mediate spillover effects. For example, as the program consists of publicly
subsidized employment in small-scale activities that improve shared amenities (e.g., garbage
disposal, greening of public spaces), businesses that are geographically close to the treated
neighborhoods may experience increased demand, and so spillover effects might, just as

well, be driven by geographic distance G ;. |

In this section, we propose a class of parameters, which we refer to as spillover proximity
gradients, that express the causal relationship between a measure of proximity and spillover
intensity. We show that, when there are several, correlated measures of proximity that could
potentially mediate spillover effects, unadjusted estimates of the causal relationship between

spillover intensity and any one measure can be badly biased.

3.3.1 Potential Outcomes

Our interest is in estimating the effect of a measure of proximity on spillover intensity. To
pose this objective formally, we must prescribe the potential value of each unit’s outcome
under counterfactual interventions to each other unit’s treatment and proximity.

To this end, we impose a condition that enables us to intervene on the proximity measure

of interest D; ;, while holding constant any unobserved features of other units. We assume

16We detail our treatment of these data, and display analogous figures for Examples 5 and 6, in Appendix C.6.
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Figure 3.1: Correlation in Measures of Economic Proximity
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Product Market Proximity

Notes: Figure 3.1 displays features of the joint distribution of technological and product market proximity
across a sample of publicly traded U.S. firms, using data from the replication packages associated with Bloom
et al. (2013) and Lucking et al. (2019). The measures are computed using the shares of patents filed across
USPTO technology classes and shares of sales across four digit industry codes from 1990 to 1995, respectively.
Further details concerning the treatment of these data are given in Appendix C.6. The x-axis measures product
market proximity and has been partitioned into bins. The means, 50th percentiles, and 90th percentiles of
technological proximity within each bin are displayed using green, purple, and blue dots and are measured
relative to the y-axis. A heatmap measuring the number of pairs of units in each bin is displayed below both
the x-axis.

that each unit is associated with an additional, potentially unobserved, variable U;. The
variable U; should be thought of as a unit-specific residual or latent factor. We refer to the

variable
Zi = (W3, 8, Us) (3.3.1)

as the state of unit ¢ and let Z_; collect the state of all units other than s.

Assumption 3.3.1 (Anonymous Interference). Outcomes are generated through the structural
equation
Y,=F(Z,7_), (3.3.2)

where the function F'(-,-) is symmetric in the components of its second argument.
The state Z; should be interpreted as collecting all of the features of the unit ¢ that can impact

any unit’s outcome. Like Assumption 3.2.1, the main restriction is that the variable Y; is not

determined by any factors inherent to the pair 7, j. That is, Assumption 3.3.1 ensures that
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the influence of unit 5 on unit ¢ is “anonymous,”’ in the sense that unit ¢’s outcome depends

(S PRNT3

only on the value of Z; and not in any way on j’s “identity.”

Assumption 3.3.1 reduces the problem of defining potential outcomes associated with
interventions to the proximity of another unit into the specification of choices for counterfactual
values for the coordinate S;. Any counterfactual coordinate consistent with the intervention

D; ; = 0 is necessarily an element of the set
SW(8) = {s: D,(S;,s) =5} . (3.3.3)
The convex combination

S(0) = S, + a(9)(S: = S;) . where

J

o(8) = argmin {|a| : S; + a(S; — 8;) € SV(3)} | (3.34)

J

is a natural choice. If this choice is uniquely-defined, we can express the potential outcome
Yii(6,w) = F(Zi, Zi(w,S\7(8)), Z_ij) . where Zj(w,s) = (w,s,U;)  (33.5)

denotes the counterfactual state of unit j that would be realized if the coordinate S; were
set to s and the treatment W/; were set to w. Here, the vector Z_; ; collects each unit’s state,

excluding the units 7 and j.

Unless stated otherwise, for the remainder of the paper, we use (3.3.5) to denote the
potential outcome for unit ¢ associated with the intervention that sets the treatment W to
w and the proximity D, ; to . Thus, it remains to enforce structure that ensures that the
choice (3.3.4) can be uniquely defined. To do this, we impose the following strengthening

of Assumption 3.2.1.

Assumption 3.3.2 (Monotone Factor Structure). There exists a norm || - || on S such that
Di; = D(S;,S;) = D(||S; — SlI) (3.3.6)

for some function D(-) that is continuous and non-increasing.

It can be shown that, under Assumption 3.3.2, so long as the set (3.3.3) is non-empty, the
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choice (3.3.4) is uniquely defined.!” Assumption 3.3.2 holds in settings where the proximity
measure of interest is a decreasing function of geographic distance, such as pure iceberg
trade costs. Panel A of Figure 3.2 illustrates the construction (3.3.4) in such a setting.

Assumption 3.3.2 also holds in Example 4.
Example 4 (Continued). In Bloom et al. (2013), technological proximity is given by

2

Siy S; L S; S
Di; = A5 ) 1 H — =1 (3.3.7)
15312115512 20[1Sill 1S5ll211,
where S; denotes the share of firm i’s patents in each USPTO technology class and || - |2

and (-, -) denote the Euclidean norm and inner-product. Thus, Assumption 3.3.2 is satisfied.
Panel B of Figure 3.2 illustrates a simplified version of the construction (3.3.4) for this case.
|

In Appendix C.5.2, we detail several approaches for extending Assumption 3.3.2 to
settings where proximity measures are functions of many features of the units under
consideration. For instance, commuting and migration probabilities, like those considered
in Examples 5 and 6, are often modeled as being functions of geographic distance, as well
as wages and amenity values (Monte et al., 2018). In essence, we address such settings by
assuming that the measure D, ; is monotone in some feature of the unit 5 and conditioning

on other information sufficient to isolate the dependence of D; ; on this feature.
3.3.2 Spillover Proximity Gradients
We give a framework for identifying and estimating averages of the variables
05w Yi(0,0) , (3.3.8)

measuring the incremental change in the spillover effect of W; on Y; as D; ; is increased.
We refer to the variable (3.3.8) as a “spillover proximity gradient.” Spillover proximity

gradients are analogous to the descriptive parameters

i 1(0,w | S;) = 05 LE[Yi;(6,w) | Wy =w,D;; =6,5]] (3.3.9)

7In Appendix C.5.2, we extend Assumption 3.3.2 to accommodate setting where D(-) has discontinuities.
For example, in some settings, the proximity measure D; ; might take the form of an indicator that the distance
[|S; — S;|| is less than or equal to a specified radius. This can be addressed analogously to formalizations
of regression discontinuity designs, by defining the potential outcome (3.3.5) as the limiting value as S;
approaches the boundary of S()(0) along the line S; 4 a(S; — S;). Assumption 3.3.2 can also be extended
without loss to settings where D; ; = D(S;, ||S; — Sj||), so long as D(S;, ) remains monotone.
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Figure 3.2: Counterfactual Coordinate Construction
Panel A: Geographic Proximity Panel B: Technological Similarity
Tech. Class 3

Tech. Class 1 Tech. Class 2

Notes: Figure 3.2 illustrates the construction of the counterfactual coordinate S ](-1) (0) in two examples. In
Panel A, the variables S; measure geographic coordinates and the proximity measure of interest is a function
of Euclidean distance. Panel B gives a simplified version of the setting consider by Bloom et al. (2013). Here,
the coordinates S; take values on a simplex and measure the proportion of each firm’s patents filed in each of
three technology classes. The proximity measure of interest is given by the inner product D; ; = (S;, S;). In
both cases, the level sets (3.3.3) are displayed with dotted lines. The values of the points S; + a(S; — S;), as
« varies, are displayed with dashed lines. The points (3.3.4), where these lines intersect, are marked with dots.

identified by the regression (3.2.6). However, unless the potential outcome inside the
conditional expectation (3.3.9) is independent of the treatment I¥/; and proximity measure

D; ;, conditional on the factor S;, the average
and the parameter (3.3.9) will be, in general, different. In practice, this difference can be
large.

Example 4 (Continued). Suppose, for the sake of illustration, that the outcomes in Bloom

et al. (2013) were generated by the specification
Y; =3 (0-Dij—n-GigW; (3.3.11)
J#

where we recall that D; ; and G ; denote the technological and product market proximity

between the firms i and j, respectively.'® Assume also, for the sake of simplicity, that the

3In our notation, product market proximity is generated by Gi,; = G(U;,U;). The product market
proximity measure G, ; is given by the G; ; = (R;, R;)/||R;||2||R;||2, where R; denotes the share of firm i
sales across four digit industry codes. Thus, the variable R; is a component of the variable U;.
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Figure 3.3: Confounding in a Calibrated Example
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Notes: Figure 3.3 displays estimates of the mixed-partial derivative (3.3.12), under the calibrated model
(3.3.11), averaged over bins of the support of technological proximity. We estimate 05 E[G; ; | D; ; = 0]
at each bin center with a local-linear regression using a triangular kernel with bandwidth 0.1. We set the
coefficient § = 1. Each series corresponds to a specified value of the coefficient n, which parametrizes the
extent of the confounding with product market proximity. A heatmap measuring the number of pairs of units
in each bin are displayed below the x-axis.

treatments IV are independent of variables S; and U;. As the magnitude of the coefficient
7 increases in proportion to the coefficient 6, the confounding effect of product market

proximity increases. To see this, Figure 3.3 displays estimates of the value of the quantity
05 WE[Y;;(6,w) | Dij =0,W; =w] =0 —n-05E[G;; | D;; = 6] (3.3.12)

averaged over bins of the support of technological proximity using the sample from Bloom
et al. (2013). We set # = 1 and vary the value of 1. By contrast, the average spillover
proximity gradient satisfies

E[03,Yi (6, w)] =0 (3.3.13)

irrespective of the coefficient 7. Thus, in this sense and in this calibrated example, estimates
of the effect of technological proximity on productivity spillover intensity that do not account
for the potential that product market proximity affects spillover intensity can be severely

negatively biased. u

It is worth pausing to emphasize what spillover proximity gradients do and do not

measure. First, averages of spillover proximity gradients are related to the “average indirect
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effect” and “marginal spatial effect,”

n
% > ) 0uYij(Dij,w) and  E[D,Y;(Dijw) | Dij =], (3.3.14)
i=1 j#i
studied by Hu et al. (2022); Munro et al. (2025); Li and Wager (2022) and Pollmann (2023);
Wang et al. (2025), respectively. The main difference, in both cases, is that we explicitly
consider interventions to the proximity measure D; ;. Second, spillover proximity gradients
are related to the “average exposure contrasts,” considered by, e.g., Aronow and Samii 2017,
Sdvje et al. 2021, Auerbach and Tabord-Meehan 2025, and Leung and Loupos 2025, where
the main interest is in intervening on a low dimensional summary of the treatments and
connections of “neighboring” units. Here, the low dimensional summary is often chosen
to parameterize (or approximate) the global structure of interference across outcomes. By
contrast, our aim is estimate average changes in one unit’s outcome associated with changes
to the treatment and proximity of another unit, while remaining agnostic, a priori, toward
the global structure of interference.

Finally, in some cases, coefficients obtained from regressions of the form (3.2.1) have
been interpreted as estimates of “total effects”; that is, parameters measuring the effect
of changing the treatment of all units, in unison. Theorem 3.2.1 indicates that, without
placing further structure on the data at hand, estimators based on specifications of the
form (3.2.6) target a more modest quantity, again relating to the effect of changing the
proximity and treatment of only one unit. Indeed, although, as we will see, average spillover
proximity gradients can be estimated nonparametrically, recovering richer objects demands
the imposition of further structure, either on the distribution of the treatments or on how

how interference aggregates across units."”

3.4. IDENTIFICATION AND ESTIMATION

We propose a method for identifying and estimating averages of spillover proximity gradients.
The core idea is to adjust the regressions considered in Section 3.2 by residualizing the
treatment and proximity measure of interest with appropriately chosen covariates and

auxiliary proximity measures. We give conditions that rationalize estimation strategies with

There are many papers in the network interference literature that aim to estimate total effects. In most
cases, this is enabled by restricting attention to settings where the realized treatments are clustered (see e.g.,
Leung 2022b; Faridani and Niehaus 2022; Viviano et al. 2023) or by restricting the ways in which interference
aggregates across units (Munro, 2025).
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this structure.

3.4.1 Regression Adjustment

Any approach for recovering averages of spillover proximity gradients must account for
potential endogeneity in both the treatments and proximity measures of interest. We consider
strategies that address these two sources of confounding by separately residualizing the two
associated variables.

To this end, we assume that we additionally observe the vectors of covariates X; and
auxiliary proximity measures (; ;. For instance, in Example 4, the covariates X; might
denote features of the firm ¢, like lagged values of R&D expenditure, and the proximity
measure (7; ; might denote the product market proximity and geographic distance between
the firms ¢ and j. Define the vector H,; = (X;,G,;, X;). We impose the following

convention to fit these measurements into the model proposed in Section 3.3. Let the vector
Si = (8. Uy) (3.4.1)

collect the two latent factors associated with unit 7.
Assumption 3.4.1. There exists a function H(-,-) such that H; ; = H(S;, S;).

Assumption 3.4.1 stipulates that the covariates H; ; are functions of the unit-specific factors
S; and §j_ This condition rules out covariates that summarize features of units other than ¢
and j.

The proposed method has two steps. First, the user constructs estimates of the conditional

expectations

respectively. Denote these estimates by 7,,(-) and 9, (). Second, the user computes the

coefficients from the regression specification

Yi=a+0- Al* +¢;, where A: = Z lA)ZjW]* ) (3.4.3)
J#i

Here, the variables

Wi =W; —#,(X;) and D}, = D;; —4n(H;;) (3.4.4)

(2
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denote residualized versions of the treatment and proximity measure of interest.” In this
section, we give conditions under which endogeneity in the treatments and proximity

measures is addressed by the use of the residualized variables (3.4.4).

Remark 3.4.1. The estimator obtained by solving the residualized regression (3.4.3) differs
from the types of regressions usually encountered in empirical practice. In particular,

specifications of the form

Y;:Oé+0AZ+§PZ+€Z7 where AZ:ZDZ,JVVJ and Pi:ZGi,jo7
i J#i
(3.4.5)

are considered by Conley and Udry (2010), Bloom et al. (2013), Acemoglu et al. (2016a),
and Lerche (2025), among many others. (Here, for the sake of simplicity, we have
omitted consideration of the covariates X;.) In contrast to cross-sectional regressions,
the residualized spillover regression (3.4.3) and the “long” spillover regression (3.4.5)
are not numerically equivalent and do not identify the same parameter, even when the
expectation of D; ; conditional on G, ; is linear. In Appendix C.5.3, we show that, under
this linearity condition, the two regressions identify the same parameter only if treatments

are homoskedastic. |

We focus the majority of our discussion on addressing endogeneity in measures of
proximity, as our approaches for handling endogeneity in treatments are standard. In
particular, in the main text, we assume that treatments are as-good-as randomly assigned
conditional on the covariates X;. In Appendix C.5.4, we show that this condition can
be replaced with analogous assumptions based on parallel trends or instrumental variable
identification strategies by making appropriate changes to the structure of the estimator
(3.4.3).

Assumption 3.4.2 (Conditional Ignorability in Treatments).

The replicates (W;, S;)7_, are i.i.d. and satisty the condition

E(W; | X;,5;] = E[W; | Xj] (3.4.6)

20In practice, different sets of covariates X; can be used to residualize the treatments and proximity measures.
In particular, in settings where the coordinates S; are observed, they can be used to residualize the treatments,
but should not be used (without being coarsened in some way) to residualize the proximity measures, as
otherwise there would be no variability in the residuals ﬁ; ;- We assume that the same set of covariates are
used in both cases, for the sake of simplicity.
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almost surely.

Assumption 3.4.2 is a direct generalization of Assumption 3.2.2. Like Assumption 3.2.2,
cross-sectional dependence in the treatments has been ruled out.?! In this case, however,
the means of the treatments are allowed to vary with the latent factor, so long as this

heterogeneity can be explained by the observed covariates X ;.

3.4.2 Decomposition, Redux

To discipline our discussion, we first state an extension to Theorem 3.2.1. In particular, we

consider the infeasible objective function

L (0) = minz (Yi—a—0-A)?, where Af=> DiW; (3.4.7)
i=1 J#i

is constructed using the oracle residuals

W‘* = VVZ - Wn(Xz) and D:J = Di,j - fYn(Hz,]) . (348)

)

We give conditions under which regressions of the form (3.4.7) identify convex averages of

mixed-partial derivatives of the conditional expectation
pw(6,w | Hij, S;) =E[Y; | Dij =8,W; =w, H,;,5,]. (3.4.9)

In Section 3.5, in turn, we give conditions under which the coefficient obtained from the
regression (3.4.3) is consistent for the parameter that minimizes the expectation of the
objective function (3.4.7).

We require a final condition that justifies our approach to residualizing the proximity
measure. In particular, we assume that any unobserved heterogeneity in the relationship

between the proximity measure and the covariates is additively separable.

Assumption 3.4.3 (Additively Separable Heterogeneity). There exists a function 1),,(+) such

2lpeer effects in treatment selection are considered by Forastiere et al. (2021), Ogburn et al. (2024), and
Emmenegger et al. (2025), who study models where treatment is as-good-as randomly assigned conditional on
a low-dimensional vector collecting features of neighboring units. Leung and Loupos (2025) consider a more
general model where treatments are jointly determined, conditional on an observed network and covariates.
In each case, in contrast to the regression-based approaches at the center of this paper, explicit specification,
or estimation, of the cross-sectional dependence in treatments and network dependence across outcomes is
required.
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that
E[Di; | Hij, Sjl = yn(Hij) + ¥n(S)) (3.4.10)

almost surely.

This condition allows us to residualize the proximity measures D; ; with an estimate of
the expectation v, (H; ;) = E[D; ; | H;;], rather than with an estimate of the expectation
E[D;; | H;;,S;]. The former can be obtained using the full sample, whereas the latter
would need to be re-estimated for each unit j.?* In particular, recall from the discussion
in Remark 3.2.2 that regressions with the structure (3.2.6) effectively center the proximity
measures [; ; conditional on the latent factors S;. Regressions with the structure (3.4.7)
center the residualized proximity measures D} analogously. Thus, Assumption 3.4.3
ensures that, by centering the residual D7 ; conditional on the latent factor S5;, we effectively
center the proximity measure D; ;, conditional on both the covariates H; ; and the latent
factor 5.

The following Theorem gives a direct generalization of Theorem 3.2.1. As before,
we require several moment conditions. We additionally impose a mild generalization of
Assumption 3.2.3. In each case, we now condition on the covariates H; ;. Again, we defer

the statement of these conditions to Appendix C.1.

Theorem 3.4.1. Assume that the treatments and proximity measures have support contained
in intervals YW and D of constant length and that the outcomes are identically distributed.
Under Assumptions 3.2.1 and 3.4.1 to 3.4.3, and two regularity conditions stated in
Appendix C.1, the parameter

9; = argminE[L (0)] (3.4.11)
0

admits the representation

= 0" +o(n"'?), where (3.4.12)

// AO.w | Hig, ;) 63, w6, w | Hiy, Sy)| dwas,

21f Assumption 3.4.3 is unlikely to be accurate, then the results stated in this section will hold, unchanged, if
an estimate of E[D; ; | H; ;, S;] is used to residualize the proximity measure D; ;, in place of the conditional
expectation 7, (H; ;). Such an estimate can be obtained by regressing D; ; on H; ; separately for each unit j.
In our empirical applications, we prefer to impose Assumption 3.4.3 because such unit-by-unit estimates are
less precise and are more computationally expensive.
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and the weights

NGw | Hyy,Sy) = COUDig 2 0}, Dy | Hig, ;) Cov W 2w}, W | 55)
; ijs 0] E[Var(D;; | H;;,S;) Var(W; | S;)]

(3.4.13)

are convex, in the sense that they are positive almost surely and integrate to one in

expectation.

Corollary 3.4.1. Assume that the conditions of Theorem 3.4.1 hold. If, additionally,
Assumption 3.3.1 holds and the potential outcomes (6, w) — Y; ;(, w) have continuous first
and second partial derivatives, then the parameter 0}, defined in (3.4.12), can be re-expressed

as
0 = / / E |G w | Hij, S;) 05 E[0, Yiy(0,w) | Dig = 8, Hyy, 5] | dwdd , (34.14)
DJIW

where the weight function \(6,w | H; ;, S;) is defined in (3.4.13).

Theorem 3.4.1 is entirely analogous to Theorem 3.2.1, except that every quantity now
additionally conditions on the covariates H; ; and the latent factor gj_23 Corollary 3.4.1, says
that, if additionally Assumption 3.3.1 holds, then regressions of the form (3.4.7) identify

convex averages of the parameter
85 E[@wY;J (5, U)) | DiJ = (5, Hi,j; g]] . (3415)

As a consequence, if the covariates H; ; and latent coordinate §j are sufficient to hold
constant features of the unit ¢ that might covary with both its proximity D; ; to unit j and its
response to j’s treatment, then the regression specification (3.4.7) recovers convex averages

of spillover proximity gradients.

3.4.3 Conditional Ignorability

Our baseline approach for addressing endogeneity in measures of proximity centers on the

following conditional ignorability assumption.

2 As it can be shown that [ [ A(6,w | H; ;,S;)dwdé = Var(D; ; | H; ;,S;) Var(W; | S;), the weighted
average (3.4.17) tends to place larger weight on the pairs of units ¢, j associated with larger values of
Var(D; ; | H;j,S;). This echos classical results from Angrist (1998) and Angrist and Krueger (1999)
associated with contexts without interference.
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Assumption 3.4.4 (Conditional Ignorability in Proximity). The potential spillover effect
0w Y; ; (8, w) associated with an intervention to the treatment of unit j on the outcome of unit
¢ is mean independent of the realized proximity measure D; ;, conditional on the covariates

H; ; and the Iatentfactorgj; that is
]E[aw }/Z'J'((S, U)) ’ Dz',j == (5, Hi,jagj} == E[aw Yi,j(5, w) | H@j,gj] (3416)

almost surely for each ¢, w in the support of D; ; and W.

Under Assumption 3.4.4, the parameter 0, targeted by regressions with the structure (3.4.7),

identifies a convex average of spillover proximity gradients.

Corollary 3.4.2. Assume that the conditions of Corollary 3.4.1 hold. If, additionally,
Assumptions 3.3.2 and 3.4.4 hold, then the parameter 07, defined in (3.4.12), admits the

representation
6 = / / E[ASw | Hiy, 55008, Yiy(6,w)] dwds, (3.4.17)
DJW

where the weight function \(6,w | H; ;, S;) is defined in (3.4.13).

Example 4 (Continued). In the context of Bloom et al. (2013), the condition (3.4.16)
stipulates that, if we fix a firm j, once we account for any observable features X; and,
e.g., the product market proximity G ;, then technological proximity D; ; doesn’t vary
systematically with any other quantities that might affect how firm ¢’s value responds to
R&D by firm j. This condition is satisfied, for instance, in the model (3.3.11) used to
generate Figure 3.3. Bloom et al. (2013) use language suggestive of this assumption, arguing

that their identification rests on “substantial independent variation in the two measures,

namely product market and technological proximity.>* [

Assumption 3.4.4 asks that the covariates H; ; stratify units 7 in terms of the characteristics
that influence the intensity of the spillover effects they receive from j’s treatment, up to the
realized proximity measure D; ;. To visualize this restriction, return to Panel A of Figure 3.2.
The figure displays three coordinates S;, S;, and S;. Assume that 7 and % have the same
covariates and the same relation to j in terms of the auxiliary proximity measures, that is

G, ; = G} ;. Assumption 3.4.4 implies that the difference in the proximity measures D ;

24Bloom et al. (2013) support this assertion with a series of illustrative examples, writing e.g., “In our
sample period, IBM was technologically close to Intel, Motorola, and Apple ... However, while IBM is close
to Apple in product market space, ... [it] is not close to Intel and Motorola.”
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and Dy, ; cannot be correlated with any differences in the characteristics of the units ¢ and k&
that influence the intensity of the spillover effects that they receive from the unit j. So, for
instance, if all else equal, units that are further north tend to receive larger spillovers from
unit j (perhaps, because they are closer in terms of some unobserved characteristic), and
also tend to be closer to S;, then, unless the covariates H; ; and §j fix unit ¢’s north-south

coordinate, Assumption 3.4.4 will not hold.

As in other contexts in causal inference, conditional ignorability is a strong assumption.
That is, in any particular setting, it may not be too difficult to hypothesize further channels
that might also mediate spillover effects. For instance, Lychagin et al. (2016), incorporate
geography into the empirical framework developed in Bloom et al. (2013), arguing that
technological and geographic proximity are highly correlated and that R&D spillovers
are potentially mediated by geographic proximity (see also Arque-Castells and Spulber
(2022) and Zacchia (2020) who study how R&D spillovers vary with voluntary technology
transfers and patent co-authorship networks, respectively). Nevertheless, we center our
consideration on conditional ignorability because it represents the simplest departure from
the assumption that spillovers are entirely mediated by the proximity measure of interest
that enables identification, and because, in our view, it best reflects the approaches to
disentangling spillover effects that have been taken in empirical practice. For instance,
Lerche (2025) measures how the spillover effects of investment tax credits vary with input-
output linkages, but controls for proximity in labor market flows. See also Conley and
Udry (2010), Acemoglu et al. (2016a), Rotemberg (2019), Helm (2020), and Cai and Szeidl

(2024) who consider similar problems in other settings.

Moreover, conditioning on observables is an essential building block for more nuanced
identification strategies. Concretely, in Appendix C.5.5, we demonstrate how to adapt our
framework to treat settings where suitable instrumental variables are available. For example,
Fafchamps and Quinn (2018) conduct an experiment where social connections between
managers of African manufacturing firms are exogenously formed. They then measure how
business practices propagate through the exogenous linkages. Roughly speaking, under
restrictions resembling standard conditions for the validity of linear two-stage least-squares
estimators (Imbens and Angrist, 1994; Angrist et al., 2000), the residualized proximity
measures can be replaced in the estimator (3.4.3) with their values predicted on the basis of

the instrument.
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3.5. CONSISTENCY

In this section, we give conditions under which the class of estimators proposed in Section 3.4
are consistent for convex averages of spillover proximity gradients. We focus our consider-
ation on settings where each unit’s outcome can be potentially affected by the treatments,
locations, and unobserved characteristics of many other units. We show that, in such
settings, coefficients obtained from regression specifications of the form (3.4.3) converge at
a rate strictly slower than Op(n_l/ 2). In particular, the rate of convergence achieved by the
estimator under consideration decreases as the extent of cross-unit interference increases.
Nevertheless, we establish that, under our regularity conditions, this sub-parametric rate is
optimal, in a minimax sense.

Throughout, the quantities ¢ and C' denote universal, positive constants, whose values
are allowed to change in each appearance. For two sequences f(n) and g(n), the relations
f(n) < g(n)and f(n) < g(n) indicate that f(n) < Cg(n) and cg(n) < f(n) < Cg(n) for

all sufficiently large n, respectively.

3.5.1 Linear Residualization

To facilitate these results, and in keeping with our emphasis on regression-based estimation
procedures, we restrict attention to settings where the estimators 7,, and *,, are obtained
from least-squares regressions. In particular, with an abuse of notation, we consider the

estimator

6 = arg min min Yi—a—0-A%?, where Ar= Dr W 3.5.1
= argminmin 3 ( ) F=> Dpwp o (@5

i=1 j#i
has been constructed using the empirical residuals

A

Wy =W, —#X; and Dj,=D;;—4, H, (3.5.2)

2

centered with the linear regression coefficients

T, = arg min W, —7n'X;)> and #, = argmin D, —~"H; )2,
g it g g7 J
T i=1 v i=1 ji

(3.5.3)

respectively. Here, we adopt the convention that both X; and H; ; contain intercepts.
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Moreover, we assume that the estimators (3.5.3) are well-specified.

Assumption 3.5.1 (Fixed Dimension, Linear Nuisance Parameters). The nuisance parameters
mn(x) and v, (h) are linear in their arguments and the covariate vector H, ; has a fixed

dimension.

The linearity enforced by Assumption 3.5.1 plays an essential role in our arguments. In
settings without interference, the use of more generic nuisance parameter estimators is
increasingly common. Often, such approaches are enabled by the use of sample-splitting
(Chernozhukov et al., 2018). Sample-splitting is not generally appropriate for our setting,
because the structure of the cross-sectional dependence across units is not known a priori.
As a practical matter, the covariate vector f1; ; can be constructed by taking a basis expansion

or binning the observable covariates, so long as the number of components remains small.

3.5.2 Regularity Conditions

Our asymptotic analysis centers on the idea that cross-unit interference is non-negligible
only for pairs of units that are “proximate,” either through the measure of interest or through
other observed or unobserved characteristics. To give structure to this idea, we assume that

there exists a symmetric, binary-valued function

Aij = An(S:,5;) = A.(S;,5:) € {0,1} (3.5.4)

of the latent factors that indicates whether the units 7 and j are proximate. The latent
proximity indicator A; ; is used to encode two relationships: interference arises only among
proximate pairs of units, and the measure of interest D; ; is nonzero only for such pairs. For
the latter, the converse is not necessarily true. We express these assumptions formally as

follows.

Assumption 3.5.2 (Latent Spatial Structure). Define the sets
Lo(S;) ={s: Au(s5,5;) =1} and LI(S;,S;) = L,(S;) N L,(S;) (3.5.5)

for each pair of latent factors S., §j. There exists a sequence p,,, with p,, — 0 andnp,, — oo,

ZLeung and Loupos (2025) consider a more complicated nuisance parameter estimator in a setting with
interference. Their argument is not directly applicable to our setting, as our data, nuisance parameters, and
estimator have different structures.
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that satisfies

P{gj € Ln(gl) | EZ} = Pn and P{P{gk € Lg)(gl,gj) | gi,gj} > O} = O(pn) s
(3.5.6)

uniformly almost surely, such that:

(i) Outcomes are nearly mean independent of the states of distant units, in the sense that
if A;=0, then E[Y;|Z;,Z]—E[Y;|Z]=o0(pY? (3.5.7)

uniformly almost surely.
(ii) The proximity measure D, ; is equal to zero for distant units and is non-negligible, with

a non-vanishing probability, for proximate units, in the sense that

hold uniformly almost surely.

(i) Covariates H; ; associated with distant units are not predictive of proximity, in the sense

that
if Ai,j = 07 then E[Di,j | Hi,ja S]] = O(pn) s (359)
uniformly almost surely.

The sequence p,, measures the expected fraction of units that are proximate to any given
unit 7. In the first part of the relation (3.5.6), we have imposed the condition that this fraction
can vary across units only up to a constant factor. The conditions p,, — 0 and np,, — co
restrict our consideration to asymptotic sequences in which the number of units that are
proximate to each given unit grows without bound, but remains small relative to the sample
size. The second part of the condition (3.5.6) stipulates that the fraction of pairs of units ¢,
J that could feasibly be proximate to a third unit & is also of order O(p,,). This restriction
should be interpreted as encoding the idea that 7 and j can only ever share a common
neighbor (in the sense that P{S5, € L (S, S;) | Si, S;} has a positive probability) when
they themselves are sufficiently “close” in the latent space. This event, that ¢ and j are
sufficiently close to feasibly share a neighbor, cannot, in turn, be much more likely to occur

than the event that 7 and j are, themselves, neighbors.

For the sake of concreteness, consider the setting where the latent proximity indicators
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are generated by

An(Si,8;) = I{[IS; = ;]| < ¢}, (3.5.10)

where || - || is some norm (or semi-norm) on the latent factors and ¢,, is a sequence of
bandwidths. Networks with the structure (3.5.10) are referred to as “random geometric
graphs,” and are widely studied in the network interference literature (Penrose, 2003; Leung,
2022a). In this case, the second part of the condition (3.5.6) will be satisfied when the
measure of the latent factors is doubling with respect to the norm || - ||, in the sense that
P{||S; = S|l < 2¢.} < P{|ISi — S;|| < ¢} Doubling is a common feature of well-
behaved measures, including distributions with densities bounded above and below on
finite-dimensional Euclidean spaces (Heinonen, 2001). In this sense, the condition (3.5.6)
asks that the latent proximity indicator A; ; behaves like its name, that is, it should reflect an
underlying measure of proximity.¢

Part (i) of Assumption 3.5.2 stipulates that only units that are proximate to a given
unit can have non-negligible effects on the expected value of its outcome. This restriction
is closely related to the “Approximate Neighborhood Interference” framework developed
in Leung (2022a), and adopted in, e.g., Leung (2022b) and Leung and Loupos (2025).?’
Crucially, in our setting, interference is parameterized by the latent proximity measure A; ;,
rather than through the observed proximity measure D; ;, per se. That is, we explicitly
allow for spillover effects, and other forms of interference, to be mediated by other observed
or unobserved characteristics. Like in Leung (2022a), because we have not imposed the
restriction that outcomes that are sufficiently far away are independent, our framework
accommodates general forms of “endogenous” spillover effects, in the sense of Manski
(1993).

In each of our running examples, the proximity measure D, ; is equal to zero for most
pairs of units ¢, j. That is, the measure D), ; is sparse. For instance, in our treatment of
the data associated with Example 4, 92% of pairs firms never file patents in the same

technology class, and so their technological proximity is equal to zero.?® Parts (ii) and

26Tn the region n~ /2 < p,,, the second part of the relation (3.5.6) will fail in sparse graphon models without
a geometric structure (like those considered in Li and Wager (2022)). That is, in that context, in general, the
size of the intersection of the neighborhoods of two randomly drawn nodes is of order np?.

2’"The Approximate Neighborhood Interference framework is more expressive than Assumption 3.5.2, in
that, there, consistency is established by measuring how the variability in a unit’s outcome changes as one
progressively resamples the treatments of all units whose distances exceed an increasing threshold. By contrast,
our approach (effectively) fixes a single threshold and measures dependence by resampling the latent factor of
just one unit whose distance exceeds that threshold.

28In Examples 5 and 6, the measure D; ;, which measures the probability of migrating or commuting
between the pair of location, is smaller than 0.01 for 93% and 92% pairs of locations, respectively
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(iii) of Assumption 3.5.2 relate the indicator A; ; to the sparsity of the proximity measure
of interest and its association with the covariates. In particular, Part (ii) requires that the
measure D; ; is only ever non-zero for units whose latent factors are proximate. Part (iii),
in turn, requires that values of the covariates [; ; that predict large values of D; ; only
occur among proximate units. In other words, the binary, latent proximity measure A,
respects the structure of the observed proximity measures D; ; and H; ;, while allowing for
interference between units that are only proximate through unobserved characteristics.
Likewise, many of the covariates H; ; that are potentially relevant to our running
examples are equal to zero for the majority of pairs of units. To accommodate such
situations, we require the following condition concerning the sparsity and correlation of the

components of the covariates.

Assumption 3.5.3 (Well-Behaved Covariate Sparsity).

(i) Each component of the covariate vector H; ; = (Hi(,’;))iﬂ is bounded by a constant
almost surely. Moreover, each of the components of the covariate vector X; has variance
bounded below by a constant.

(ii) For each component Hi(f;) of the covariate vector H; ; there exists a sequence ki, 2, pn

such that

P{HY #0158} 2 knp, P{HY #£01S} 2 ks, and  Var(HY) > ki, .

(3.5.11)
The heterogeneity in the sparsity, in turn, is well-behaved, in the sense that
p p P
MK =001) and Y =K = 0(1) (3.5.12)
/=1 /=1 Rn,e

both hold for each k, where K}, = Corr(Hi(”;), Hz(?) denotes the k, ¢ component of K =
Corr(H; ;).

The restriction (3.5.11) stipulates that none of the covariates in H; ; are strictly more sparse
than the proximity measure of interest. This condition is necessary to ensure that the
variability in the estimator 4,, does not, on its own, determine the rate of convergence of
the estimator é;. The first part of the restriction (3.5.12) requires that different covariates
are not so strongly collinear that the inverse covariance structure becomes unstable. The
second part, in effect, ensures that each component of 4,, can be estimated at a rate that is

determined by its own sparsity, rather than being driven by association with other covariates
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with different levels of sparsity.

In turn, we require a condition that limits the curvature of the function F'(-).

Assumption 3.5.4 (Curvature). Let the variable Z; denote an independent copy of Z;.
Construct Z'9) by replacing Z; with Z) in the collection Z = (Z;)_,. Let ZU" be
constructed analogously, by replacing Z; and Z;, with Z; and Z;. Define the difference

operators
Vif(Z)=f(Z)— f(ZY)) and V3,f(Z)=V,;Vif(Z), (3.5.13)
respectively, for any real-valued function f(-). The bounds

E[E[(V3,F(Zi, Z3)) | Aij =1, A = 1, ZVP])| = O(n2p,%) (3.5.14)
EE[(V2 F(Zi, Z-))" | Aij =1, A = 0,ZVM]] = O(n?p,"), and
E[E[(V2F(Zi, Z-)) | Aij =0, Ay = 0,209 = O(n"2p,)

hold.

The quantity V?7kF (Z;, Z_;) characterizes how the association between i’s outcome and
J’s state varies as k’s state changes, and can be interpreted like a randomized version of a
mixed-partial derivative. The first bound can be thought of as describing the proportion of
pairs of units j, k proximate to ¢ for which this curvature can be on the order of a constant.
That is, the curvature can be non-zero and large for all pairs of units proximate to ¢, so long
as p, < n~2/3. As the quantity p,, becomes larger, this proportion decreases. For instance,
when p,, = n~'/2, each unit will have, on average, n pairs of neighbors. The bound (3.5.14)
implies n'/? of these pairs can be associated curvature on the order of a constant. The
second two bounds pertain to the case that only j is proximate to ¢ and that neither j nor k
are proximate to i, respectively, and, consequently, get progressively stronger. We discuss
this condition in further detail in Appendix C.5.6.%

Finally, we require a set of additional, mild moment bounds that restrict the variability
of the outcomes on certain events. These bounds are satisfied if, for instance, the random
variables E[Y;|Z;, Z;] and E[Y;|Z;] are bounded almost surely. To facilitate exposition, we

defer the statement of this assumption to Appendix C.3.

2We note that Assumption 3.5.4 is satisfied by models where outcomes are given by structural equations of
the form Y; = F;(W;, -2~ A;), where F;(-, ) is some unit-specific function, so long as the second derivative

? Npn

of F;(W;, -) does not grow too quickly. Models with this structure are considered in, e.g., Li and Wager (2022).
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3.5.3 Consistency

The following Theorem demonstrates that, under the conditions developed in this section,
the estimator é;, obtained by minimizing the objective function (3.4.3), is consistent for the
parameter 7, characterized in Theorem 3.4.1. The rate of convergence is determined by the

sequence p,,, introduced in Assumption 3.5.2.

Theorem 3.5.1. Suppose that the conditions of Theorem 3.4.1 hold. If, additionally,
Assumption 3.3.1, Assumptions 3.5.1 to 3.5.4, and an additional regularity condition stated
in Appendix C.3 hold, then

05 = 05 + 0, (p/?) (3.5.15)

where 07 is defined in (3.4.12).

As a consequence, if the conditions of Corollary 3.4.2 are satisfied, the estimator é; is
consistent for a convex averages of spillover proximity gradients. Observe that none of the
conditions needed to establish identification are used to establish consistency. That is, under
the assumptions developed in this section, even if the identifying conditions developed in

Section 3.4 fail, the estimator é; will still consistently recover the descriptive parameter 6.

Remark 3.5.1. Theorem 3.5.1 follows by first showing that, under the maintained assumptions,
the estimator é; can be approximated by the statistic
YA ~
Lin VAL —, where A;=> Dy ,W; and Dj;=D;;—E[D;; | Hi;, 8],
Zi:l (Az ) j#i
(3.5.16)

up to an error of order O,(n~%/2). Assumptions 3.5.1 and 3.5.3 are essential for this step.

The numerator and denominator of (3.5.16), in turn, satisfy the approximations

I~ .
— > YiAr = E[Y;D; ;W] + Op(p/?) and (3.5.17)
=1
1 o« —
— (A7)? = B[Var(D; | H;;, S;) Var(W; | S;)] + O,(p2/?) (3.5.18)

=1

respectively. Roughly speaking, Theorem 3.5.1 then follows from the facts that the parameter
0 can be expressed as the quotient of the expectations in (3.5.17) and (3.5.18) and that the

expectation in the approximation to the denominator can be bounded from below by p,,.
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The most nonstandard aspect of this argument pertains to the approximation (3.5.17).

This bound relies on the application of the Hoeffding type decomposition

Y =R[Y; | Z]+ > (BIY; | Z;, Z] - EIY; | Zi]) + R; (3.5.19)
J#

to approximate each outcome. We control the remainder terms R; by pairing Assumption 3.5.4
with a suitable, higher-order Efron-Stein type inequality, due to Bobkov et al. (2019). After
plugging the decomposition (3.5.19) into the numerator of (3.5.16), the leading term can
be represented as a degenerate U-statistic of order three (and likewise for the leading term
in the denominator). The variability of these quantities can then be controlled through
Assumption 3.5.2. u

3.5.4 Optimality

Theorem 3.5.1 indicates that the rate of convergence of the estimator é; 1s at most pi/ %,

Recall that, by Assumption 3.5.2, the sequence p,, is asymptotically, strictly larger than
1/n. That is, on the sequences under consideration, each unit has an increasing number
of neighbors. Thus, the rate of convergence implied by Theorem 3.5.1 is strictly slower

~1/2

than n~"/7, the rate usually achieved by estimates of scalar parameters in settings without

interference.

In this section, we show that, despite this, the rate p%/ ? is the best that any estimator can
achieve, in a minimax sense, in data satisfying our regularity conditions. For the purposes
of this subsection, we restrict attention to the setting without covariates X; or GG, ;. That
is, we are not asking the more complicated question whether our estimator makes efficient
use of the information made available through the covariates. Instead, we ask whether the
estimator é,*l depends optimally on the extent of cross-unit interference.

To state the result, we require three additional pieces of notation. First, let the set P,,(p,,)
denote the class of distributions for the collection of random variables (Y;, Z;)?_,, such
that the conditions of Theorem 3.5.1 are satisfied with the sequence p,,. Second, we let
0% (P) denote the parameter 7, evaluated at the distribution P in P,(p,). Third, we let
the set © collect all, potentially randomized, real-valued functions of the observable data
(Y;, Wi, D;),, where the vector D; = (D); ), collects the proximity between 7 and each

other unit.*°

30The same result will hold, by an identical argument, if we allow the estimators in the set © to use the
coordinates S;.
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With this in place, we obtain the following lower bound on the minimax risk

. 1/2
M, (p) = inf sup Ep [(9 - 9;(13))2] , (3.5.20)
0€0 PEPr(pn)

where the dependence of the estimators 0 on the observable data is left implicit.

Theorem 3.5.2. It holds that
M.(on) 2 0y (3.5.21)

n )

for all sufficiently large n.

By Theorem 3.5.2, there are no estimators that converge to the parameter 67, in root-mean-
squared error, uniformly more quickly, up to constant factors, than the regression-based

estimator ég proposed in Section 3.4.

Remark 3.5.2. The lower bound (3.5.21) is obtained from an application of the Le Cam
(1973) two-point method (see e.g., Wainwright 2019 for a textbook treatment). The argument
follows by explicitly constructing two distributions in P, (p,,) that are close in the total-
variation norm, but are associated with diverging values of the parameter 6%(P). Our
construction is based on partitioning the units into p, ! groups, such that units are only
proximate to other units in their group, and specifying the outcomes and latent factors in
such a way that units within the same group have exactly the same outcome. In effect, in
this construction, there are p,; 1i.i.d. observations, giving rise to the minimax rate ,071/ 2ina

natural way.?! [ |

3.6. INFERENCE

Existing approaches to inference in settings with interference take two routes. In some cases,
units are partitioned into disjoint groups. If interference across groups is negligible, clustered
standard errors can be constructed in the usual way (Leung, 2023). In others, interference is
assumed to be bounded above by a decreasing function of an observed proximity measure,
and so kernel-based methods are appropriate (see e.g., Kojevnikov 2021; Leung 2022a;
Wang et al. 2025).

31 A similar construction is noted, heuristically, in Li and Wager (2022), in order to suggest that the upper
bounds achieved in that paper are unimprovable. In effect, Theorem 3.5.2 formalizes that observation. We
note that the upper bounds in Li and Wager (2022), who consider a different but closely related setting, are
restricted to the case that n='/2 < p,,. By contrast, in our setting, we give matching upper and lower bounds
over the full regime np,, — oo.
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Neither approach is directly applicable to our setting. In particular, as we allow
interference to be mediated by unobserved characteristics, units cannot necessarily be
arranged into groups or otherwise organized around an observed proximity measure. Thus, in
this section, we propose an alternative, resampling-based procedure for giving conservative

estimates of the uncertainty associated with the estimators proposed in Section 3.4.

3.6.1 Construction

Our proposal is based on resampling the coefficient from a regression specification analogous
to (3.5.1), where the outcomes have been replaced by the empirical residuals, in data where
the signs of the (residualized) treatments have been flipped at random. Formally, define the
empirical residual

& =Y — G, — O Ar (3.6.1)

for each unit 7 in 1, ..., n, where &,, denotes the intercept from the regression (3.5.1) used
to construct the estimator é; Let the vector V' = (V;), collect a sequence of i.i.d.
Rademacher random variables. That is, each coordinate V; is independently, uniformly
distributed on {—1,1}. Let ¢* (V) denote the coefficient obtained from the regression

specification

~

or(V) = argmlnmm Z < —a—¢- A*( ))2 ,  where ZD* WV
¢ 2
o (3.6.2)

denotes a version of the treatment exposure AZ* where the signs of the residualized treatments
Wj* have been flipped at random. We give conditions under which the distribution of the
coefficients qgn(V) over the randomness in the signs 1/, can be used to construct conservative
estimates of the uncertainty associated with the estimator é;

In particular, let VY, ..., V() denote B independent copies of the vector V. We show
that a conservative, asymptotically level o, confidence interval for the parameter 8 can be

obtained by reporting the interval

B

3 (&; (V®) ) (3.6.3)

b=1

~

0, + 21-0/20,, , Where 62

ball\3

and 2;_,/2 denotes the 1 — « /2 quantile of a standard Gaussian distribution. Likewise,
the statistic ,, can be used to report a conservative standard error. We show that scaling

the variance estimator by a factor of 2, in this way, is essential, in the sense that, in some
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(non-pathological) configurations, the resultant confidence interval is asymptotically exact.
This proposal is summarized in Algorithm 2.

The confidence interval (3.6.3) is closely related to both the plug-in methods developed
in Adao et al. (2019) and the randomization inference-based procedures considered by
Borusyak and Hull (2023). Relative to the former procedure, which has a related structure
but it not based on resampling, we show that our proposal is conservative even when the
regression (3.5.1) is not well-specified. The latter procedure, in our context, would entail
comparing the estimator é; to its randomization distribution constructed by repeatedly
permuting the residualized treatments.* Methods of this form have the appeal of ensuring
exact error control for tests of strong null hypotheses in finite samples (Ritzwoller et al.,
2024), but, unlike our proposal, will not necessarily control the level of tests of the value of

the parameter 0.

3.6.2 Gaussian Approximation

We begin by characterizing the limiting distribution of the estimator é;. To facilitate
exposition, We require three additional conditions. We defer the statements of these
conditions to Appendix C.3. The first condition is a mild strengthening of the second
relation in (3.5.6), stated in Assumption 3.5.2. The second ensures that, when suitably
scaled, the variance of the leading term of the estimator é; is bounded away from zero. The

final restriction is a mild strengthening of the moment bounds needed for Theorem 3.5.1.

Theorem 3.6.1. Define the population residual and conditional expectation
E; = Y; — Oy — 9; . A; and éz‘,j = E[El | Z]‘, Zl] — E[z’:‘Z | Zl] s (364)

where «, is the mean of Y; and 0}, is defined in Theorem 3.4.1. Define the sequence

1 r- ~
g2 = - Var(E[&,. D . | Z,, ZJW* + Bl&, . DE | Z:, Z]W*) . (3.6.5
n QE[(D:]WJ*)ZP ( [ ki k5 | j] j [ ki Dk i | j ] z) ( )

Suppose that the conditions of Theorem 3.5.1 hold. If three additional regularity conditions,
stated in Appendix C.3, hold, then

o N 0r —02) S N(0,1), where o, = pY/?. (3.6.6)

n

32Results similar to those given in this section for a related procedure where the residualized treatments in
the regression (3.6.2) are permuted, rather than randomly sign-flipped, will follow from analogous methods,
although the details of the supporting arguments would be substantially more involved.
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Algorithm 2: Estimation and Inference

Input: Outcome Y}, treatment I¥;, and proximity measure of interest D; ;
Covariates X; and auxiliary proximity measures G ;
1 Compute the linear regression coefficients

(G, ) = arg min Z —a—7'X;)* and
QT 74 1
(Qdn, ) = arg min Z Z WTHM)Q
i=1 j#i

and residuals

(]

Trx A AT My A AT
W>x = Wl — Oy — Ty Xz and Di7j = Di,j — Odn — Vn Hi,j s

where Hi,j = (Xw Giv]" X])
2 Compute the linear regression coefficients

(G, 0) = arg min Z(Y; —a—0-A?,  where Z D* W*
b =1 jF#i

and the residuals

sforbinl,...,Bdo
4 Draw a vector V() = (V-(b))?:1 of i.i.d. Rademacher random variables

1

5 Compute the linear regression coefficient
. n ; 2
o (V) = arg min min Z (éi —a—¢- Ai(v(b))> . where

ZD* WiV,

JF

¢ end

Return the spillover proximity gradient estimate é; and conservative variance
estimate

-

b=1

Notes: Algorithm 2 details the construction of the residualized estimator of convex averages of
spillover proximity gradients, and associated standard error and confidence interval. We recommend
taking B on the order of 2000.
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Remark 3.6.1. As discussed in Remark 3.5.1, the leading order terms of both the numerator
and denominator of the estimator éfl can be expressed as degenerate U-statistics of order
three. In general, the limiting distributions of degenerate U-statistics are non-Gaussian,
and instead can be represented as mixtures of chi-squared random variables, where the
mixing weights are determined by the eigenvalues of each U-statistic’s kernel (see e.g.,
Serfling 1980 for a textbook treatment). In effect, Theorem 3.6.1 follows by showing that,
under our regularity conditions (particularly, Assumptions 3.5.2 and 3.5.4) these eigenvalues
become sufficiently diffuse that the mixture of chi-squared variables converges to a Gaussian
distribution (see Hall 1984 for discussion of arguments with this structure). Functionally,
this step is enabled by a general Berry-Esseen type central limit theorem for degenerate
U-statistics, given in Liu et al. (2025). |

It is worth emphasizing that the leading order term in the variance of the estimator QAIL is

determined by the distribution of the residual-like quantity
&= EY;| Z;,Z) - E[Y; | Zi]) — 05D;,W} | (3.6.7)

defined in (3.6.4). This variable can be interpreted as the contribution of the unit j to unit

i’s outcome, net any linear dependence on the quantity D W

2,

3.6.3 Consistent Inference

The following theorem establishes that the limiting distribution of the regression coefficient
gg;;(\/) defined in (3.6.2), over the random signs V', is closely related to the limiting,
unconditional distribution of the estimator é,’;, characterized in Theorem 3.6.1. In particular,
the conditional distribution of the sign-flipped coefficient can be used to bound the variance

of the unconditional distribution of the baseline estimator.

Theorem 3.6.2. Define the sequence

1

—— Var(E[g..D: . | Zi, Z;|W?* 3.6.8
BBy ek Dk | 20 25 (.68

2
Pn =
and the cumulative distribution function

Rul)=on Y Hen'di) <) (3.69)



106 CHAPTER 3
If the conditions of Theorem 3.6.1 hold, then
n <02 <202 <p, and Ry(x) D ®(x) (3.6.10)

for all v € R, where ®(x) denotes the standard normal cumulative distribution function.

As the vector V' is uniformly distributed on the set {—1, 1}", the function Rn() gives the
cumulative distribution function, conditional on the observed data, for a suitably scaled
version of the coefficient ég(V). The statement (3.6.10) implies that both the sampling
law of the baseline estimator and the conditional law of the sign-flipped estimator are
approximately normal, with scales ordered so that the former is no larger than twice the
latter. As a consequence, the variability of the resampling distribution (3.6.9) can be used
to provide an upper bound for the sampling variability of the baseline estimator. That is,
using twice the resampling variance yields a conservative standard error and the confidence
interval (3.6.3) controls the asymptotic level.

Observe that the difference between the variance o2 of the baseline estimator é; and the

conditional variance ©? of the sign-flipped estimator QAS,*L(V) is given by the covariance

1

E[(Dr W) Cov(E[ex:Df ;| Zi, )W, BlEw; Dy | Z5, ZWY) . (3.6.11)
2V

As the two terms appearing in this covariance are identically distributed, the Cauchy-
Schwarz inequality implies that the quantity (3.6.11) is bounded above by the variance 2.
This bound yields the factor of two appearing in the relation (3.6.10) and the conservative
variance estimate 62.

The covariance (3.6.11) can be close (or equal) to the variance (2 in reasonable data
generating distributions. The simulation considered in the following subsection gives a
concrete illustration of this point. Heuristically, the covariance (3.6.11) is larger when the
channels that mediate spillovers from 7 to ¢ and from ¢ to j are more correlated. That is, if
the outcome Y; depends on the treatment ; though the (potentially, unobserved) proximity

measure G, ;, and likewise for Y, W;, and G ;, then the covariance (3.6.11) increases with

INE
the correlation between the proximity measures G; ; and G ;.

3.6.4 Simulation

We conclude this section by reporting the results of a simple simulation, designed to illustrate

the settings under which the variance estimator 57721 1S more, or less, conservative. For the
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sake of simplicity, we assume that there are no covariates X; or proximity measures G, ;
and that the treatments WW; are uniformly distributed on {—1/2,1/2}. In turn, we assume
that the coordinates .S; are uniformly distributed on the integers M,, = {0,...,m,, — 1}
and the proximity measure of interest is given by D; ; = I{S; = S;}. In this setting, the
sequence p,, is given by m_'. We take m,, = y/n for the sake of concreteness. The factors
S; and U; are perfectly correlated, in the sense that all units with the same value of .S; will
have the same value of U;. The marginal distribution of the variables U; is multinomial on

M.,,, with parameter proportional to
P = (1= mp® +up (3.6.12)

where p(®) places mass m_ ! on each coordinate and p(*) places mass m; ! and 1 — m_ ! on
the coordinates zero and m /2, respectively.*® Here, the free parameter 1) will be used to vary

the correlation (3.6.11).

Spillovers are mediated by an additional, unobserved proximity measure G ;, which is
determined by the i.i.d. factors U; through the specification
G;j = I{(S; — S;) mod m,, = U;} . (3.6.13)
In particular, outcomes are generated by the specification
Y = (6:(Di; — pa) + Gi )W . (3.6.14)

J#

Observe that, when 1 = 0, the measure G ; is uncorrelated with the measure G, ;, and that
when 7 = 1 the two quantities are almost surely equal.

Theorems 3.6.1 and 3.6.2 imply that the ratio of the sampling variance of the estimator é;
to the conditional variance of the sign-flipped estimator ng; (V') should be well approximated
by sequence o2 /2. In this model, it can be shown that the sequence 02 /¢? is equal to one

plus the correlation
Corr(E[&: Dy, | Zi, Zj )W, Bléw; Dy, | Z;, ZIW7) =17 + O(m, ") . (3.6.15)

This prediction is bourne out in finite-samples. In particular, Figure 3.4 displays estimates

of the ratio of the sampling variance of the estimator é; to the conditional variance of the

3That is, the variables U; have a multinomial distribution with parameter given by a version of p(™
normalized to sum to one.
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Figure 3.4: Observed and Predicted Variance Ratios
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Notes: Figure 3.4 compares observed and predicted values of the ratio of the sampling variance of the estimator
é;‘l to the conditional variance of the sign-flipped estimator g{),*l(V) in the simulation environment detailed
in Section 3.6.4. The observed values of this ratio are displayed with purple dots. The value of this ratio
predicted by Theorems 3.6.1 and 3.6.2 is displayed with a black dashed line. The x-axis displays values of the
correlation (3.6.15). At each value of this correlation on a grid between 0 and 0.95, we use 5, 000 simulation
replications with B = 500 random sign vectors V(%) used per replication.

sign-flipped estimator QASZ(V), for the case that n = 1600 and m,, = \/n = 40, over a range
of values for the correlation (3.6.15). The ratio 02 /¢? is juxtaposed with a dashed line.
When the parameter 7 is equal to zero, the conditional variance of the sign-flipped
estimator is very close to the sampling variance of estimator é;. As 7 increases, the ratio
of the two quantiles increases in proportion to the correlation (3.6.15), as predicted by
Theorems 3.6.1 and 3.6.2. When 7 is close to one, two times the conditional variance of the
sign-flipped estimator, that is, the variance estimate 62, provides a good approximation to

the sampling variance of the estimator é;.

3.7. EMPIRICAL APPLICATION

We now illustrate the application of the methodology developed in this paper to Example 4.
In particular, building on the data and empirical framework considered in Bloom et al.
(2013), we characterize the relationship between technological similarity, product market
similarity, and productivity spillover intensity. For the sake of parsimony, we detail our

treatment of these data in Appendix C.6, where we also illustrate applications to Examples 5



SECTION 3.7 109

and 6.3

We consider a sample of publicly traded U.S. firms. Here, the treatment variable W; is a
binary indicator that firm ¢ spent more than 100 million dollars on R&D between between
1996 and 2000. Following Bloom et al. (2013), we consider two proximity measures
of interest. First, we set the proximity measure D; ; as the uncentered correlation (or
“cosine similarity”’) between ¢ and j’s vectors of patent shares across USPTO technology
classes, computed from all patents filed between 1996 and 2000. Second, we set D ;
as the uncentered correlation between 7 and j’s vectors of sales shares across four digit
industry codes, again from 1996 to 2000. We consider four choices for the outcome
variable Y;: market value (i.e., Tobin’s Q), patent cites, sales, and R&D expenditure, each
averaged between 2001 and 2005. We use the logarithm of each outcome variable. Results
are displayed in Table 3.1. Panels A and B consider Technological and Product Market
Proximity, respectively.

The first row in both panels displays the realized value of the estimator é,’;, associated
with each outcome, when neither the treatments nor the proximity measures of interest have
been residualized (but the treatments are centered). Causal interpretations of these estimates
are susceptible to two forms of confounding.

First, R&D expenditure might be endogenous. To address this, we residualize the
treatments with lagged values of the treatment and outcome variables as well as fixed effects
for the technology subcategory where each firm filed the majority of its patents. This
is a simplification of the empirical strategy taken in Bloom et al. (2013).*> The updated
coefficients are displayed in the second row of Table 3.1. Second, the proximity measures
of interest might be correlated with other factors that mediate spillover effects. To address
this, in the third row, we additionally residualize the proximity measure of interest with the
other proximity measure. We also consider a specification where we additionally control
for geographic proximity. The standard error 7,,, defined in (3.6.3), is reported below each
estimate.

These estimates indicate that, across nearly all outcomes, firms that are more technologically

similar capture larger R&D spillovers. Together, these findings are consistent with the

3*We rely on data from the replication package associated with Lucking et al. (2019), who improve the
coverage of the data considered in Bloom et al. (2013), both in terms of the number of firms and years that are
available.

3Bloom et al. (2013) consider a similar panel specification, and so include firm fixed effects. We use a
cross-sectional specification for the sake of simplicity. Bloom et al. (2013) also consider an instrument based
on tax-induced changes in the user cost of R&D capital, which varies across states. We do not consider this
approach, because these changes are highly correlated for pairs of firms whose R&D is concentrated in similar
places (i.e., an analogue of Assumption 3.4.2 is violated).
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Table 3.1: Application to R&D Spillover Estimation

Value  Patent Cites  Sales  R&D Exp.

Panel A: Technological Proximity

Unadjusted 0.052%* 0.119%%* 0.106**  (0.252%%*
(0.012) (0.024) (0.022) (0.012)
Resid. Treatment 0.2071** 0.395%#%* 0.272 0.647**

(0.087) (0.156) (0.188) (0.100)
Prod. Market Prox.  0.227%* 0.384%* 0.171 0.636**
(0.079) (0.129) (0.181) (0.100)
+ Geographic Prox.  0.231%%* 0.381%* 0.142 0.626**
(0.074) (0.131) (0.183) (0.104)

Resid. Proximity

Number of firms 1214 852 1294 1276

Panel B: Product Market Proximity

Unadjusted 0.051 0.068 0.123%*%  (0.248%**
(0.034) (0.050) (0.060) (0.018)

Resid. Treatment -0.146 0.013 0.626** 0412

(0.249) (0.203) (0.186) (0.407)
Technological Prox. -0.294%%* -0.153* 0.435%* -0.135
(0.142) (0.088) (0.157) (0.237)
+ Geographic Prox.  -0.283* -0.163* 0.414%%* -0.141
(0.146) (0.087) (0.168) (0.245)

Number of firms 1370 839 1466 1364

Resid. Proximity

Notes: Table 3.1 displays values of the estimator é; obtained by minimizing the objective function (3.4.3),
using two choices for the proximity measure of interest, a variety of choices for covariates, and four choices
for the outcome variable. The standard error &,,, defined in Algorithm 2, is displayed in parentheses below
each estimate. One or two asterisks are placed beside each estimate to denote significance at the 10% and
5% levels, respectively. The estimates are obtained using data from the replication package associated with
Lucking et al. (2019). Further details are given in Appendix C.6. In each case, the treatment variable W;
denotes a binary indicator that firm ¢ spent more than one hundred million dollars on R&D between 1996 and
2000. The proximity measures D); ; are the uncentered correlation between patent shares filed between 1991
and 1995 across USPTO technology classes and the uncentered correlation between sales shares between 1991
and 1995 across four digit industry codes, respectively. The outcomes are averaged between 2001 and 2005,
and enter in logs. In the first row, neither the treatments nor proximity measures have been residualized. In the
second row, the treatments are residualized using lagged values of the treatment and outcome variables as well
as fixed effects for the technology subcategory where each firm filed the majority of its patents. In the third
and fourth rows, the proximity measure has been residualized using various measures of proximity, in addition
to the covariates used to residualize the treatments. The estimators 7, (+) and 4,,(-) are both obtained from
linear regressions.
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idea that investments in R&D reduce the cost of technologically related investment. The
exceptional outcome is sales: across each specification, the coefficient is not statistically
different from zero. As these specifications control for product market proximity, this is
intuitive.

The sign of the relationship between product market proximity and spillover intensity
depends on the outcome. Increases in product market proximity are associated with
decreased R&D spillovers on market value and patent citations and increased R&D spillovers
on sales. The decrease in market value is consistent with the idea that investors interpret
the investments of a rival firm as likely to depress long-term firm growth and earnings. The
decrease in patent citations is consistent with models of cumulative innovation, in which
older technologies are displaced—here, quite literally in citation patterns—by newer variants
(Scotchmer, 2004). Increases in sales suggest some short-term strategic complementarity. It
is worth cautioning that these estimates aggregate across many industries with heterogeneous
market structures.

To unpack these results, Figure 3.5 displays estimates of the covariance Cov(I{D; ; >
0}, D; ;) for values of ¢ across the support of the two proximity measures of interest. Up
to heterogeneity across covariates, this quantity determines the weight function (3.4.13)
characterized in Theorem 3.4.1. These estimates indicate that much of the weight in the
coefficients displayed in Table 3.1 is placed on pairs of firms whose technological and

product market proximities are relatively small.

3.8. CONCLUSION

The spillover effects of economic actions often propagate through distinct, and potentially
countervailing channels. This paper proposes a framework for identifying and estimating the
causal relationship between a given measure of economic proximity—such as geographic
distance, technological similarity, trade, or migration flows—and the intensity of the spillover
effects of a treatment, shock, or policy change. Our consideration centers on widely-applied
regressions that relate outcomes to proximity-weighted averages of the treatments assigned to
other units. We show that coefficients obtained from such regressions admit a nonparametric
interpretation—as targeting convex averages of parameters that measure how the association
between one unit’s outcome and another unit’s treatment correlates with the proximity
measure of interest.

The core premise of this paper is that when the proximity measure of interest is

associated with other channels that also mediate spillover effects, causal interpretations of
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Figure 3.5: Proximity Weight Estimates
Panel B: Product Market Proximity

Panel A: Technological Proximity
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Notes: Figure 3.5 displays estimates of the parameter Cov(I{D; ; > ¢}, D; ;) across the support proximity
measures of interest for the estimates displayed in Table 3.1. Each series has been normalized so that the points
add to one. Panels A and B, display the weight estimates for technological proximity and product market
proximity, respectively. In both cases, we measure Cov(I{D; ; > 0}, D; ;) at each of the percentiles of the
distribution of the proximity measure D; ;, conditional on D; ; being non-zero.

such relationships are susceptible to confounding. For example, Bloom et al. (2013) find that
the spillover effects of investments in research and development are larger for pairs of firms
whose research is concentrated in more technologically similar areas. If technologically
similar firms tend to be geographically close, such a relationship might arise, spuriously,
from spillover effects that are determined by geography alone.

The main contribution of this paper is a regression-based method for adjusting such
estimates to account for correlated channels that might also transmit spillover effects.
In particular, we give conditions under which the effect of a given proximity measure
on spillover intensity can be recovered by regressing outcomes on averages of other units’
treatments, reweighted by versions of the proximity measure that have been residualized with
available auxiliary proximity measures. That is, in the application to Bloom et al. (2013),
the propagation of spillovers through geography can be accounted for by residualizing
technological similarity with geographic distance. We show that estimates obtained in this
way are consistent, and optimal, in a minimax sense, and propose a new resampling based
approach for constructing conservative estimates of the associated uncertainty. We illustrate,

in data from Bloom et al. (2013), that the proposed adjustments can make a meaningful
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difference in practice.

Several extensions to the results presented in this paper have the potential to be particularly
impactful. First, throughout, we have assumed that treatments are assigned independently
across units. Further research should consider the extent to which peer effects in treatment
selection can be accommodated. Leung and Loupos (2025) give a general treatment of a
related problem. Second, our main approach for addressing endogeneity in measures of
proximity is based on a conditional ignorability assumption. We have given a brief treatment
of an extension to settings where suitable instrumental variables are available.*® Further
consideration of such settings, both theoretically and empirically, would be useful. Finally,
the estimands of interest in this paper are local, in the sense that they relate to the spillover
effects of changing the treatment and proximity of only one unit. It would be valuable
to consider how to use such estimates as inputs into the recovery of more complicated

counterfactuals that require the prescription of greater economic structure.

3For instance, Ellison et al. (2010) instrument geographic co-location in the United States with geographic
co-location in the United Kingdom. Similarly, Fafchamps and Quinn (2018) implement an experiment that
introduces exogenous variation in the social ties across business leaders, and measure the propagation of
management practices through these ties. See Appendix C.5.5.
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Supplemental Appendices for Chapter 1

with Joseph P. Romano

A.1. DATA AND SIMULATIONS

A.1.1 Casey et al. (2021b)

We obtain the data associated with Casey et al. (2021a,b) from the replication package posted
on OpenICPSR.! The units of observation are the aspirant political candidates in Sierra
Leone’s 2018 parliamentary elections. The data that we consider consist of an outcome and
48 covariates. The outcome is the vote share for each aspirant candidate in a poll of party
officials. The covariates collect various measurements relating to the candidate’s personal,

political, and financial characteristics. All data cleaning steps match Casey et al. (2021b).

We consider the exercise summarized in Appendix Table A.4 of Casey et al. (2021b).
These authors repeatedly compute 10-fold cross-validated estimates of the risk associated
with a regularized regression of the outcome on the collection of covariates, at each value of
a grid of penalization parameters. They include both Ridge and Lasso type penalties. For
each replication, they compute the covariates that are selected in the regression associated
with the penalty parameter having the minimum risk estimate. They display the covariates
that are selected in more than 200 of the 400 replications. These covariates are included
as controls in various downstream analyses. In our replication of this exercise, to ease

exposition, we only include a Lasso type penalty.

I'The replication package associated with Casey et al. (2021b) is posted at the URL https://www.
openicpsr.org/openicpsr/project/124501/version/Vl/view.
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A.1.2 Chakravorty et al. (2024a)

We obtain the data and replication package associated with Chakravorty et al. (2024a,b)
directly from the authors.” The units of observation are trainees in a job training program
implemented in the Indian states of Bihar and Jharkhand. There are 2,488 total trainees, who
were divided into batches of approximately 30 trainees. Batches of trainees were randomly
assigned to treatment with a program involving the provision of information concerning
potential placement jobs. All data cleaning steps match those taken in Chakravorty et al.
(2024a) .

We replicate the analysis reported in Column 4 of Table 1 of Chakravorty et al. (2024a).
This estimate restricts attention to the 890 trainees that completed the training and were
subsequently placed into a job. The outcome variable is an indicator for whether the trainee
is still in the job five months after training completion. The covariates collect measurements
of 77 attributes related to the demographics, human capital, and expectations of the trainees.
These covariates are listed in Table 3.1 of Chakravorty et al. (2024a).

Following Chakravorty et al. (2024a), we estimate the effect of the treatment using
the implementation of Double Machine Learning available through the “DoubleML” R
package (Bach et al., 2024). We use 5-fold cross-fitting. Nuisance parameters (i.e., outcome
regressions and propensity scores) are estimated with Random Forests using the default
tuning parameters associated with the “Ranger” R package (Wright and Ziegler, 2017).

Standard errors are clustered at the batch level.

A.1.3 Haushofer et al. (2022)

Haushofer et al. (2022) consider data originally studied in Egger et al. (2022a,b). At the time
of the preparation of this paper, no replication materials for Haushofer et al. (2022) were
publicly available. We replicate a simplified version of the exercise considered in Haushofer
et al. (2022), using data obtained from the replication package associated with Egger et al.
(2022b).* The units of observation are households in three sub-counties of Siaya County,
western Kenya. Households were randomly allocated large cash transfers. See Egger et al.
(2022b) and Haushofer et al. (2022) for further details on the design of this experiment.
Using the replication data from Egger et al. (2022b,a), we begin with a sample of 5,423

2We thank Bhaskar Chakravorty for sharing this material.

3The replication package for Egger et al. (2022b) is available at the link https://www.econometricsociety.
org/publications/econometrica/2022/11/01/General-Equilibrium-Effects-of-Cash-Transfers-Experimental-
Evidence-From-Kenya.
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treatment eligible households. We then restrict attention to 4,758 households who were
surveyed in both the first and second round of the experiment. We drop any households
that are missing measurements of post-treatment assets, consumption, income, or food
security, leaving a sample of 4,755 households. These data are merged with pre-treatment
measurements of the demographics, assets, food security, and labor market participation for
each household, leaving a sample of 4,754 households.

We obtain a cleaned dataset that records 24 measurements associated with each household.
The dataset identifies the village that contains each household, whether each household was
assigned to treatment, and post-treatment measurements of indices of assets, consumption,
income, and food security. The covariates are measurements of the household size, the
number of meals eaten the day before the survey, the number of high-protein meals eaten
the day before the survey, the time between the administration of the program and the
measurement of post-treatment outcomes,* and indicators for whether the household contains
a widow, contains a female, has children, has children under 3, has children under 6, contains
an elderly resident, has livestock, has land, has more than a quarter acre of land, has a radio
and tv, has a self-employed resident, and has an employed resident.

We implement a simplified version of the exercise studied in Haushofer et al. (2022).
Consider a subset s. Let the complement of s in [n] be denoted by . Let Y; denote a
measurement of an index quantifying post-treatment consumption, X; denote a vector of
measurements of pre-treatment covariates, and WW; denote assignment to treatment. Let H;
denote the number of occupants of household i. Let D; collect these observations. Let Y;(1)
and Y;(0) denote the potential outcomes induced by the treatment ;. For each household i
ins, let

te(D;,n(D;s)) and uto(D;,7(Ds)) (A.1.1)

denote sample-split estimates of the treatment effect Y;(1) — Y;(0) and per-capita untreated
outcome Y;(0)/H;, respectively. In this case, the nuisance parameters 7)(Ds) consist of
nonparametric estimates of outcome regressions, i.e., the conditional expectations (1.2.7),
computed using the data for units ¢ in s.

Following Haushofer et al. (2022), we compute these estimates with Random Forests

using the “GRF” R package (Athey et al., 2019).> As best as we can tell, there are two

“We use the measurement of the time between the administration of the program and the measurement of
post-treatment outcomes available as “exptoend” in the dataset “GE_Survey_and_Transfer_Dates.dta” in the
replication package for Egger et al. (2022b). This variable appears to differ from the analogous quantity used
in Haushofer et al. (2022), whose density is displayed in their Figure A.2.

SFollowing Haushofer et al. (2022), we use the default tuning parameters, but set “sample.fraction” equal
to 0.1 and “min.node.size” equal to 10.
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differences between our implementation and the results presented in Haushofer et al. (2022).
First, we make no attempt to include sample weights that reflect the sampling probabilities.
Second, we include the time between treatment and the measurement of post-treatment
outcomes as a covariate, rather than implement some form of de-meaning and re-weighing

of estimates across time.

Let Impacted(s) collect the 50% of units in s associated with the largest values of
te(D;, n(Ds)). Similarly, let Deprived(s) collect the 50% of units 7 in s associated with the
smallest values of uto(D;, 77(Ds)). Let Impacted,, (s) collect the subset of Impacted(s) with
W; = w. Define Deprived,,(s) analogously. Consider the sample-split statistic

1 1
T(s.D)y=|— y— 1 v,
(s, D) |Impacted, (s)| Z |Impacted,(s)| Z

i€lmpacted (s) i€lmpacted(s)

1 1
- Y- — = ;| . (A12
|Deprived, (s)] Z |Deprived,(s)| Z ( )

i€Deprived; (s) 1€Deprived (s)

That is, the sample-split statistic (A.1.2) is an estimator of the difference in the average
treatment effect of the most impacted and most deprived units in s. The statistic (A.1.2) can

be aggregated with cross-splitting, through

k

a(r,D) = %ZT(%,D), (A.1.3)

i=1

where r = (s;)¥_, is a k-fold partition of [n]. Following Haushofer et al. (2022), in

Section 1.2, we use 5-fold cross-fitting.

Haushofer et al. (2022) say that they construct a standard error for (A.1.3) with the
bootstrap. There are a variety of ways that one might do this. In our implementation, we
keep the values of the treatment effect and untreated outcome estimates (A.1.1) fixed for each
household, and compute a bootstrap standard error for the statistic (A.1.3), re-computing

the groups Impacted(s) and Deprived(s) in each bootstrap replicate.
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A.1.4 Beaman et al. (2023b)

We obtain the data associated with Beaman et al. (2023a,b) from the associated replication
package posted on the Econometric Society’s webpage.® The units of observations are
low-income farmers in Mali. The cleaned data consist of observations of 5210 farmers

across 198 villages. All data cleaning steps match Beaman et al. (2023b).

Beaman et al. (2023b) consider a two-stage experiment. In the first stage, a microcredit
organization randomly offered group-liability loans to women in 88 of the 198 villages. In
the second stage, households were randomly offered cash grants. We replicate the analysis
reported in Column (4) of Appendix Table VI of Beaman et al. (2023b). In this setting,
attention is restricted to the 2,142 households who received a loan. They are interested
in testing whether the effects of cash-grants on farm profits are heterogeneous. For this
problem, the data D; consist of a measurement Y; of the post-transfer profit for farm ¢, the
variable TW; denotes assignment to the cash transfer, and the vector X; collects a vector of
pre-treatment measurements of the physical and financial attributes of each farm. Let Y;(1)
and Y;(0) denote the potential outcomes induced by the treatment ;.

Beaman et al. (2023b) implement a sample-split test for treatment effect heterogeneity
proposed by Chernozhukov et al. (2023). Let s denote a random half-sample of [n], i.e., a
random subset of [n] of size n/2. As before § denotes the complement of s in [n]. For each

farm 7 in s, let
te(D;, 7)(Ds)) (A.1.4)

denote sample-split estimates of the treatment effect Y;(1) — Y;(0). The nuisance parameters
7(Ds) consist of nonparametric estimates of outcome regressions, i.e., the conditional
expectations (1.2.7), computed using the data for units 7 in s. We compute these estimates
with Random Forests using the “GRF” R package (Athey et al., 2019). Tuning parameters
are chosen with cross-validation in the same manner implemented in Beaman et al. (2023b).

To test for treatment effect heterogeneity, we estimate the coefficients of the linear

regression
Yi=a+mn -W,+ - te(D;,n(Ds)) + 13- W; - te(D;, 7(Ds)) + &; - (A.1.5)

The idea is that, if the treatment effect estimates are heterogeneous, then the “true” value

®The replication package for Beaman et al. (2023b) is available at https://
www.econometricsociety.org/publications/econometrica/2023/09/01/
Selection—-into-Credit-Markets—-Evidence-from—-Agriculture—-in-Mali


https://www.econometricsociety.org/publications/econometrica/2023/09/01/Selection-into-Credit-Markets-Evidence-from-Agriculture-in-Mali
https://www.econometricsociety.org/publications/econometrica/2023/09/01/Selection-into-Credit-Markets-Evidence-from-Agriculture-in-Mali
https://www.econometricsociety.org/publications/econometrica/2023/09/01/Selection-into-Credit-Markets-Evidence-from-Agriculture-in-Mali
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of the interaction coefficient 73 should be positive. Let 73(s, D) denote the estimate of 73
computed with linear regression in the sample s. Let se(s, D) denote the associated standard
error, clustered at the village level. Chernozhukov et al. (2023) advocate for computing the
median estimate and standard error over 250 half-splits s. Beaman et al. (2023b) use 1000

half-splits.

A.1.5 Simulations

In this section, we give further details concerning the simulations whose results are reported
in Section 1.4. For both the applications to Casey et al. (2021b) and Chakravorty et al.
(2024a), we sample 100,000 replications of the cross-split statistic of over a range of values
of k. In the application to Chakravorty et al. (2024a), we have increased the number of trees
used to compute the random forest nuisance parameter estimates, from 100 to 3000, in order
to ensure that the residual randomness induced by cross-splitting is greater than the residual
randomness induced by the nuisance parameter estimate. We use these replicates to estimate

the variance v, (D) for each value of k, in addition to the oracle stopping time

2
" = 2v1 (D) <%) , (A.1.6)

at each value of k£ and &
We implement Algorithm 1 100,000 times for each value of k£ and &, for each application,
by sampling with replacement from the replicates of 100,000 draws. We use these estimates

to estimate the reproducibility error
P{ |a(Rgx, D) — a(R}, ,, D)| > ¢ | D} (A.1.7)

as well as the distribution of § for each k£ and £. These estimates are used to construct
Figure 1.5.

Figure A.1 displays measurements analogous to those displayed in Figure 1.5 for the
application to Chakravorty et al. (2024a). The accuracy of the reproducibility error, relative
to the application to Casey et al. (2021b), is somewhat worse. This is likely a consequence
of the fact that the quality of a normal approximation to the conditional distribution of the
p-value (1.3.11) is worse than the quality of the normal approximation to the conditional
distribution of the mean-squared error estimate. The reproducibility error tends to be most

accurate at values of k and £ where the average number of cross-splits g is greater than 500.
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Figure A.1: Performance in Application to Chakravorty et al. (2024a)
Panel A: Reproducibility Error
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Notes: Figure A.1 displays measurements of the performance of Algorithm 1 on the data from Chakravorty et al.
(2024a). Panel A displays measurements of the reproducibility error, P{|a(Rg.x, D) — a(R}, 1, D)| > £ | D},
as € and k vary. A solid horizontal line is displayed at the nominal error rate 5 = 0.05. Panel B displays
measurements of the average number of replications ¢ s £ and k vary. The y-axis is displayed with a log scale,
base 10. Solid horizontal lines are placed at each exponential factor of 10. Panel C displays measurements of
the 0.05th and 0.95th quantiles of the discrepancy §/¢g* — 1 as k and £ vary. Further details on the construction

of this figure are given in Appendix A.1.5.
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A.2. AUXILIARY RESULTS AND DISCUSSION

A.2.1 Validity of Testing Procedures Based on Multiple Sample-Splitting

In this appendix, we discuss the application of Algorithm 1 to testing procedures based
on averaging over multiple splits of the same sample. We show that methods based on
both p-values and e-values constructed with sample splitting continue to control the Type
I error rate if they are aggregated sequentially with Algorithm 1. Both results follow
from the “Exchangeable Markov Inequality” of Ramdas and Manole (2023). As before,
let D = (D;)", be independent and identically distributed according to a probability
distribution P. Interest is in testing the null hypothesis Hj : P € P for some collection of

probability distributions P.

A.2.1.1 Methods Based on p-Values

Suppose that we have access to a valid p-value p(s, D). That is, the statistic p(s, D) satisfies
P{p(s,D) <u|Ds} <wu

for all w in (0, 1) and P in P. For example, a test-statistic could be chosen using the data in
Ds and a p-value can be constructed based on this test statistic using the data in Ds. For any

collection R, 1, in R, 1, p, let

11
as(Rys, D) = Py > 1{p(si;. D) < 6} (A2.1)

i=1 j=1

denote the proportion of p-values that are less than or equal than §. Riiger (1978), Meinshausen
et al. (2009), and DiCiccio et al. (2020) observe that if R, ;. is constructed independently of

the data D, then
E [as(Ry,x; D)]

P{as(Rgx, D) > c} < .

0
S —
c
by Markov’s inequality, for all P in P. Thus, if § and c are chosen such that § /c = «, then
the test that rejects the null hypothesis H if a5(R, x, D) is larger than c has level a.

The following theorem establishes that this test continues to be valid if the collection of

sample-splits R, is constructed sequentially with Algorithm 1.

Theorem A.2.1. If the statistic as(R;x, D) defined in (A.2.1) is constructed sequentially
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with Algorithm 1, then
(A.2.2)

(SIS

P{as(Ryr, D) > ¢} <
forall P in P.

Proof. We apply the following inequality, due to Ramdas and Manole (2023).

Theorem A.2.2 (Theorem 1.1, Ramdas and Manole (2023)). If X, X5, ... form an exchangeable

sequence of integrable random variables, then
1 t
P{atzmgiz;pm > 1/a} < aFE [|X;]] (A2.3)

for any a > 0.

Consequently, we have that

P{as(Ryr, D) >c} < P{3g>1:a5(Rys,D) > c} (A.2.4)
< E [I{p(si;, D) < 0}] <9
c c
by Theorem A.2.2, as required. [ |

A.2.1.2 Methods Based on e-Values

Next, we consider settings where we have access to a valid e-value é(s, D) (see Ramdas

et al. (2023) for a recent review). That is, the nonnegative statistic é(s, D) satisfies
Eplé(s,D)] <1

for all P in P. For example, this setting applies to the “Universal Inference” procedure of
Wasserman et al. (2020). Here, an estimator ]5(5) of P is formed using the data D; and is

used in the split-likelihood ratio test statistic

. . dP(3)
D)= b =55

i€ES

(D;) . (A.2.5)

Wasserman et al. (2020) prove that (A.2.5) is an e-value. For any collection Ry ;, in R, 1,
let
a(Rg, D) = 0% Z Z é(si g, D) (A.2.6)

i=1 j=1
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denote an aggregate e-value. See Dunn et al. (2023) and Tse and Davison (2022) for further

discussion of aggregate e-values. Observe that
P{a(R,x, D) >1/a} <aElé(s,D)] < a, (A.2.7)

by Markov’s inequality, for all P in P. Thus, the test that rejects the null hypothesis H if
a(Ryx, D) is larger than 1/« has level a.
We again establish that this test continues to be valid if the collection of sample splits

Ry.% 1s constructed sequentially with Algorithm 1.

Theorem A.2.3. If the aggregate e-value as(R;y, D) defined in (A.2.6) is constructed
sequentially with Algorithm 1, then

P {a(Rg,k, D) > é} <a (A.2.8)

for all P in P.

Proof. The claim is established with an argument very similar to the proof of Theorem A.2.1.
Namely, the Markov inequality used to establish (A.2.7) can then be replaced by Theorem A.2.2,

as before. [ ]

A.2.2 Determining Suitable Levels of Precision for Cross-Validated
Risk Estimation
In this section, we give the details supporting our application of Algorithm 1 to cross-

validated risk estimation, using data from Casey et al. (2021b). Recall from Section 1.3.2.2,

that we apply the procedure, independently, to each component of the vector
(ba,(r, D), ..., bx,_(r, D)), where by(r,D)= (ar(r,D)—ay,(r,D)). (A29)

Let &; denote the error tolerance used for the ¢th component of the vector (A.2.9). We use a
simple, data-driven procedure for choosing these tolerances.
In particular, we draw a small number of cross-splits, i.e., ¢ = 20 and compute the

aggregated difference

1Y
b, (Rox, D) = EZ by, (ri, D) (A.2.10)
i=1

foreachzin1,...,p—1. Panel A of Figure A.2 displays the absolute value of these estimates
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Figure A.2: Determining Error Tolerances for Cross-Validated Risk Estimation
Panel A: One Draw of Risk Estimates, The Choice of &;
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Notes: Figure A.2 displays auxiliary measurements relating to the the performance of Algorithm 1 in the
application to cross-validated Lasso, implemented in data from Casey et al. (2021b). Panel A displays the
absolute value of the differences (A.2.10) computed on a random sample of g = 20 cross-splits, in purple, and
the realized values of the error tolerances (A.2.13), in green. Panel B displays the quantiles of the absolute
value of the differences (A.2.10), over replications of random samples of g = 20 cross-splits. In both cases,
the y-axes is displayed in a logarithmic scale.

in purple, where the y-axis has been transformed to a logarithmic scale. The absolute value
of the differences (A.2.10) are on the order 10~ at the close-to-optimal values of A, i.e.,
values of A above about 0.01. The differences for smaller values of A\ are much larger, and,
as indicated by Figure 1.1, have larger conditional variances. These qualitative features
are not particularly sensitive to residual randomness. Panel B of Figure A.2 displays the

quantiles of the difference (A.2.10) across draws of g = 20 cross-splits.

These observations suggest the following approach for choosing the tolerances &;. We
would like to set & = 10~* for the large, close-to-optimal values of the regularization
parameter, but would be willing to tolerate a larger error tolerance at smaller, sub-optimal
values. This is practically important, as achieving the same level of precision for the small
values of A requires aggregation over many more cross-splits (as the conditional variances

are much larger). We operationalize this approach in the following way. First, using the
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sample of g = 20 cross-splits that we used to estimate (A.2.10), we compute the p-values

by, (R, %, D
O (Rgp, D) =1—@ M (A.2.11)
U/\i(Rng D)
foreachiin1,...,p — 1, where 0y,(R, 1, D) denotes the sample-variance of the statistics

by, (ri, D) across the sample-splits. Let A denote the largest value of the regularization

parameter such that ¢5(R, 4, D) < 0.2 and let the constant “scale” solve the equality

bx(R, ., D
10 = B5Rew D) (A.2.12)
scale
We set the error tolerances to
& = max{107*, by, (R, 1, D) x scale} . (A.2.13)

In other words, we set & = 10~ for all i with in(Rgﬁk, D) > 0.2 and increase the error
tolerance in proportion to by, (R x, D) for all other values of i. The realized values of &; are
displayed in Panel A of Figure A.2. These error tolerances are used throughout the main

text.

Panel A displays quantiles of the reproducibly aggregated statistic (1.3.12) across
replications of the procedure, without truncation of the y-axis. Panel B of Figure A.2 displays
estimates of the marginal reproducibility probability at each value of the regularization
parameter, computed using 2, 000 replications of the procedure. Over the full range of
the regularization parameter, the reproducibility error is very close to the nominal value
B = 0.05.

A.2.3 Sample Stability

This appendix collects discussion and analysis concerning the (7, ¢)-sample stability o™
defined in Definition 1.4.1. First, in ?? A.2.3.1, we specialized our consideration to the
case that the estimator 7) is a regularized empirical risk minimizer. Some closely related
arguments are used in proof of Proposition 4 of Austern and Zhou (2020). Second, in
?? A.2.3.2 we compare we compare the stable-stability decay condition Assumption 1.4.3
to the conditions considered by Chen et al. (2022). The proof of the Theorem stated in
??2A23.1isgivenin?? A2.3.3
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Figure A.3: Auxiliary Figures for Application to Cross-Validation
Panel A: Mean-Squared Error Differences
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Notes: Figure A.2 displays auxiliary measurements relating to the the performance of Algorithm 1 in the
application to cross-validated Lasso, implemented in data from Casey et al. (2021b). Panel A is analogous to
Panel A of Figure 1.3, but the y-axis is not truncated. Panel B displays estimates of the marginal reproducibility
probability for each value of the regularization parameter, where the nominal reproducibility error is set to
8 = 0.05.

A.2.3.1 Specialization to Regularized Empirical Risk Minimizers

Assume that the parameter 7 is an element of some closed convex space H C R”. Consider

the estimator

U (D, 1) = b2¢ Dy, n) (A.2.14)

i€s
n E 79 77

1€5

, (A.2.15)

) = arg min
neH

where ¢ (-, -) are ¢ (-, -) functions and Ay ,,, A2,, > 0 are penalty parameters.

Let V/ (d,n) and V2{ (d, n) denote the gradient and Hessian of the function n — £ (d, n).
Let V,{(-,-) denote the jth component of V/ (-, -). Similarly, we write

Vsl (D, n) ——Zw D;,n) and

1€S
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=2 1
Vil (D,n) = —— 0 (D;
(D) n_bZV (Di,n)
1€8
for the empirical averages of the gradients and the Hessian evaluated on the data in the set s.
We impose the following set of restrictions. The first two restrictions concern the

curvature of the loss function.

Assumption A.2.1. The minimum eigenvalue of 756 (D, n) is bounded below by p almost

surely.

Assumption A.2.2. The loss function {(-,-) is strictly convex and twice continuously

differentiable in its second argument.

Remark A.2.1. Under Assumption A.2.1, if p > 0, then the dimension p of the parameter
vector 7 is less than the number of observations n. To the best of our knowledge, analysis of
the stability of ¢; regularized empirical risk minimization in the regime with p larger than n
is an open problem. Further analysis of the sample stability in the high-dimensional regime

is an interesting direction for further research. [ |

The second two restrictions are statistical. The first concerns the expected curvature of
the moment function ¢ (-, -). The second is a sub-exponential tail bound on the gradient
Vil ().

Assumption A.2.3. The function v (-, -) satisfies the inequality

E [(¥(Di,n) — (D)) SE[lla—7'[15) (A.2.16)
for each pairn,n’ € H.

Assumption A.2.4. The v, -Orlicz norm bound
IV34;(Diyn) — Vil(Di, )| S &° (A2.17)

holds for each pairn € H.

Remark A.2.2. Assumption A.2.3 is satisfied in many problems of interest. For example,
Chen et al. (2022) show that similar conditions hold when (-, -) is given by various moment
functions used for semiparametric causal inference. Assumption A.2.4 is equivalent to the

assumption that V;¢,(D},n) — V{;(D;,n) is sub-exponential with parameter 2. |
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The following theorem gives a bound on the (7, ¢)-sample stability.

Theorem A.2.4. If Assumptions A.2.1, A.2.3, A.2.4, and C.1.1, if p + Ao, > 0, then

a“q),scrp(ﬁ - )+Cr (Al,n £ )

n—bp+>\2,n p+)\2,n

uniformly over all even integers r and positive integers ¢ < n — b, where C,. is some positive

constant that depends only on r.

Remark A.2.3. A necessary and sufficient condition for 7) to be consistent for the population
risk minimizer associated with (A.2.15) is that A, ,, = o ((n — b)~!). See e.g., Knight and
Fu (2000). Thus, so long as the penalty A; ,, is chosen in this regime, the sample stability

o™ will be ;
(%))
n—>b

up to terms that depend on the dimension of 7, as required. [ |

A.2.3.2 Comparison to Chen et al. (2022)

In the main text, we restrict attention to sample stable estimators. In a recent article, Chen
et al. (2022) show that, under some regularity conditions, if a condition related to, but
partially stronger than, sample stability is satisfied, then sample-splitting is unnecessary for
the consistency and asymptotic normality of DML estimators. In this section, we comment
on the difference between the notion of sample stability used in this article and the related
condition used in Chen et al. (2022).

First, for ease of reference, we recall our definition of sample stability. We restrict
attention to the case that ¢ = 1 and r = 2, as this is what is relevant to make the comparison.
Fix asets C S, and let ¢ be an arbitrary element of s. Let D’ denote an independent and
identical copy of the data D. For each i in [n], let D be constructed by replacing D; with

D! in D. Let I be a randomly selected element of S. In this paper, we refer to the quantity
o =B [((Di,7 (Ds)) — (Dii(DIM))?] (A2.18)

as the (2, 1)-sample stability. In particular, in the main text, we restrict attention to settings

where the bound

n—=ob

1 2
o@D < ( > (A.2.19)

holds.
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Chen et al. (2022) consider settings where the nuisance parameter estimator 7) is not

constructed with sample-splitting. Likewise, they consider moments of the form
L\ 2
gD =E [(zb(Di, (D)) = (Di, (D)) } , (A.2.20)

where i is an arbitrary element of [n]. Observe that, in contrast to (A.2.18), the moment
(A.2.20) is evaluated using the same observation D); used to perturb the nuisance parameter
estimate—and that the nuisance parameter estimate is evaluated using the complete data.
Roughly speaking, Chen et al. (2022) show that, under some regularity conditions, DML

estimators are consistent and asymptotically normal if the bound
gD < pt (A.2.21)

holds for a suitable choice of the function v (-, -). Moreover, they show that, under certain
conditions on the choice of tuning parameters, nuisance parameter estimators constructed

with a bagged 1-nearest-neighbor estimator satisfies this bound.

Although the right-hand-side of the bound (A.2.21) is larger than the bound (A.2.19),
control of the moment (A.2.20) can be more difficult to achieve than control of the moment
(A.2.18). To see the substantive differences between the conditions (A.2.19) and (A.2.20),
we consider an artificial, but illustrative, example adapted from an example given in the
introduction to Chernozhukov et al. (2018). Suppose that the observation D); consists of the
real-valued quantities Y;, W;, and X;. Furthermore, suppose that the nuisance parameter

n(x) denotes the conditional expectation E[WW; | X; = z] and that
Y(Diyn) =Y (Wi = E[W; | Xi]) = Yi(W; —n(x)) . (A.2.22)
Suppose that the nuisance parameter estimator takes the form

A(Ds)(x) = > wj(w)i;(x) (A.2.23)

€8
where § is an arbitrary subset of [n], 7;(x) is an estimator of the nuisance parameter 7(x)
based on the observation D;, and the weight w,(z) again depends on the observation D;
and the set s. We refer the reader to discussion in Section 1 of Chernozhukov et al. (2018)

and Section 2 of Chen et al. (2022) for further context on why understanding quantities of
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the form (A.2.22) is essential for establishing the consistency of DML estimators.’
To study the sample stability (A.2.18) in this example, i.e., in the sense considered in

this article, we are interested in the difference
W(Di, 7 (Ds)) = (Ds, a(D)) = Yi(wr (Xi)in(Xi) — wi(X)i(X:)  (A2.24)

where w(X;) and 7;(X;)) denote the updated weight and estimator associated with the
perturbed data Déj). On the other hand, in order to consider the stability (A.2.20), i.e., in

the sense of Chen et al. (2022), we are interested in the difference
(Di, 1) (D)) — b(Dy, H(DW)) = Yi(wi(X:)h;(X;) — wi(Xi)nl(X;)) (A.2.25)

where, as before, w;(X;) and 7;(X;) denote the updated weight and estimator associated
with the perturbed data D).

The quantities (A.2.24) and (A.2.25) will behave differently if the nuisance parameter
estimator exhibits overfitting. In particular, to take a highly stylized example, suppose that
the weights satisfy

SI71%, =1,
w;i(X;) = (A.2.26)
5|7',  otherwise.
That is, the nuisance parameter estimator (A.2.23) meaningfully up-weights the estimate
obtained from the evaluation point X, if X is part of the training data s, and is otherwise
equally balanced. Overfitting to the training data, in a perhaps less stylized form, is a
well-known property of some machine learning estimators.
It is easy to see that, in this case, if all other quantities are bounded, we should expect

that

=K [(}/i(wl(Xi)ﬁI(Xi) - w}(Xi)f],I(Xi)))z} S (—>2 (A.2.27)
whereas

2 =5 [ (6D (D) ~ (i (DY)

7In particular, establishing the Stochastic Equicontinuity of a given Neyman Orthogonal moment amounts
to bounding scaled averages of quantities of the form (A.2.22).
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1\ 2/3
— B [t - i) £ () - w2
In particular, we can see that all that is needed for us to expect the moment (A.2.27) to be
approximately of order O((n — b)™2), is that the randomly selected weights w;(X;) tend to
be close to, or smaller than, (n — b)~'. The moment (A.2.28), by contrast, is highly sensitive

to the weight w;(X;) placed on the evaluation point X;.

The main point of this example is that establishing that a nuisance parameter estimator
is stable, in the sense of Chen et al. (2022), requires showing that it does not overfit its
training data, i.e., that evaluations of points in-sample are not overly-determined by a few
observations. By contrast, all that is needed to establish that a nuisance parameter estimator
is sample stable, in the sense used in this article, is that evaluations of points out-of-sample
are not overly concentrated on a small number of training samples. In general, we should

expect that out-of-sample balance is more likely to occur in practice than in-sample balance.

A.2.3.3 Proof of Theorem A.2.4

By Assumptions A.2.1 and C.1.1, the objective function for the estimator (A.2.15) is strongly
convex. Thus, there is a unique solution to (A.2.15) for any data D. Let 7 and 7’ denote the
solutions to (A.2.15) for the data D and D@ respectively. Let 0 f (x) denote the subgradient
set of the function x +— f (x). The Karush-Kuhn-Tucker condition for the program (A.2.15)
is given by

Vil (D,n) + Mgt + Min2 = 0, (A.2.29)

where Z € 0||7|; is the subgradient associated with the Lasso penalty. Observe that, in this
case, Z € sign (7)), where we set sign (0) = [—1, 1]. Let Z and 2’ denote the subgradients
obtained from D and D@, respectively. As ¢ (d, -) is twice continuously differentiable under

Assumption C.1.1 (i), we have that
Vsl (D, ) 4+ Xonl) + M n2
= Vsl (D, 1) 4+ Aonl) + Ain + (Véz)f (D7) + )‘Q,n[d> (n—17)

= (VD7) + Naula) (7 — ) (A.2.30)
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for some vector 7), by a Taylor expansion and the optimality condition (A.2.29). On the

other hand, we have that

Vel (D, 7)) 4 Do + M2 = VgE(D@, ) 4 Aomi + A2’

(ZWD' i) — V(D; )>+A1n( — %)

1€q
n—z)(ZW D!, i) — V{(D; )>+>\1n( — %)
1€q
(A.2.31)

again by the optimality condition (A.2.29). Thus, we have that

(2 ~ N A
(vé '0(D,7) + Amfp) (7 — )

(Z V(D! i) — VID;, ﬁ’)) + A (22 (A.2.32)

1€q

by (A.2.30) and (A.2.31). Observe that the the matrix 722)6 (D,7) + Aan1, is invertible by
Assumption A.2.1. Thus, we find that

P 1 /= . .

_Hy = - / / ol

- n_b(v 0(D,77) + ol ) (;quvzp W(Dz,n)>
-1

i (VD) + Xel) (2= 2)

and that consequently

] 112 ieq VUD;, 1Y) = VU(Diy 17') |l L 12— 2l
=z s T P+ Ao 1mp+Mm
1 _ NU(D. i) — VD,
< | 2ieq VDL T) = VED )2\ p (A.2.33)
n—b P+ Aon Tpt+ Aan

by Assumption A.2.1.

Now, observe that

o) = E [(¢(Di,7) — (Di, 7))’
SE[14—'ll3)
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1D ieq VUD;, 7)) — VLD, 1) ]2 p )r
<E i€q A A.2.34
~ (n—b p+ Aon b P+ Aap ( )
1
< 27‘ g D/ A/ g ~/ r
s (o) B[ VoL - i, )Ib]
i1€q
o (Aln P > , (A.2.35)
7 10+ )\2,n

where the first inequality follows from Assumption A.2.3, the second inequality follows from
(A.2.33), and the third inequality follows from the Binomial Theorem and Cauchy-Schwarz.
By Assumption A.2.4, we have that

IV (D0 i) = V(Ds oy S gV 56D i) = (D), < g (A2.36)

1€q

Consequently, we have that

E (| VD) wwi,ﬁ’)usl

1€q
r/2
< ZE ZV L (D5 ') — V(D 1)) ] (Jensen)
JEP] i€q
S p((r/2))*(kg) (A.2.37)

where, for the final inequality, we have used the fact that || X ||, 2 < ((r/2))]| X ||y, (seee.g.,
Section 2.2 of Van Der Vaart and Wellner (1996)). Putting the pieces together, we find that

1/2 1/2 r r
(ra) < or((yr /oy /2 [ LB 2 (A, —2 A2.38
o™ <27 ((r/2)) % <n . + b en ) ( )

as required. [ |



134 CHAPTER A

A.3. PROOFS FOR RESULTS STATED IN SECTION 1.3

A.3.1 Proof of Theorem 1.3.1

For each collection r = (s;)%_, in R, x5, We write
J J 1 )Yy

Define the oracle stopping time

1/ ¢\
g* = argmin ¢ v, ,(D) < = ( > :
g>2 2 21-3/2

Observe that v, (D) = (1/g)-v1 (D) as the collections of cross-splits are drawn independently

and identically. Moreover, we have that

@(ngvD) g@(ng‘aD) a.s
: = ’ — 1 A3l
0x(D)  via(D) (A3

as g — 00, by the strong law of large numbers. Now, observe that

(A.3.2)

g 0(Ryw D) _ g (5>2<9-@<Rg_1,k,D>
Ul,k(D> - 2U1’]€(D) 21_5/2 - Ul,k(D) ’

by definition. Consequently, as § — co and

g (21117,@(1)) (Zl‘g/?y) 1

g/g" 31 (A3.3)

as & — 0, we have that

as £ — 0 by (A.3.1) and (A.3.2).
Define the objects

a(r;, D)) and (A.3.4)
=1

QR D) = (12 ) @R D) -E[.0) | D) (a35)
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Observe that we can decompose

(a(Ryk, D) — a(Ry 1, D)) /1/2vg 1(D)

_ ﬁ*@ (a(Rye 1. D) — a(R., ,. D))
—21}5:(1)) (URgx, D) = U(RG 4, D)) + ﬁ*@) (QRg, D) — Q(RG 1, D)) -

(A.3.6)

First, we have that

g*

m (Q(Rg,k,D) - Q(R;}’,k’D)) = 0p<1)

almost surely as & — 0 by (A.3.3). To handle the terms involving (A.3.4), fix ¢ > 0 and

observe that

gb

<P { a(ri, D Za(rz, )‘>5\/_g€[ (1—53),9*(1+€3)}|D}

i=1

a(r;, D Za(ri, D)

*

a(ri, D) =Y "a(r;, D)

i=1

>5\/g_*|D}

s VT 2 [0 (- %) " (1+6Y)] |D}

| /\

(A.3.7)

max
g*<g<(L+e9)g"

max
*(1—e3)<g<g*

The third term in (A.3.7) is smaller than ¢ for all sufficiently small £ by (A.3.3). To handle

the first two terms, observe that

=1

Z ‘»@y}

P max
g*<g<(1+e3)g
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almost surely, where the first inequality follows from Kolmogorov’s maximal inequality
(see e.g., Proposition 2.3.16 of Dembo (2021)) and the second inequality follows from the
fact that the cross-splits r; are independent. An analogous bound holds for the remaining

term. Thus, we have

g* / _
20x(D) (U(Rgx, D) = U(R}, 4, D)) = 0, (1)

almost surely as & — 0. Hence, we have that

P{|a(Ryx, D) — a(R}, ,, D)| > & | D}
1 g
‘ 2U1k g_z:: i, D zk?D) > 21-5/2 | D¢ +o(1)
=1—-0F+4o0(l
as & — 0 almost surely, by the central limit theorem. [ |

A.3.2 Proof of Theorem 1.3.2

Recall that the cross-split r is drawn independently and uniformly from the collection R, , .

The result is based on the bound

E[f(a(Ry, D)) =E |E | f (iZa(ri,D)> \ ﬁ”

<E|E éZf(a(ri,D)) | Q” (Jensen)
~E ;Zﬂa(n,m)]
=E[f(a(r,D))| + E % (f (a(ri, D)) = E[f (a(r, D)) | D)
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In particular, it will suffice to show that the second term in (A.3.8) is weakly negative. To

do this, we apply the following optimal stopping theorem.

Theorem A.3.1 (Theorem 5.7.5, Durrett (2019)). Suppose that X , is a real-valued supermartingale,
that F, is the o-algebra generated by X1, ..., X,, and that there exists some constant B
such that

E[| X1 — Xy | Fyl < B (A.3.9)

almost surely. If g is a stopping time with respect to the filtration {F,}32,, then E [X;] <
E [X1].

Consider the sequence of random variables

X, = ;2 (f (a(rs, D)) — E [/ (a(r. D)) | D)) (A3.10)
Observe that
E (X1 | 7 D) =B | = Z (/ (alts, D)) — EIf (alr, D)) | D]) | F,, D
= B/ (a(v D)) ~E[f (a(r. D)) | D] | ;. D
ﬁgz (f (alr,, D)) = E|f (alr, D)) | D)
_ ﬁXg _ (A3.11)

Consequently, X is a supermartingale. To verify the condition (A.3.9), observe that, as the

collection R,, 1. is finite, there exists some positive, finite function B(D) such that

fla(r,D)) < B(D) (A.3.12)
almost surely. Thus, we find that
1 & 1
Bl1Xpe1 = Xl 1 7 D =B || 55 3 (D) = -3 £ et D)) | fg,D]
i=1 i=1
1 g

< B D) I+ oy SR i D) |
< 2 (D) (A.3.13)
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almost surely. Hence, by Theorem A.3.1, we have

E |2 (f (v D) ~E[f (a(r. D)) | D)) | D
<E[f (alr, D)) —E[f (a(r, D)) | D] | D] = 0 (A3.14)
almost surely, completing the proof. [ |

A.4. GENERAL NON-ASYMPTOTIC RESULTS

In this appendix, we give a general, non-asymptotic analysis of the performance of Algorithm 1.
We begin, in Appendix A.4.1, by studying the concentration and normal approximation
of the aggregate statistic a(Ry 4, D). Equipped with these results, in Appendix A.4.2, we
characterize the accuracy of the nominal error rate of Algorithm 1. In Appendix A.4.3, we
show that these general results imply the results stated in Section 1.4, by restricting attention

to sample-stable, cross-split statistics. Proofs are given in Appendices A.4.4 and A.4.5.

A.4.1 Concentration and Normal Approximation

We begin by giving a non-asymptotic characterization of the concentration and normal
approximation of the statistic a(R, x, D). To state these results, we require a slightly more

general definition of sample stability.

Definition A.4.1 (General Sample Stability). Let D’ denote an independent and identical
copy of the data D. For each q C [n], let D be constructed by replacing D; with D/ in D
for each i in q. Fix aset s C S, ;. Let 7 be an arbitrary element of s. Let q be a randomly

selected subset of s of cardinality q. We refer to the quantities

o = E [[0(D1, 7 (Ds)) = (D}, (Ds)|]  and
o) =B [[9(Ds (Ds)) — 9(D:, (D))

as the rth-order validation and (r, ¢)th-order training sample stabilities, respectively. Similarly,
we refer to the quantity
o) = max {O'(T) O'(T’l)} (A4.1)

max valid’ ¥ train

as the rth-order full sample stability.
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In other words, we define separate stabilities associated with resampling data in the subsets
s and s. We refer to these subsets as the “validation” and “training” samples, respectively.

(") i< identical to the sample stability defined in Section 1.4.

The training sample stability o

With this in place, we give a large deviations bound for the statistic a(R, , D) about
its conditional mean. The primary difficulty is accommodating the dependence in the
summands of a(R, j, D) across elements of the same cross-split. We tackle this problem
through the method of exchangeable pairs (Stein, 1986). In particular, we construct a suitable
exchangeable pair with a coupling argument due to Chatterjee (2005) and apply a method
for deriving concentration inequalities with exchangeable pairs, also due to Chatterjee (2005,
2007). Some preliminary results that facilitate the application of this approach are given in

Appendix A.4.4. Proofs for results stated in this appendix are then given in Appendix A.4.5.

Theorem A.4.1. Suppose that Assumptions 1.4.1 and B.2.3 hold, that the data D are
independently and identically distributed, and that the statistic a(R; ;, D) has a non-zero
variance conditional on D almost surely. If the fourth-order split stability ('Y is finite, then,

for each € > 0, the inequality

24(2 — ok — )2 Ty pp log(e™!
P {Ia(Rg,k,m ~a(D)| < J ( - #)" Lipnlogle™) D} 21— (A42)
g
holds with probability greater than 1 — § as D varies, where
1—-k ko — _
Ty = 2) 40?) 4 (X)) 2D (A4.3)
i L=y L=
and ¢ = b/n.
Remark A.4.1. The quantity I'; ,; interpolates between o), and at(f;f’nfl) as k varies

between its bounds 1 and 1/¢. In the case of independent splitting, i.e., k = 1, the rate of
concentration for the statistic a(R, j, D) is driven by the full sample stability cr,(n?a)x. On the

other hand, in the case of cross-splitting, concentration depends only on the training sample

(2,b—1) (2 (2,b—1)

stability oy,.;, . In a previous draft of this paper, we give estimates of aval)id and o,

in applications to treatment effect estimation and cross-validated risk estimation. We show
that the training stability is dramatically smaller than the validation stability and decreases
rapidly as b decreases.® To see this, observe that we should next expect the validation

sample-stability U\E;)id to change with . That is, residual randomness is smaller for full

8See Figure 3 of the preprint posted at https://arxiv.org/abs/2311.14204v2.
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cross-splitting, i.e., k = n/b, than for independent splitting. |

Next, we derive bounds for the centered conditional moments of a (R, ;, D) through an
argument closely related to the proof of Theorem A.4.1. Bounds of this form are known as
Burkholder-Davis-Gundy inequalities (Burkholder, 1973).

Theorem A.4.2. Suppose that Assumptions 1.4.1 and B.2.3 hold and that the data D are
independent and identically distributed. If r = 2°~! for some positive integer ¢ and the

4rth-order split stability (4r) js finite, then, for each § >, the inequality

. 242 — ok — )2\
B [(0 Roe. D)~ a(D) | D] < -1 (FEZEEE) 1
holds with probability greater than 1 — § as D varies, where
r L —ko\ Jor (or ko — o\ o
Tihs = ( - ) 2% ot + ( I ) ol2rb=1) (A.4.5)

and o = b/n.

Remark A.4.2. By setting » = 1, the inequality (A.4.4) gives a variance bound. In this
case, the right-hand side of the inequality (A.4.4) is equal to negative one times the inverse
of the right-hand side of the inequality (A.4.2). In this sense, the concentration inequality
Theorem A.4.1 can be thought of as an exponential Efron-Stein inequality adapted to the
dependence inherent in our problem (Boucheron et al., 2003). For values of r greater than
1, the unconditional quantity F,(g:)oyb again interpolates between the 2rth order full sample

stability oo and the (2r, b — 1)th order training sample stability o>

valid

from 1 to 1/¢. |

—1 .
) as k increases

Remark A.4.3. An analogous, unconditional, result will follow from the same argument. In

particular, under the same conditions, we have that

242 — ok — )2\
( 9; S0)) r,.  (A46)

E [(0 Rye. D)~ 7(D)] < (2r =17 (
We opt to state the conditional version of the result thought, as, arguably, the conditional

behavior of the statistic is of primary interest. [ |

In turn, we bound the distance between the conditional distribution of a (R, x, D) and
the standard normal distribution. The result follows by combining the bounds derived in

Theorem A.4.2 with a standard Berry-Esseen inequality (Shevtsova, 2011).
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Theorem A.4.3. Suppose that Assumptions 1.4.1 and B.2.3 hold, that the data D are
independently and identically distributed, and that the statistic a(R; j, D) has a non-zero
variance conditional on D almost surely. If the eighth-order split stability ® is finite, then

for all g, the inequality

aplr{“LltP) < o) -

(A4.7)

3/2
_ 23 (2 gk — ) ((T0L)"
~ 4 gl/? v1x(D)

is satisfied with probability greater than 1 — 0 as D varies, where ®(+) is the standard normal
c.d.f.

Remark A.4.4. To the best of our knowledge, the only Stein’s method central limit theorem
in the Kolmogorov distance, applicable to our setting, is given in Zhang (2022), which
generalizes the argument of Shao and Zhang (2019). In Appendix A.4.6, we show that this

central limit theorem implies a bound that does not reduce as either g or £ increase. [

A.4.2 Reproducibility

We now characterize accuracy of the nominal reproducibility error of Algorithm 1.

Theorem A.4.4. Suppose that the conditional variance Var(a(r, D) | D) is strictly positive,
almost surely, where r denotes a random collection drawn uniformly from R, ;. ;. Suppose
that the collections R; ) and R;“k are independently obtained using Algorithm 1. If
Assumptions 1.4.1 and B.2.3 hold, the data D are independent and identically distributed,
and the eighth-order split stability () is finite, then, for all sufficiently small £, the inequality

P{la(Ryx, D) — a(Ry 4, D) < €| D} = (1= )|

. ) 1/2
< & (2—pk— 80)4F1(c,g)o,b(rl(<:,<)p,b)l/2
A\ z-p/2 032 (v (D))>/2

2
ogd/t [ 21812 6(vir(D)) | A4S
w ( E (2 ok pP(ITE,) (A4

)

holds with probability greater than 1 — § as D varies.

Remark A.4.5. Recall the definition of the oracle stopping time ¢g* given in (1.3.7). The
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bound (A.4.17) is obtained by decomposing the reproducibility error into two terms. The first
term involves the error in a normal approximation to the difference a(Ry+ &, D) —a(Rj. 4, D).
As g* is deterministic conditional on D, a bound on this term follows from an argument
very similar to the proof of Theorem A.4.3. The second term involves the differences
a(Rsk, D) — a(Ry- 1, D) and a(RY 4, D) — a(R}. ;, D). The key step in bounding these
quantities involves deriving a high probability bound for the difference g — ¢g*. This follows
by combining a concentration inequality analogous to Theorem A.4.1 for the estimator

Uyx(D) with a maximal inequality due to Steiger (1970). [

A.4.3 Specialization to Cross-Split, Sample-Stable Statistics

In this section, we specialize the results stated in Appendices A.4.1 and A.4.2 to cross-fit,
sample-stable statistics. That is, we focus attention to the setting where n = k - b and impose
Assumption 1.4.3. By doing this, we prove each of the results stated in Section 1.4.

We begin by stating the following corollary of Theorem A.4.1, which is referenced in
Footnote 22.

Corollary A.4.1. Suppose that Assumptions 1.4.1, 1.4.3, and B.2.3 hold, that the data D are
independently and identically distributed, and that the statistic a(R; j, D) has a non-zero
variance conditional on D almost surely. If the fourth-order split stability ('Y is finite, then,

for each € > 0, the inequality

b—111 -1
P{!a(Rg,k,D)—wD)ls\/ — gogﬁf )ID}Zl—s (A49)

holds with probability greater than 1 — § as D varies.

Proof. Corollary A.4.1 follows immediately from Theorem A.4.1 by restricting attention to
the case that n = k - b and applying Assumption 1.4.3. In particular, observe thatif n = k- b,

then Fkvﬂ‘)?b - Utrain

and

2
2—pk—¢)?=(1-¢)?= (”;b> . (A.4.10)

Applying Assumption 1.4.3 then gives

2
_ Vb —1
= &b ”5( ) . (A4.11)

Fk b= O¢pai
P> train n—>b
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Plugging (A.4.10) and (A.4.11) into Theorem A.4.1 gives the desired bound. [ |

Next, we show that Theorem A.4.2 implies the following generalization of Theorem 1.4.1
to higher-order moments. Theorem 1.4.1 is a strictly weaker result, as it only holds for the

second moment.

Corollary A.4.2. Suppose that Assumptions 1.4.1, 1.4.3, and B.2.3 hold, the data D are
independently and identically distributed, and n = k - b. If the 4rth-order split stability ()
is finite, then, for each > 0, the inequality

b—11\""?
E [(a(Rgx, D) —a (D))" | D] s( — 5) (A4.12)

holds with probability greater than 1 — § as D varies.

Proof. If n =k - b, then F’(;:ZOJ? = b=l Applying Assumption 1.4.3 then gives

valid

2r
(7”) V b - 1

Dhon S ( p— ) : (A4.13)

Plugging (A.4.10) and (A.4.13) into (A.4.4) gives

1 T

E [(a(Ryx, D) —a(D))*] < | — A4.14
(e Rou D) = (D)) 5 () (A4.14)
where we omit constants the depend only on 7. [ |

In turn, we specialize the non-asymptotic central limit theorem Theorem A.4.3 cross-
fit, sample-stable statistics. This result suggests that, although the aggregate statistic
a(Ryx, D) is more concentrated at larger values of £, the quality of a normal approximation
to its conditional distribution does not necessarily improve. This result is referenced in

Footnote 27.

Corollary A.4.3. Suppose that Assumptions 1.4.1, 1.4.3, and B.2.3 hold, the data D are
independently and identically distributed, n = k - b, and the conditional variance v, (D) =
Var(a(r, D) | D) is strictly positive almost surely, where r denotes a random collection

drawn uniformly from R, 1., If the 8th-order split stability (® is finite, then, for all g, the

inequality
Ryx, D) —a(D 1/11 b—1\** [1
qup|p ARex D)D) L g 5—(———> \ﬁ (A.4.15)
zeR Vg.k (D) 0 \nk Ul,k(D) g
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is satisfied with probability greater than 1 — ¢ as D varies, where ®(+) is the standard normal
c.d.f.

Proof. As before, Corollary A.4.3 follows by restricting attention to the case thatn = k - b
and imposing Assumption 1.4.3. In particular, Corollary A.4.3 is obtained by plugging the
bounds (A.4.10) and (A.4.13) into (A.4.7). [ |

Remark A.4.6. In this case, the quantities g and k enter differently. In particular, observe

that, by applying the variance bound (1.4.9) for the case g = 1, to lower bound the rate

(A.4.15), we get
11 1 \*? \/T \/T
- —> - A4.16
<n/<:v17k(D)) g~ Vy ( )

Written differently, Corollary A.4.3 suggests that the quality of a normal approximation to
the conditional distribution of the aggregate statistic a (R, x, D) does not increase with k—it

only depends on g. |

Finally, we show that Theorem 1.4.2 is a corollary of Theorem A.4.4 by restricting
attention to the case that n = k - b and applying Assumption 1.4.3. We restate Theorem 1.4.2

below as a corollary for ease of reference.

Corollary A.4.4. Suppose that the collections R; ;, and ng’,k are independently obtained
using Algorithm 1. If Assumptions 1.4.1, 1.4.3, and B.2.3 hold, the conditional variance
v1 (D) = Var(a(r, D) | D) is strictly positive, almost surely, the data D are independent
and identically distributed, and the eighth-order split stability (®) is finite, then for all
sufficiently small £, the inequality

\P{\amg,k,m a(R,,. D) 2 €| D} _ 5‘

11 1 5/4 1/2
< L1 3 , (A4.17)
83/ kn \ v1 (D) 21-8/2

holds with probability greater than 1 — ¢ as D varies, where in writing (A.4.17), we have

omitted a multiplicative term that converges to zero logarithmically as £ decreases to zero.

Proof. Observe that if n = k - b, then the right-hand-side of the inequality (A.4.17) can be

26—1), (4,b—1 4\ 1/2
g Ut(rain )(O-t(rain ))1/2 n—>b
z1_g/2 03/%(v1 i (D))5/2 n

written
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3 2
1ao3/4 [ F1-8/2 n §(v1 (D))
8 ( § (n - b) ( t(:ta,il)n—l))3/4 : (A4.18)

By applying Assumption 1.4.3, the non-logarithmic factor reduces to

¢ 1 m4”2< Loe 1\ 1 VR
216/253/2(Ul,k(D))5/2< n ) =\ 0224 (%> (Ul,k(D))

(A4.19)

as required. [ |

A.4.4 Constructing a Stein Representer

Suppose that we are interested in studying the statistic f (X '), where X is random variable
valued on the separable metric space X. The method of exchangeable pairs has two
ingredients. First, we need to construct a random variable X’ such that (X, X’) is an
exchangeable pair. Second, we need to construct an antisymmetric function F' (X, X”) such
that

f(X)=E[F(X,X")| X] (A.4.20)

almost surely. We will refer to the function F' (X, X’) as a “Stein representer” for f (X).

In many applications, the Stein representer (A.4.20) induced by a suitable exchangeable
pair (X, X’) can be derived in closed form. See e.g Chen et al. (2011) and Ross (2011). A
closed form derivation is more challenging in our setting, where the collection R j, takes the
place of the random variable X . To address this issue, we apply a method due to Chatterjee
(2005) for constructing Stein representers through a pair of coupled Markov chains induced

by an appropriately chosen exchangeable pair.

Chatterjee’s construction is founded on a observation, due to Stein (1986), that an

exchangeable pair (X, X') induces a reversible Markov kernel K™ through
Kg(z) =E[g(X) | X = 2] ,

where g is any function satisfying [E [|g(X)|] < co. Suppose that { X, },,>0 and { X, }.n>0
are two Markov chains constructed with the kernel induced by (X, X’) and coupled in such
a way that the marginal distributions of X,,, and X, depend only on the initial conditions X

and X, respectively. Chatterjee makes the following observation. If there exists a constant
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C such that .
SOIE[f(Xm) — F(X)) | Xo=2, X[ =y]| < C, (A421)
m=0

for each = and y in X', then the function

F(z,y) =Y E[f(Xn) - f(X,) | Xo=2,X5=1y]
m=0
is a Stein representer for f (X ). See Paulin et al. (2013, 2016) for applications of this idea to
the derivation of matrix concentration inequalities. To apply this construction to our setting,
we have two tasks. First, we need to specify a suitable exchangeable pair. Second, we need
to construct a pair of coupled Markov chains induced by this pair that satisfy the finiteness
condition (A.4.21). Throughout, for a vector z = (z;)_, we let (z_,, y) denote the vector

formed by replacing the /th component of x with y.

Our construction is premised on the observation that the random collection of splits
Ry, can be generated by a random collection of permutations. To see this, let P,, denote
the set of permutations of the set [n], treating each 7 € P, as a bijection from [n] to [n].
Observe that each permutation ™ € P, can be associated with an element of R, ;. ,, denoted

by ri (7) = (s1 (7). .., sk (7)), through
si(m)={r(k-i—1)+1),...;7(k-(:—1)+b)}.

If # = (m;)]_,denotes a collection of permutations drawn independently and uniformly
at random from P, then the collection Ry j, () = (ry, (m;))?_, is equidistributed with the

collection R, ;. defined in Section 1.2.

Now, we construct an exchangeable pair (7, 7w’), keeping in mind that our aim is to
verify a condition of the form (A.4.21). For any permutation 7 € P,, and indices 7, j € [n],

define the updated permutation

Js T =i,
m (i) (x) =7 (i), ==m"(j),

7 (z), otherwise.

In other words, # (4, j) is identical to 7, except that s maps to j and 7! (j) maps to 7 ().

Let L be distributed uniformly on [g] and let / and J be independently and uniformly
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distributed on [n]. Define the modified collection
ﬂ', = (7T—L7 ﬁ'L(I7 J))

and observe that (7, 7r’) is an exchangeable pair.

With the exchangeable pair (7, 7’) in place, we choose a coupled pair of Markov chains
that it induces. For each m > 1, let L,, be distributed uniformly on [g] and let /,,, and .J,,,
be distributed uniformly on [n]. Construct (7,,, 7/, ) from the pair (7o, 7)) = (7, 7') by

setting

T = (Tm—1,~Lons Trn—1,L (Imy Jn))  and 7w, = (m, L,—Lp> L Lo (L )
(A4.22)

recursively. In other words, the Markov chain 7 is initialized by choosing one permutation
in 7( and swapping one pair of indices. In the mth iteration of the Markov chain (7,,,, 7/, ) m>o0,
the permutations 7, 1, and 7r7’n_17 1, are selected and updated so that I,,, now maps to
Jm. As the iterations proceed, [,,, will continue to map to the same index in the L,,th
permutation in both collections. That is, in each iteration that a new permutation L
and index [ are selected, the two collections become more similar. Eventually, every
L and I will have been selected, the two collections r,,, and 7/, will be the same, and
so a(Ry x(7,), D) — a(Ry (7)), D) = 0. This will imply the finiteness (A.4.21). This

argument is formalized in the proof of the following Lemma.

Lemma A.4.1. The function
A(mw,w’ | D) = iE Ryk(mm), D) — a(Ryk(m),), D)) | mg = 7,7y = w', D],
m=0
is finite, antisymmetric, and satisfies the equality
E[A(w,n" | D) | 7, D] =a(Ryx(w),D) —a(D) (A.4.23)

almost surely.
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A4.5 Proofs
A.4.5.1 Proofs for Non-Sequential Results

To obtain the concentration inequality Theorem A.4.1 and Burkholder-Davis-Gundy inequality
Theorem A.4.2, we apply the following result due to Chatterjee (2005, 2007), which we have

augmented to be applicable under a set of assumptions considered in Paulin et al. (2016).

Lemma A.4.2. Let X' be a separable metric space and suppose that (X, X') is an exchangeable
pair of X -valued random variables. Let f : X — R be a square integrable function and
let F: X x X — R be a Stein representer for f. For each positive integer (r), define the

quantities

U (X) = 2 ((F () = F )" | x| and UP (X) = %E P XXX

/ 2
(A.4.24)
If there exist nonnegative constants v and s such that
UMN(X)<s ' and UY (X) < su (A.4.25)
f -~ F -~ 9 T
then the concentration inequality
P{|f(X)|> 6} <2exp (—t*/2u) (A.4.26)
holds for all t > 0. Moreover, the moment inequality
E[f(X)"] < (2 —1) (sE [UIEI) (X)} +5'E [U}J’)(X)D (A.4.27)

holds for all positive integers r for any positive constant s.

Throughout, to ease notation, we use the short hand
Z = (Ryx(m),D) and Z' = (R x(x’),D).

The Markov chains (Z,,)m>0 and (Z/,)m>o are defined accordingly and we simplify A (7, 7' | D)
to A(Z,Z'"). To apply Lemma A.4.2, we are required to develop bounds for the objects

U (Z)==E [(a(Z)—a(Z'))2’“ | Z| and U (2) :%E AZ,2)" | Z| .

Our approach is based on the following Lemma, which combines a generalization of an idea
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due to Lemma 10.4 of Paulin et al. (2016) with a Markov type bound.

Lemma A.4.3. Let r = 2¢ for some positive integer c. Let f : Z — R be a function such

that there exists a square integrable random variable W with

(ZE 1f (Zm) = F(Z},) | Zo= 2,2y = Z’]) <W (A.4.28)
m=0
almost surely. If the inequality

EE[f(Zn) = [(Z,) | Z0=2,Zy= 2" | w] < by, (A.4.29)

holds for each m > 0 and each collection 7, where (h.,),,~ i a deterministic sequence of

nonnegative numbers, then the inequalities
1 T hy
SELS(2) =1 (2) 12] <

(ZEU(m f(Z,)| Zo= 2,2 = Z])

both hold with probability greater than 1 — § as D varies

and (A.4.30)

K
% (Z hm) (A.4.31)

0

To apply this Lemma, we begin by noting that the inequality

S Ela(Zn) —a(Z) | Zo= 7,2y = Z’])

m=0

< ¢*n* max (T'(s,U,D) =T (s, U, D))’ (A.4.32)

s,s'€Snp

follows from Lemma A.5.1, stated in Appendix A.5.1. Moreover, the right hand side of
(A.4.32) is square integrable, as the fourth order split-stability () is finite by assumption.

Deterministic bounds of the form (A.4.29) are obtained through the following Lemma.

Lemma A.4.4. Under Assumptions 1.4.1 and B.2.3, for all integers m > 0 and r > 1, the

inequality

E [E a(Z) — a(ZL) | Zo = Z,Z, = 2" | 77]

2\ /o — bk — b\
4r (”')
<2 (1-0a) () Tk
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(r )

holds almost surely, where T} . 1s defined in the statement of Theorem A.4.2.

Combining Lemmas A.4.3 and A.4.4, we have that

. 1 /gn2\" (2 (2n — bk — )%\ .
o < (%) (B =) r

and

1/ 2\ [28@2n—bk b))
") (r)
U(2) = 5 (W) ( gn? Hope

with probability 1 — §. Corollary A.4.1 is obtained by setting » = 1 and applying (A.4.26)
of Lemma A.4.2 with s = gn?/2 and
12 (2n — bk — b)?

u = S gn2 Fn7k7b.

Similarly, Theorem A.4.2 is obtained by applying (A.4.27) of Lemma A.4.2 with s =
(gn®/2)".
The normal approximation error bound Theorem A.4.3 follows from Theorem A.4.2. To

see this, consider the centered statistic

1< Ly
a(Z) - — 525 re, D), where @(r,, D)= EZ (sei, D) —a (D))
=1 i=1
(A.433)

for each ¢ in [g]. Conditional on the data D, the statistics @ (ry, D) are independent,

identically distributed, and mean zero. Moreover, we have that
E (| (v, D) ] < 322° (2 — gk — ¢)* (T, ,)*/* (A.4.34)
by Holder’s inequality and Theorem A.4.2. Hence, we find that

2
E([a(r, D)[*| D] _ 32° (2 = ¢k — )" (050"
g2 (D) T 6 (v (D) g

holds with probability greater than 1 — 9, by combining (A.4.34) with the Markov inequality.
The proof then follows by the Berry-Esseen inequality. See e.g., Corollary 1 of Shevtsova
(2011). ]
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A.4.5.2 Proofs for Sequential Results

The first step for verifying Theorem A.4.4 is deriving a large deviation bound for the variance
estimator 0 (R, 4, D) defined in (1.3.4). This is obtained in the following Lemma, which

follows from an argument very similar to the proof of Theorem A.4.1.

Lemma A.4.5. Suppose that Assumptions 1.4.1 and B.2.3 hold and that the data D are
independent and identically distributed. If the eighth-order split-stability ') is finite, then

the conditional concentration inequality

1 0(Ry 5, D
log—P{ Ry, D)

Vgk (D)

5 (vip(D))? gt
(2—¢k—¢)' T,

4

- 1‘ >0} 5-
holds for all t > 0 with probability greater than 1 — 9 as D varies.
We focus our analysis on the error

[P {a(Ryx, D) — a(Ry , D) <& D} — (1= 5/2)|. (A4.35)

An analogous argument will yield the same bound for the lower tail. We begin by bounding

(A.4.35) with quantities that will be easier to handle in isolation. Define the objects

g g*

U(Ryx, D) = % (Za<ri,k,D) — Za(ri»’“ D)) and (A.4.36)
i=1 i—1

Q (Rg, D) = (1 - %) (a(Rgx, D) —a (D)) . (A.4.37)

The following Lemma bounds the error (A.4.35) in terms of the error in the normal
approximation to the quantity a(Ry« 1, D) —a(R. ,, D) and generic high probability bounds
on (A.4.36) and (A.4.37).

Lemma A.4.6. Define the events

Uor (D) = {|U(RM, D)~ U(R, . D)| < Ay/2050s (D)} and
(D) = {’Q(Rg,lm D) — Q(Ry 4, D)‘ <A/ 2000 (D)} :
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The quantity (A.4.35) is bounded above by

sup
z€R

o f Ry D)~ alR,,. D)
2’Ug*,k (D)

+2X+ (1= P{UA (D) N Qea(D) | DY) (A.4.38)

§z|D}—<I>(z)

where ®(-) is the standard normal c.d.f.

Thus, it remains to give suitable bounds for the objects in (A.4.38). We state these

bounds in terms of the quantities

£ (2— ok — PP,

Prpp(&, B | D) = and (A.4.39)
¢ 21-8/2 § (vix (D))
o (1) (2) 172\ /2
¢ (2—pk 90)4Fk<pb(rk<pb)
Dy o\ kg, A44
Meon(&, 8| D) (Zlﬁﬂ 532 (vy 1 (D))3/2 ; ( 0)

respectively. Each part of following Lemma follows from an application of Lemma A.4.6.

Lemma A.4.7. Suppose that Assumptions 1.4.1 and B.2.3 hold, that the data D are independent
and identically distributed, that the conditional variance v, (D) = Var(a(r, D) | D) is
strictly positive almost surely, and that the eighth-order split stability ((®) is finite.

(i) The inequality

R« i, D) — a(R., ., D
'P{a( i D) = 4Ry D) < pron (€8] D)

) < z| D} — ®(2)

is satisfied with probability greater than 1 — § as D varies.

(ii) The conditional concentration inequality

|U<R§J,k7 D) - U(ng’,k7 D)|
2/Ug*,k (D)

5 pk,go,b (gv ﬁ | D)

> >\k,<p7b (67 6 | D) 10g3/4 (pk,%b (éa 6 | D)_l) | D}

holds with probability greater than 1 — § as D varies.

(iii) For all sufficiently small £, the conditional concentration inequality

, { QR D) = QR 1 D)

20+ 1 (D) > Mg (6,5 ] D)} S Prpp (€8 D)



SECTION A4 153

holds with probability greater than 1 — § as D varies.

Now, observe that pj ., (£, 5 | D) is smaller than X, , (&, 3 | D) for all sufficiently
small £, almost surely. Consequently, by combining Lemma A.4.6 and Lemma A.4.7, we
find that

P {la(Ryx, D) — a(R} . D) < £ | D} — (1= B) |

1 2 1/2
(& @k =), )
~ 21-8/2 63/2(U1J€ (D))5/2

2
oo (s Sa(D)) o
Og ( € (2 ph— P,y (A4

1)

with probability greater than 1 — ¢, as required. [ |

A.4.6 Comparison with Zhang (2022)

We state a Berry-Esseen bound for a (R, ;, D) through an application of a result due to Zhang
(2022). In contrast to the bound stated in Theorem A.4.3, the bound obtained here does not
shrink as g increases. On the other hand, the bound obtained below is unconditional. It is
straightforward to modify our argument to give an analogous high-probability conditional

bound.

Theorem A.4.5. Let W denote a standard normal random variable. Suppose that Assumptions 1.4.1
and B.2.3 hold and that the data D are independent and identically distributed. If the eighth-
order split stability (® is finite, then the Berry-Esseen inequality

g [ @Rox D) —a(D) _AE ek )’ (D) )2
) E v (D)] - E [v11(D)]

is satisfied.

A.4.6.1 Proof of Theorem A.4.5

We apply the following central limit theorem, due to Zhang (2022). This result generalizes

Theorem 2.1 of Shao and Zhang (2019) to accommodate general Stein representers.

Theorem A.4.6 (Theorem 4.1, Zhang, 2022). Let X be a separable metric space and

suppose that (X, X') is an exchangeable pair of X -valued random variables. Suppose
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that f : X — Rand F : X x X — R are square-integrable functions such that F' is

antisymmetric and
E[F (X, X") [ X] = f(X)

almost surely. Assume that Var (f (X)) is finite and non-zero and that E [f (X)] = 0.
Define the objects

F(X) = f(X)//Var (f (X)). (A.4.42)
G(X):%E[(f(X)—f(X’))F(X,X’) |X] and (A.4.43)
G(X)= %E[(f(X)—f(X’))IF(X,X’H | XT. (A.4.44)

Let W denote a standard normal random variable. The bound

_EBIGX) —EGX)][+E[G(X)]]

di (f(X), W) < Var (F (X)) (A.4.45)
is satisfied.
To this end, define the objects
B(Z)= %E [(a(Z2)—a(Z')A(Z,2')| Z] and
B(2)= %E [(a(Z) —a(2))|A(Z,2)| | Z].
It will suffice to bound the quantity
E[B( )\;aiﬁg)_!]azrzlil)ﬂf? (2)]] (A.4.46)

Observe that

by the Cauchy-Schwarz inequality and the fact that E [B (X)] = 0 by exchangeability.

Consequently, as

Var (B (2)) SE[B(2)’] =E [(a(2) - a(2)) A(2, 2| = Var (B (2))
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it will suffice to bound
OF [(a (Z) —a(Z) A(Z, Z’)Q] . (A.4.47)

By Young’s inequality, we have that
1
El(a(2)—a(2))?A(Z, Z’)ﬂ <3 (3*111«3 [U2(2)] + sE [U}P(Z)]) ,

where U (Z) and U (Z) are defined in ?? A.4.5.1.

Observe that the bound

(Z Ela(Zn) —a(Z),) | Zo=Z,Z) = Z/]>
< (2gn2 max (T (s, D) —T(s’,D))) (A.4.48)

s,s'€Sn b

holds by Lemma A.5.1 and that the right-hand side of (A.4.48) is square-integrable as the
eighth-order split stability ¢® is finite. Thus, by combining Lemma A.5.3 and Lemma A.4.4,

2\ 2 . 12 2
Uf) < (gn ) (4(2n bk — b) ) F/(f) i
2 gn2 3P

2 2\ 2
—(2) 2 4 (2n — bk —b) 9
Ua < 2 2 Fgmzo,b )
gn gn

Hence, by taking s = (gn?/ 2)2, we find that (A.4.47) is bounded above by

we have that

and

4
— (@n— bk =0 (0, )"?)

gn?

Now, we have that
Var (a (Z) —a (D)) = E[vgx (D))

by the law of total variance and the fact that E [a (Z) — @ (D) | D] = 0. Consequently we

can decompose

_ El¢np(D)] + (k = 1) E[ynp(D)]
kg '

E [vg (D)] (A.4.49)
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Hence, we have that (A.4.46) is bounded above by

4(2 — ok — p)* (T )/
E [v11(D)] ’

as required. [ |

A.5. PROOFS FOR LEMMAS STATED IN APPENDIX A.4

A.5.1 Proof of Lemma A.4.1

We use the following Lemma in several places.

Lemma A.5.1. Let v and v’ be two sets, each containing g elements of P,,. The inequality

m=0
<2gn* max (T'(s,D)—T (s, D))

s,s'€S, b

Ela (Rgx(mm)) — a(Rok(my,)) | w0 = 3, w5 = ¢, D]

holds almost surely.

Observe that the quantity
max (T (s,D)—T (s, D))

s,s'€Sy,p

is finite almost surely. Thus, the convergence of the series defining A (7, ' | D) follows

from Lemma A.5.1. Define the operator

K:F—F
fO=E[f(n)|m=",

where F is the set of all measurable functions supported on the domain of 7r. Observe that

E [a (Rg,k(ﬂ-m)> D) —a (Rg7k(ﬂ-;n)7 D) ’ o = T, 77() = 77/’ D]
E[a (Ry(mn), D) — a(D) | mo = 7, D] — E o (Ryu(a,), D) —a(D) | w = ', D]
= K™ (a(Ryx(m)) —a(D)) — K™ (a (Ryu(n')) —a(D)).
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Thus, for any m’, we have that

/

3

(]

E [a (Rg,k(ﬂ-m)a D) —a (Rg,k(ﬂ-;n)a D) ‘ Ty = 777776 = 77/7 D]
0

a (R, (), D) — @ (D) — K™+ (a(Ry4(w), D) —a@(D)). (AS.1)

IIﬁ

By Lemma A.5.1, the partial sums (A.5.1) converge almost everywhere and so the sequence

(K™ (a (Ry(w), D) —a(D))) (A.5.2)

m>0

also converges almost everywhere. Lemma A.5.1 also implies that the limit of (A.5.2)

depends only on D, as
K™ (a((Rg (), D)) —a(D)) = K™a((Rg (4), D) —a (D)) — 0
for any 1) and 1)’ each containing g elements of P,. Therefore, we have that

E[A(m,n"| D) | D]
_E Dij& (a (Rya(m), D) —@ (D) — K™ 'a (Ryy(m), D) — a(D)) | D}

=Ela(Ryr(m), D) —a(D) | D] = b(D),

for some quantity
b(D)= lim K™ (a(Ryx(m),D)—a(D))

m—o0

that depends only on D. Observe that
E[A (7,7 | D) | D]

mthOOZE Ryk(mm), D) —a(Ry (7)), D) | 7o = 7,7, ==',D] | D

= lim Z]E Ryk(mm), D) —a (Ryk(m.,), D) | D] (Dominated Conv.)

m/—o0

=0, (Exchangeability)

where the applicability of the Dominated Convergence Theorem follows from Lemma A.5.1.
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Thus, as
Ela(Ry(m), D) —a(D) | D] =0,
we can conclude that b (D) = 0 almost surely. Hence, we find that
E[A (7, 7" | D) | 7, D]

lim ZE Ryx(mm), D) —a(Ryk(m,,), D) | mo =, 7, ==«', D] | =, D

m/—o00

:mhglooZE Ryk(mm), D) —a(Ry (7)), D) | mg = 7,7, = =, D]

(Dominated Conv.)

— lim K™*!(a(R,x(w), D) —a (D))

m/—o0

= a(Ryu(m), D) ~ a(D).

completing the proof. [ |

A.5.2 Proof of Lemma A.4.2

First, observe that

1

Ur(X) 2 5 (E[F (X, X) | X)) = SF (X7,

DO | —

where the inequality follows from Jensen’s inequality and the definition of the Stein
representer F'. By (A.4.30), we have that

Hence, the random variable f (X) is bounded almost surely.

Now, suppose i : X — R is any measurable function such that E [k (X) F (X, X")] <
oo. Then, E[h (X) f(X)] =E[h(X) F (X, X')]. Using the exchangeability of X and X’

and the fact that F' is antisymmetric, we have that

E[r(X) F (X, X)] =E[h(X) F (X', X)] = =E [h (X) F (X, X)]
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and that therefore

E (1 (X) £ (X)] = SE[(h(X) — h (X)) F (X, X')]. (A53)

Let
m () = E [exp (6 (X))]

denote the moment generating function of f (X). As f (X) is bounded almost surely, we

can exchange differentiation and expectation in the differentiation of m (). Thus, we obtain

n (6) = E [exp (6f (X)) £ (X)].
= SE[(exp (6 (X)) — exp (0F (X)) F (X, X")], (A54)

where the second inequality follows from (A.5.3). To bound m’ (§) we apply the following

exponential mean-value inequality, stated in a more general form in Paulin et al. (2016).

Lemma A.5.2. For all constants x, y, and c in R and s > 0, it holds that

[(e" —e¥)e| < = (s(z—y)* +s7'c?) (" +¢).

e~ =

In particular, by (A.5.4) and Lemma A.5.2, we obtain the bound
1
[m (@) | < SE[ (exp (6 (X)) —exp (6 (X)) F (X, X) [

t>0

< émﬂa (107 (X) = 07 (X)) +171F (X, X)) (exp (0 (X)) + exp (0] (X))

- % inf [(t (f(X) = F(X) +t71F (X, X’)2> exp (0.f (X))}
= e (%E (00 = PO X+ 5 [P (X X0 X])

-Efexp (6f (X)) | X]

— %inflﬁz [(tU (X) +t7'Ur (X)) Efexp (6 (X)) | X]]

< Ulg (s, () + 57100 (X)) Efesp (0F (X)) | X]

< [O|vE [exp (0. (X))]
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for all 6 € R. Thus, we have that
m' (0) < ubm (0)

forall @ > 0. As m (-) is a convex function and m’ (0) = 0, m’ (f) always has the same sign
as 0, we find that

d
¥ logm (0) < u#.
As a consequence, and by m (0) = 1, we have that

0 2
logm (6) < / utdt < %
0

By the Chernoff bound (see e.g., Equation 2.5, Wainwright, 2019), we have

ub?

log P {F (X) 6} < inf (logm (6) —63) < juf (7 - ea)

Solving this minimization with § = § /u, we find

Pz g e ().

as required. The analogous lower tail bound follows from an identical argument, which
completes the proof of (A.4.26). To prove (A.4.27) we apply the following result stated in
Chatterjee (2007).

Theorem A.5.1 (Theorem 1.5, (iii), Chatterjee, 2007). Reintroduce the notation and assumptions
from the statement of Theorem A.4.2. Define

A(X) = SE[IF (X, X') (f (X) ~ £ (X)] | X].
The Burkholder-Davis-Gundy inequality
E[f(X)"] < (2r —1)"E[A (X)']

holds for any positive integer r.

The inequality
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<E[E((f(X) - F (X)) F (X, X)|"| X] ensen)
—B e |((s o0 - re) (s o)) ]|
<E[E [ (fF (X) = (X)) + sF (X, X' | X| | (Young)
= 5B [U(X)] + 5E U ()]

then completes the proof. [ |

A.5.3 Proof of Lemma A.4.3

We apply the following Lemma.

Lemma A.5.3. Let (Xm)m20 be a sequence of real-valued random variables. Suppose that
the inequality
E[X2] < k2 (A.5.5)

holds for each m > 0 and positive integer ¢, where (hy, ), is a deterministic sequence of

nonnegative real numbers. If there exists a square integrable random variable W such that
oo 2¢
(Sox) <w
m=0
almost surely, then the inequality

(GRS

m=0

holds almost surely.

Define the objects

Ui (Z) = SE|(F(2) - [(Z) | 2] and

U (2) = 5 (Z E(f (Zn) = f(Z1) | Z0= 7,7 = Z’]) 17
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By the (A.4.28), we have that

2(3

<W.

[e.o]

E|Y f(Z Z'Y| Zo= 2,20 =2

m=0

Thus, (A.4.29) guarantees that the conditions of Lemma A.5.3 are satisfied, and we have that

9c—1 ) gc—1 ]. c
E|0F ) (2) !r]g <Zh> and E |U} )(Z)lﬂ-}géh%.
By Markov’s inequality, we obtain

P{Uff”)(Z) EUF(2) 7| o UFT(2)>

0«7Il\3

2
5 m=0
c—1 2 c— hQC
U (2) < SE [U}2 D2y 71'} <L
hold is greater than 1 — 4. ]

A.5.4 Proof of Lemma A.4.4

Recall the definition of the collections (7, 7, )m>0 given in (A.4.22). Fix Zy = Z and

Z} = Z' throughout. For any 7 in [n], let s,, ¢ (¢) denote the element of the collection

((Tm,e) = (S1(Tmye)s - - - Sg(Timye))

that contains the index i and set s, ¢(¢) equal to & if no element of r(7,, ) contains 1.

We begin by defining three events that will determine the structure of our argument. By
construction, the collections 7r,,, and 7r/, are either identical or differ in exactly two indices
in their Lth element. Let &, denote the event that 7r,,, and 7/, differ. On the event &,,, let
i1.m and iy, denote the two indices in which the Lth elements of 7, and 7, differ. Define
the random variables B,, and C,, such that, conditional on &,,, each is uniformly distributed

on {4y, i2.m } such that B, # C,,. On the complement of &,,, set these indices uniformly
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at random. Let F,,, denote the event that

sm,L (Bm) 7é sm,L (Cm) )

i.e., the event that the indices that differ are not in the same element of the collection r(7,, ¢).

Finally, let G,,, denote the event that

Smr (Bm) #@ and s, 1 (Cp) # 2,

i.e., the event that the indices that differ are both in the collection r(7,, ;).

By Assumption 1.4.1, the event H,,, = &,, N F,, is a necessary condition for a (Z,,) —

a(Z!,) # 0. Thus, we can compute

P{H. | &} = P{Fn|Emn o} P{En | &0}
— (P {smt (Bu) # 5 (C) | St (B) # 2, En} P{ms (Bu) # @ | €}
P {Sut (Bu) # 5t (C) | S (B) = @, €0} P{ss (Bu) = @ | En} )
P {En | &)

B n_bk_b+ kb n— kb 1_1 "
“\n—-1n n-1 1 gn?
kb(2n — kb —b) 2 \"
pum 1__
n(n —1) gn?

for all m > 0 by the law of total probability. Moreover, we have that

P{Hn,| 2 2"}y < P{H,| &}
almost surely. Consequently, we find that

E [E [a(Zn) —a(Z.) | Z, 277" | w}
=E |(P{Hn | 2.ZVEla(Zn) ~ a(Z,) | 2,2/ Hul)" | 7]
< (P{Hm | VT E []E [(a (Zon) — a(Z )| 2, Z’,Hm] | 71'] (Jensen)

(o) (R e i e

< (1 _ i)w (2"“’“2”‘ i b))%E (0(Z,) —a(ZL) | Ha] . (AS6)

n2
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where the final inequality follows from the fact that 7 is uniformly distributed independently
of D and the elementary inequality n/(n— 1) < 2. Thus, it remains to bound the expectation
in (A.5.6).

To ease notation, we now drop the dependence on m and L. Observe that

PIGIH) = P{s(B) £ 2 |s(C) £ 2} = 2
and that therefore
B [(e(2) - a(@)” |1 = (B0 E[0@) - 0297 19
(”n__kbb) E|(@(2)=a(2))" IH\G]. (A57)

Define the sets

With an abuse of notation, we let

w(Dwﬁ(DjaDék)) :¢(Dl7ﬁ(DJﬂD§kmD§)) and
h(Di,Dj,ng) = w(Di:ﬁ(DjaD%)) - w(Djvﬁu)iaDék))'

Observe that

E|(a(2)—a(Z)" | %\

—E [(a (Z)—a(Z) | H\ g] = (#)QTE [W(Dg, Dc, Ds.)”"] (A.5.8)

On the other hand, we can decompose

E|(a(2)-a(2))’ ||

1 2r r
N <%) E [(h(Dp, D¢, Ds,.) + h(Dc, Dg, Ds,,))” |

1 27
- <ﬁ) E [(h(DB7D07D§C) - h(_DB7 DB7D§B))2T] . (A59)

Consequently, by (A.5.7), (A.5.8), and (A.5.9), it suffices to express suitable bounds for the



SECTION A.5 165

expectations

E [(¢(Dp, (D¢, Ds..)) — (Do, 7(Dg, De.)))*]  and

E

(w(DB,ﬁ(Do,Dgc)) — U(Devi(Dp. Do) (A.5.10)
(D (D Dey)) — (Do D, DgBm) ]

respectively. To this end, recall that D; are independent copies of D; for each ¢. Observe

that

E [(¢(Ds,7(Dc, D)) — ¥(De, )(Dp, D)) ]

- QTO (2;)1@[ (¥(Ds.2(De, Dso) — 0Dy, i(De, D))

(¢(DB, i(De, Ds.)) — ¥(De, (D, Dgc)))q} (Binomial Theorem)
< 2¥E [(¢(D3,ﬁ(Dc,D§C>) — ¥(Dp.1(De, %)))ﬂ (A5.11)

where the inequality follows from the fact that B and C' are exchangeable and the Holder

inequality. Similarly, we have that
~ - 2r—q
B | (4(D. Do D)) — (s Do Dic)) |
=EK {(¢(D37 ﬁ(DCv D§C)> - ¢<D37ﬁ(DC7 Déc)) + w(DBﬂ?(DCv Déc)) - w(DBv ﬁ(DCv D§c>>>2rj|
2r —q
=3 (%8| (4(DmiDe. D)) ~ (D i(De. D)
q=0

(4(Ds,i(De, D)) ~ ¥(Dii(De, D))

(Binomial Theorem)

2 2r e 2
< < ) (U\(jl’%) . (at(f;’nl)yr (Holder)
q=0 9

< 2257 (A.5.12)
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(2r)

valid

(2r,1)
train

where the last inequality follows by the definitions of o), and o . Thus, we have that

E [(¥(Dg, (D¢, Ds.)) — (Do, i(Dg, D)) '] < 247 0@r) (A.5.13)

by (A.5.11) and (A.5.12).

Next, we consider the double difference term (A.5.10). In this case, we have that

E (<w<DB,ﬁ<Dc,D§c>> — W(De D, Di)))

(WD i(De Dey)) — (Deesi( D, D§B>>>) ]

_E (w(DB, #(De. Ds.)) — ¥(Dp. (D, Ds,)))

— (Y(D¢e,n(Dp, Ds.)) — WDC’??(DB’DgB)))) T]

2r
2
(7)e
q

q=0

(w(DB, #(De. Day)) — w(Dp.(De, Dsy))

- ((De, (D, Ds,.)) = $(De, il D, DgB)))) ]

(Binomial Theorem)

< 2%E [(¢(Dg, (De, Ds.)) — (D, (Do, Dy )™ ] = 270t (A5.14)

train

where the final inequality follows from the fact that B and C' are exchangeable and the

Holder inequality. Putting the pieces together, we have that
E(Ela(Zn) - a(Z,)| 2,21 | =|

2mr 2r
g (2 on —kb—b n = kDN o o), (KO=DY e
= gn2 gn2 n — b max n — b train

as required. [ |

A.5.5 Proof of Lemma A.4.5

Throughout, we us the short hand v, ;. (Z) to denote v(R, 1, D). We begin by decomposing

the estimator ¥, 4, (£) into two parts that will each be easier to handle when considered in
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isolation. To this end, define the statistics

@g k Sg ,, (D)) (T(SM!, D) —a (D)) and
g (Z) = (a(Z) — E(D))2-

Observe that both 9, (Z) and 7, . (Z) are unbiased for v (Z). Moreover, we can write

gk (2) = 3 i D) —a(Z)) (T(ser, D) — a(Z))
' g(g k ;112’::1 Sé 3
S (D)~ D) (Tl D) —a(2)
(=1 i,i'=1
1 g g
7 (@(D) —a(Z)) (T (s, D) — a(Z))
glg—1k ;; B
g k
- T X (Tle D) ~a (D)) (Tleri D) ~a(2)
(=1 ii'=1
g - L Q _
= 0(2)+ —— 7 i D) —a(D))(@(D) —a(Z))
g—1 g (g ~ 1)k ; ; (&
= L (2) ! gk (2). (A5.15)

Hence, it will suffice to characterize the exponential rates of conditional concentration for
the statistics 0, (Z) and 9, (Z). These are established through the application of the
following Lemma, which follows from an argument very similar to the proof of Theorem
AA4.l.

Lemma A.5.4. Suppose that Assumptions 1.4.1 and B.2.3 hold and that the data D are
independently and identically distributed. If the eighth-order split-stability ¢® is finite,
then:

(i) The conditional concentration inequality

) g*t?
— _ 4 (2 ’
2—¢k—9)'r?,

log %p{w(@ —w(D)|>t| D} < - (A.5.16)

holds for all t > 0 with probability greater than 1 — 0.
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(ii) The conditional concentration inequality

5 g*t?
— — )4 r®2
2—wk =)',

log 5 P {[#(2) ~v(D) | > ¢ | D} < - , (A5.17)

holds for all t > 0 with probability greater than 1 — 0.

Putting the pieces together, by (A.5.15), we have that

PAlogr (2) = vgr (D)| <t | D}

|~ (4 (Z) = vgs (D)) —

{ D
> L in (2) = 00 (D)4 4 1o0a (2) = (D) <11 D
{

g - N{ 1 . 1

00 (2) =0 (D) < 2t 10 (2) = (D) | < 7=t D}

. 1 g—1 5 g—1

> P{lie (2) - (D) < 2L |D}+P{|vg,k<z>—v<D>|s D} -1
) g3t?

with probability greater than 1 — 9 for some universal constant C', where the last inequality
follows by Lemma A.5.4 and the facts that 4g > (1 + \/§)2 forall g > 1and (1/4) ¢* <
(g—1)*forall g > 2. |

A.5.6 Proof of Lemma A.4.6

Define the event
Wh (D) = Uk (D) N Qra(D),

the quantity
W (D) = (U(Ry, D) = U(R 4, D) + (Q(Ryr, D) — Q(RY 4., D)) .

By the decomposition (A.3.6), we have that

P {a(Rys. D) — a(Ry,. D) < €| D} — (1 - 5/2)
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:‘P{G(Rf},k?D)_a’(R;’,k’D)g g |D}_<1_6/2)‘
V2040 1 (D) /2040 1 (D)
. a(Rg*JmD) _a<R;*,k7D) f . W(D) N _
B ‘P{ g5 (D) = V205 (D) /2045 1, (D) ‘D} (=5 2)‘
a(Rg iy D) — (qu v D)
= qe[s_gg),z,\] P { 20y 1, (D) = Apt q} —1=83 ‘

+1-P{W(D)|D})

a(Rg- k, D) — a(RG. 4, D)
<sup|P <z|Dp—2(2)+2X +(1—-P{W\(D)|D}),
z€R 2Ug*,k (D)
as required. [ |

A.5.7 Proof of Lemma A.4.7
A.5.7.1 Part (i)

Observe that we can write

1 g
Ry D) = Ry D) = > (a(r, D) —a(ry, D)),
(=1

where @ (-, D) is defined in (B.2.4). We have that

E [ja(r,. D) - ar, D] < (E [(a(r. D) ~a(r,, D))]) " (Holder)

3/4
< 2% (E [(a(r, D))"])"
< 2032(2 — ok — )3 (T2 )P

where the second inequality follows from Holder’s inequality, the binomial theorem, and
the fact that r, and r} are exchangeable. The final inequality follows from Theorem A.4.2.

Consequently, we find that

_ , 3 . F(2) 3/4
n«zm, D) —a(r, D)P | D] _ (2— ¢k — @wb)/ (Markov)

<

DY 2ok (D)2 5(g0) Y (v1k (D))
< & 2= gk — P
™~ z1-8)2 d (Vi (D))2 ’

holds with probability 1 — 4. The Lemma then follows by the Berry-Esseen inequality. W
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A.5.7.2 Part (ii)

Our bound is based on the following two conditional concentration inequalities. Both

arguments are based on a Chernoff-type maximal inequality, due to Steiger (1970).

Lemma A.5.5. Suppose that Assumptions 1.4.1 and B.2.3 hold, that the data D are independent
and identically distributed, and that the eighth-order split (® stability is finite.

(i) For allt > 0 and c > 0, the condition concentration inequality

1 Ak
log§P{ Rik: D) > ty/vge i (D), |g/g" — 1 §c|D} (A.5.18)
) D 2
<_ vi(D) = (A.5.19)
242 —pk — )Ty, €

holds with probability greater than 1 — ¢ as D varies.

(ii) If g*c > 2 and 1/2 > ¢ > 0, then the conditional concentration inequality

S(vir(D))* g
_ _ 4 2 2
2—pk—p)rd ¢

1
log sP{|§ —g"| > cg” | D} £ ~ (A.5.20)

holds with probability greater than 1 — § as D varies.

Observe that

P {\U(RM, D) — U(R} 4, D)| > \/200 s (D)}
P {|U(Rg?k,D)| > A/ 2040 4, (D)}

< P{|U(Rg,k,D)| > M/ 2vg 1 (D), |9/9" = 1] < ¢ D} +P{lg/g" =1 = ¢| D}

2
< exp OVLK(D) X texp | —C S(is(D))° Fpp (A.5.21)
~ 242 ok — gp)2r,§30b (2—pk—@)*r ,wbéﬂ

for some universal constant C'. Hence, it remains to choose c and A such that the quantity
(A.5.21) is less than py ., (£, B | D). First, we choose c such that

Soin(D)F Hpp _

log (pres (€. 8| D))
_ _ 4 2 2 N P ’
Q—¢k—p)rd ¢
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Choosing c by

_ (2 — ok — 90)2 (Fl(c%g)o,b)l/z 1/2 o
‘= é- < Zl_ﬁ/Qél/Q(Ul,k<D))3/2 log (pk#’,b (57 6 | D) ) (A522)

suffices. Next, we choose A such that

2

A J—
—— Slog (pren (681 D))
@b

5U1,k(D)
24(2 — gk — )T}

We can rewrite this condition by plugging in our choice of ¢ through

A 218207 (01k(D)) < 108" (prpp (€,81 D))
¢ Ap@) (p@) g2 Al
(2 - QOI{? - 30) Fk,cp,b(rlﬁ%b)

Choosing A by

1 2
€ (2 — ok — )T (T,
21-8/2 53/2(Ul,k (D))5/2

Meop (D) = log** (prpp (6,6 | D))

)1/2 1/2~
) Meop (D),  where

will then suffice, as required. [ ]

A.5.7.3 Part(iii)

Observe that

PLI(1-2) @R D) ~a(D) |2 0204 (D)Ig* gl < ea” | D

= P{l(6(Ros D)~ (D)) 2 2 o0y 4 (DLl gl < e | D

<p{ max |(@(RyuD)-a(D))|= 2 y/20, (D) D

< p{, mx [(a®RD)-aD)|= 3 () 0]

< ) P{| (a(Ry, D) —a (D)) | > % (Zli/z)} . (A.5.23)

lg*—g|<cg*
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By Theorem A.4.1, we have that
_ A §
Pt ) ~aon] =2 ()}
€ \%1-8/2

<2exp | — 90 )\—2 § :
B P 24(2 — gOk — @)2rk7%b<1) c? 21,5/2

and so is (A.5.23) bounded from above by

dea” ex . g*(l — 6)5 )‘_2 g ?
J p 4(2 — gD/{? — QO)QFk,%b(l) c2 21,5/2

9 2
21-8/2 5U1,k(D) A )
< v (D)e ex — [

if 1 — ¢ > 1/2 by the definition of g*. Thus, we have that

P {|@<Rg,k,D> QR D) = \/20y 0 (D) D}

<p {\ (1 - gi) (a(Ro D) —@(D))| = M/20y2 (D). lg" — 3] < cg" | D}
+P{|g*—§| > cg” | D}
2
_ D 22
—Zl B/2> exXp ( 51}17]6( ) 1) _2> (A524)
C

10222 -
1k (D) 3 25(2 — pk — 90)2Fk1,w,b
L §(vie(D))? z21-pp2¢
T exp < C (2 — ok — p)* F,(fi,b &

for some universal constant C' by Lemma A.5.5, Part (ii). If c is chosen to satisfy (A.5.22),
the term (A.5.25) will be bounded above by p,, . (£, 5 | D) for all sufficiently small £. By
plugging this value of cand A = A, ;. (£, 8 | D) into (A.5.24), we obtain the term

2 (2 — ok — p)* (L) )12 -
( 155/2) ( z1-5/201/%(0y k(g%bl/z log!/? (p’Wvb (& 61D) 1)

1 51/2(U1k(D))3/2 . 3
i3 ’ Mo (D)1 8| D A526
eXp< §(2— ok — p)2(T},)2 bep (D)10g (prga (6,61 D)) | (A5.26)

(A.5.25)

as required. Observe that the term (A.5.26) is bounded above by p,x (¢, 5 | D), for all

sufficiently small £, completing the proof. [ |
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A.5.8 Proofs for Supporting Lemmas
A.5.8.1 Proof of Lemma A.5.1

Let T; (mme) = T (si (Tem) , D) and define T;(,, ,) analogously. Define

Ry (0) = {i € [n] : e (i) # 7700 (i) }

and let R, (¢) = |R,, (¢) | denote the number of shared indices in the permutations in 7, ¢

and 7, ,. Observe that
L
- > (T3 (Fme) = T () =0 (A.5.27)
i=1

almost surely for all m/ > m if and only if R,, (¢) = n. Let N (¢) denote the values of the

smallest index m with R,, (¢) = n. Observe that

Z E [a(Ryk(mm), D) — a(Ryk(w),), D) | wg = b, ) = ', D] ‘ (A.5.28)
m=0
Gl A
S Z EEZZ]E H (TZ (ﬂ'm,@) - TZ (Trml)) ’ Ty = 1;0771-6 = ¢17D:|
m=0 =1 i—1
11 & ,
<<i Zs,gle%}fb T (s, D) =T (s', D) |E[N (£)]

Hence, it suffices to bound the quantity E [V (¢)].

To that end, let N, (¢) be the value of the smallest index m with R, (¢) > r. We proceed
analogously to standard analysis of the coupon collector’s problem (see e.g., Section 2.2 of

Levin and Peres, 2017). We can evaluate

P{R, () >7r+1|Rp1(0) =1}

and
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and thereby obtain the bound

r=1 r=1 (n —r+ 1) r=1 r
(A.5.29)
Hence, we find that (A.5.28) is upper bounded by
2gn* max T (s,D)—T (s, D),
s,s'€Snp
as required. [ |
A.5.8.2 Proof of Lemma A.5.2
Observe that
ietre(lft)y — (I‘ . y) etxe(lft)y.
dt
Thus, we find that
t/d
cle®—e)=c / (Eet’”e(lt)y) dt (Fundamental Theorem of Calculus)
0
1
=c(r—1y) / et eyt
0
1
<c(x—1y) / (te® + (1 —1t)eY) (Convexity)
0
c
=Sy (e
1
=3 ((s7' (" +e¥) (s(z —y)* (" + ey)))l/2
1
< (T s —y)) (e +e), (AM-GM)

as required. [ |
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A.5.8.3 Proof of Lemma A.5.3

To begin, consider any collection of real numbers x4, . . ., x9c, for some positive integer c.

For any integer s > 0, we have

(21 m9e) < }L ((le T )25 + (xichﬂ .. .xQC)QS) : (Young’s Inequality)
< éll ((le - -xiQCfl)z(SH) +2(zy - m0) P + (I’i2c,1+1 = -x2c)2(8+1))
and so
(s € 1 (oo ) S (e ) (AS30
Consequently, we have that
e < o Z a2 (A.5.31)

through 2" applications of (A.5.30).

Now, to prove the Lemma, we may assume without loss that h; > 0 for all 7 by continuity.
Observe that

o 2¢
<ZXm> Z ZE b Xige] (A.5.32)
m=0

i1=0 i9c=0

by dominated convergence. By writing

we find that

as required. [ |
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A.5.8.4 Proof of Lemma A.5.4

We begin by constructing Stein representers V (Z, Z') and V' (Z, Z') for the statistic 7, (Z)
and 7, ;, (Z), respectively. We will use the same exchangeable pair (Z, Z’ )mZO and Markov
chain (Z,,, Z},),,>, defined in Section A.4.4. The subsequent result follows from an
argument similar to Lemma A.4.1, again based on an idea expressed by Lemma 4.1 of
Chatterjee (2005).

Lemma A.5.6.

(i) Let v and )’ be two sets, each containing g elements of P,,. The inequalities

N B ((Ggk (Zm) — Tgi (Z) | Zo = Z, Z) = Z'] | < n® max (T(s, D) —T(s',D))* and
S,S,E n,b
m=0 ’
> IE[( ~ U4 (Z3)) | Zo = 2,2y = Z') | < 2gn® max (T(s, D) = TS, D))?
s€ n,b
m=0

hold almost surely.

(ii) The functions

V(2,7 = ZE Ogk (Zm) — Vgi (Z)) | Zo = Z,Zy = Z']  and
V(2,7 = ZE w) = Vg (Z)) | Zo = Z, Z) = Z']

are finite and satisfy the equalities

almost surely.

Next, we apply the concentration inequality stated in Theorem A.4.2, due to Chatterjee
(2005, 2007). That is, to establish part (i) of the Lemma, it will suffice to characterize

constants s and u that satisfy

Us (Z)<s'u and Uy (2) < su,
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with probability 1 — ¢, where
1 1 1~
Us(2) = 5E[(5(2) = 5(2))| 2] and Uy (2) = 3E|V(2,2) | 2].

The same statement holds for part (ii) of the Lemma, for the objects U; (Z) and Uy, (Z)

defined analogously.

We obtain such a characterization through the application of Lemma A.4.3. To this end,

observe that, by Lemma A.5.6, part (i), the bound

0o 2
(Z E (09 (Zin) = Vg (Z,)) | Zo = Z, Zy = Z’]) (A.5.33)
m=0

<n' max (T(s,D)—T(s,D))"

s,s'€Snp

(A.5.34)

holds almost surely. The right hand side of (A.5.34) is square integrable, as the eighth-order
split-stability ¢® is finite almost surely. An analogous statement holds for the statistic
Ugk (Z). Thus, deterministic bounds of the form (A.4.29) can be obtained through the

application of the following Lemma.

Lemma A.S.7. Suppose that Assumptions 1.4.1 and B.2.3 hold and that the data D are
independent and identically distributed. If the eighth-order split stability (®) is finite, then

(i) The inequality

9 2m 92— ok — 4
B [Bli0a(Zn) - (2,1 2,27 7] 5 (1- ;) <w> e,

holds almost surely for all integers m > 0, and

(ii) The inequality

) ) 9 2m 9 _ k’ . 4
E B [604(Zn) = 0i(Z},) | 2,2 | 7] S (1 - —) (M) T

holds almost surely for all integers m > 0.

Thus, by Lemma A.4.3, part (i), the inequalities

1 (gn?\* [ (2 — ok — ) )
U\? (Z) 5 S < 9 ) < n294 Fk:,ap,b
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and

12— pk—o)
Us (Z2) < 5 <¥> Fl(f,g)o,b

< (2 1(2— ¢k - ) @
~ gng 5 93 k,p,b

both hold with probability greater than 1 — §. Hence, we obtain the bound (A.5.16) by

applying Theorem A.4.2 and choosing s = gn?/2 and

Analogous inequalities for the objects U (Z) and Uy, (Z) hold by Lemma A.4.3, part (ii),

where in that case
12— ¢k —9)* AT
5 g2 k,p,b

which similarly implies the bound (A.5.17) by Theorem A.4.2. [ ]

A.5.8.5 Proof of Lemma A.5.6

Reinstate the notation of the proof of Lemma A.5.1. We begin by noting that

max (T(s, D) —T(s, D))> = max (T(s,D)—a(D))*+ (T(s’, D) —a (D))’

5,5'€Sn.p s,s'€Snp
+2(T(s,D)—a(D))(T(s,D)—a(D))
> 4 max (T(s, D) —a(D))>.

s€S, b

Observe that

i,i/=1 i,i'=1
for all for all m’ > m if and only if R,, (¢) = n. Thus, we have that

>

m=0

E [ty (Zo) — y(Z0) | Zo = (r (), D). Z) = ( (4') , D)} \
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A
|
=
o
»
~
\'U’
S
|
=
m\
S
=
=
=

:Ooo g k
<> X 3B () ~7(D) (T () - (D)
m=0 00=1144'=1
(1 () (D) (T (<) ~ (D) | | Za = (1) D). 25 = (1 (&), D)
< 25 D0 m [(7(6.D) (D) (T (<, D) (D)) [E max [N (0,5 ()]
Ll =11,4"=

= gig > > max [(T(s,D)=a(D)(T(s,D) ~a(D))[E[N (¢) + N (£)]

s,s’eS
00=14,i'=1 b

<= max (T(s,D) —T(s,D))*|E[N (¢) + N (£)]

s,5'€Snp

N | —

Thus, part (i) of the Lemma follows by the bound (A.5.29). Part (ii) of the Lemma then
follows by an argument analogous to the proof of Lemma A.4.1. [ |
A.5.8.6 Proof of Lemma A.5.7

We reinstate the notation introduced in the proof of Lemma A.4.4 from Section A.5.4. First,

observe that

E [E By (Z) — By Z0) | Z, 2 | 71']

—E (P {Hn} E[3(Zn) = Ty Z0,) | Hon 2, Z)) | 7|
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< <1 - i)m (2kb(2n bk b))QE (50 Zun) = 5 Z3,))* | Mo, | (A5.35)

gn? n

as before. Recall the notation

a(ry, D) = Z(T(Sz,mD) —a(D))

=1

| =

and observe that

E | (354(Zn) = Oy Z0,))" | Hon, |
1 a 2 —a(r(r! 2)2

- ?E @+ 0), D) = a(r(x.0), DY) |

= B | (@(r(mns), D) + alr(x, 1), D)’ (@), D) = ale(r, 1), D)) | Mo

< 9—14 <E [(ﬁ(r(wm,L), D) +a(r(m,, 1), D))4 | HmD1/2 (Cauchy-Schwarz)

(B[ @), D) ~ (). D)) [ 7])

< 3— (E [@(r(rmz), D) — a(D))']) " (Holder)

E [(E(r(wmyL), D) —a(r(x,,), D))" | Hm])1/2 . (A.5.36)
Observe that

2

E [(@(r(mm..), D) — a(D))"] < 3% (2'(2 — ¢k — ©)?)" T,

by Theorem A.4.2, as Assumption 1.4.1 is maintained and the eighth-order sample-split

stability ((®) is finite. In turn, we have that

, 4
E [(a(r(ﬂmL),D) —a(r(, ), D))" | Hm} < T, (A.5.37)

by (A.5.7), (A.5.13), and (A.5.14). Hence, we have that

] - 3.29
E [(vg7k(zm) — by 1(Z2)% | Mo, 71'] < a2~ ok - PTP . (AS538)
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Combining (A.5.35), (A.5.37), (A.5.38), we find that

i o , 2\ ((3-2') (2 — ok — )"
B [Bu(Z0) — 004(23) 1 2,27 | ] < (1- 25) (< 12 S”)>P§§L7b,

gn2 n294

which completes the proof of the first part of the Lemma.

Second, following the same argument, we again have that
E | [604(Zm) = 041(Z},) | 2,2 | 7

2 \*" [ 2kb(2n — bk —b)\ >
< <1—g 2) ( (2n _ )) E[(@g,k(zm)—@g,k(zgq))zy’Hm,w] (A.5.39)

n n

In this case, we can compute

— 8 |((0(Zn) ~ a(D)* - (@(Z3) ~a(D))") | Mo
[

=E |(a(Zn) — a(D) + a(Z;,) —a(D))* (a(Zm) - a(Z;,))’ | Hm]

< (E [(a(Zn) ~a(D) + a(Z,,) ~a(D))" | H] ) 2 (Cauchy-Schwarz)
(& [(@(Zw) ~ atz) 1 #])
<24 (& [(a(Zn) - a(D)']) " (B [(0(20) ~ az,)) 1#a]) " a540)

where the last inequality follows from Holder’s inequality. Again we have that

4 270 N2\ 2
E [(a(Zm) —a(z,’n))“] < 3? (2 (2 ;Ok ?) > re, (A.5.41)

by Theorem A.4.2, as Assumption 1.4.1 is maintained and the eighth-order sample-split
stability ((®) is finite. Similarly. we have that

E [(a(Zn) — a(D))" | H] < — T

< il he (A.5.42)

by (A.5.7), (A.5.13), and (A.5.14). Combining (A.5.39), (A.5.41), (A.5.42), we find that

. . 2 2 \*" (3-2%) 9" (2 -k — 90)4 (2)
B [(00aZ) ~ 62" | Hoo] < (1= 2) ( = Y
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which completes the proof of the second part of the Lemma. [ |

A.5.8.7 Proof of Lemma A.5.5, Part (i)

Observe that

g 9
<p{ s 13080 0) - 3 a0 D) 2 5 D)1 D)

g g*
+ P max a(rip, D) — a(rip,D)| >tg \/vgsr (D) | D
g*<g<g*(1+c) | ; ( ok ) ; ( ok >| g g ,k( ) | }
9* =g
=P max a(rip, D)| > tg \/vep (D) | D
g*(l—c)§g§9*| z:: (rie: D) 2 197/ g (D) | }
9—9*
+ P a a(r ., D)| > tg" «p (D) D . A.5.43
{g*Sgrgg*}EHc) | Zzl @(rig, D) 2 tg"\[vgs (D) | } ( )

To bound the two probabilities (A.5.43), we apply the following Chernoff-type variation to

the Kolmogorov maximal inequality, due to Steiger (1970).

Theorem A.5.2 (Steiger, 1970). Let S;, 1 = 1,2, ..., be a real-valued martingale sequence.

If the moment generating function
my, (0) = E [exp (0S,,)]
is finite for all positive 6, then the inequality

Conditional on D, the random variables

a(rig,D), i=12,...,
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are mean-zero, independent, and identically distributed. Thus, the partial sums

m
E a rzk:a

=1

are a martingale sequence. Moreover, though inspection of the proof of Lemma A.4.2, we

find that Theorem Corollary A.4.1 implies that

{igr;(f) (logE [exp (QSch*J) | D] — 07’)

it (105 oo ([ 25 ) 1] 0.

- [cg”] 07*

T 22—k — )Ty, (legr))?
) 72

S —

21(2 = ok — )T, 0"

with probability greater than 1 — ¢, as Assumption 1.4.1 holds and the fourth-order split
stability ¢ is finite. Thus, by setting

T =1g"\/vge i (D) = Vgt (v1.£(D))"/?

we find that

1 - N
log - P{!U( Roi: D) = ty/vge i (D), g — g7 < cg ID}
(51}1’k(D) t2

< - M
22—k — )T}, €

with probability greater than 1 — ¢, by Theorem A.5.2 and the inequality (A.5.43).

A.5.8.8 Proof of Lemma A.5.5, Part (ii)

Observe that
P{g—g"|>cg" | D} =P{g"(1+c)<g|D}+P{g<g"(1-c)| D}. (A544)
We begin by handling the first term. We have that

Plg"(1+c) <g| D}
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IN

~ 1 5 2
P {Ug*(1+c),k (Z) — Ug*(14c),k (D) + Vg (1+e).k (D) ~ 5 ( ) ‘ D}

p { vie(D)  vik(D) Zl;/i

< Vg c Z) — Vg c D) > -

< g (140)k (Z) = Vgr(14e) i (D) o 7110
. Ul,k(D) c

=P {Ug*(1+c),k (Z) = vgr11epk (D) > pram \ D} :

where the first inequality follows the definition of g*. Thus, as Assumption 1.4.1 holds and
the eighth-order split stability ¢® is finite, we have that

O(vir(D))* g*(1+c)c?
— — 4 2
2-¢k—9)* 1,

< (kD) g
T Q-ek-9)ter?

1
log;LP{g*(1+C)<§|D}§—

with probability greater than 1 — 9, by Lemma A.4.5, the definition of g* and the assumption
that 0 < ¢ < 1/2.

Next, we bound the second term in (A.5.44). Define the partial sums

- Z (% Z Sg za (D)> (T(sf,i’? D) - 5<D>> a Ulvk<D)> and
— (% T(seiy D) —a (D)) (T(sesr, D) —a (D))

+2 Z (sei, D) —a@ (D)) (T(spr, D) —a (D)) — va(D)> .

Observe that the equality

A _ L
g (Z) = vy (D) = g—1 (Vg (Z) — v (D)) — g—1 (Vg (Z) — v (D))
from the proof of Lemma A.4.5, implies that
N Ul,k(D)
Og (Z) = vy (D) P Z Z (e, D) — a(Z)) (T(seir, D) — a(Z)) = .
1,i'=1
1 1 1 1
—— Ay~ ———= DB,

9—19 g—1g
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for all positive g. Thus, we can write

P{j<g (1-c)| D}

2
=P min @g',k (Z) < ( s ) | D
2<g'<g*(1—c) R1-8/2

/ 2
~r{ i A Ly () 1),

2<g'<g*(1-0) (¢’ — 1) (¢')°

where the first equality follows from the definition of g. Now, in the event that

/ 2
(g Ay = By) | 1 (L) , (A.5.45)

min @ ——— + —v (D) <
2<g'<"(1-0) (¢ = 1) (¢)" ¢ (D) 21-6/2

it must also be the case that

min (g — 1) ()’ <M +lm,k(D)) <(j- 1)(9)2< £ >2

2<g'<g*(1-¢) (¢ -1 () ¢ 21-p/2
(A.5.46)

as ¢ < g* (1 — ¢) necessarily. But then, similarly, (A.5.46) implies that

min (ngg,_Bg,HMW(D)3@_1)@)2( ¢ )

2<g'<g*(1—¢) g’ Z1-8/2
and in turn

min (9'Ay — By)
2
2<g'<g*(1-¢) (¢* (1 —¢) — 1) (g* (1 — ¢))

(9 =1 11 .
T (1= =) (g" (1 -0) (g* —1 g (1— c)) 1+(D)
G- 16 L g
e e e R

are then also true. Finally, again as (A.5.45) is equivalent to § < ¢g* (1 — ¢), we have that

/ 2
P{ min MJrl,m(D)g( s >|D}

2<g'<g(1-0) (¢’ = 1) (¢)* ¢ 21-5/2

*

: g’ Ay — By 1—g*c .
<Pty G a =y = (e D) P17}
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Now, observe that we can write

Pt gima i < ra o via) w012}
By, — g Ay c—1
Pl O e a7 2 (i) ) 2

We bound this term by combining the argument used to establish Lemma A.4.5 with an

application of Theorem A.5.2. To this end, observe that
B / /A /
P { max g—gg <t| D}

-1 4 1 1 1
>P{max—g—A < t\D}—l—P{max —By < VI t\D}—l

= 2<g'<g g — 1 g2 + /9 2<g<gg—1¢g> 7 14+ /g
—1 1 1 1
ZP{maX — Ay < V9 t| }+P{max — By < t|D}—1
2<g’<g g — 1 ¢? 1+/9 2<g'<g g — 1 g? 1+/9

g—1 2 9g—1
> — < —
_P{ng%g Ag_g\/_l i |D}—|—P{2rsngz}%<g|Bg|_gl+\/§t|D} 1

(A.5.47)

for any ¢ > 0 and any positive integer D. Observe that the partial sums A, and B, are both
martingale sequences. As Assumption 1.4.1 holds and the eighth-order split stability ¢®)
finite, though inspection of the proof of Lemma A.4.2, Lemma A.5.4 implies that implies

that
. 1 g—1
. 2
ér>1(f) (logE[eXp (0A,) | D] —0g \/_ i )
. 0 1 g-—1
- i (s o0 (Go4) 1] -0 551
) gt?
<_ (A.5.48)
(2-pk—9)'r?
and
inf (log B [exp (0B,) | D] — 09— ¢
A 1'+'»/'
— inf (logE 8,) Dl 04—t
Thmo \ BT | 2T 149
342
g gt (A.5.49)

~

ek -9)'r®
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each with probability greater than 1 — §, where we have used the facts that 4g < (1 + \/E)Q
forall g > 1and (1/4) g*> > (g — 1)* forall g > 2. Hence, by Theorem A.5.2, and plugging
(A.5.48) and (A.5.49) into (A.5.47), we find that

1 B/—g/A/ (5 g3t2
10g4P{2</< —/922t|D}§—2 k —r
70 (¢ —1) () 2-vk—9)r?,

with probability greater than 1 — §. Consequently, by the definition of ¢g*, we find that

1
1og;1P{g*—§Zc\D}

=lo 1 ma By —g'Ay gc—1 y
P T 2 e mia) O 17}
< Owk(D)? g (1 —c)(g*c—1)

Y-kt (-1,

< O(uk(D))? g*c

o Q-ek-9)r?,

_ S(is(D)? Aol

— _ 4 2
2=k —9)t er) |

where in the second to last inequality we have used the facts that %93 <z —1forx > 2and

g*c > 2. Thus, putting the pieces together, we find that

S(v1e(D))? 21_3/5C
_ _ 4 2
2 -k -9t er? |

1 ~ * *
loggP{lg—g | >cg* | D} S —

with probability greater than 1 — ¢, as required. [ |



Appendix B

Supplemental Appendices for Chapter 2

with Vasilis Syrgkanis

B.1. PROOFS FOR RESULTS SUPPORTING THEOREM 2.1.1

B.1.1 Proof of Lemma 2.2.3
B.1.1.1 Part (i)

The result follows from an iterative application of the following symmetrization inequality.

Lemma B.1.1 (Vershynin (2018), Exercise 6.4.5). Let Z1, . .., Z, be independent, mean-
zero, real-valued random variables. If V1, ..., V,, denote an independent sequence of i.i.d.

Rademacher random variables, then the inequality

n q] /4 n q] /4
E(> 2z <2E || ) ViZ, (B.1.1)
=1 =1
holds foreachq > 1.
In particular, observe that we can write
Ln/m] [n/m] [n/m]
> g0, DMy =3z (B.1.2)

i1=1 im=1 i1=1

188
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where the summands

ln/m|  [n/m]
=3 > g ., DMy (B.1.3)
io=1 im=1

are independently distributed conditional on the replications D ) ceey D™, Moreover, the

complete degeneracy condition (2.2.21) implies that

2 1DP,.... D]
ln/m|  |n/m] R ,
=Y > EDY,D?,....DI") | DY, .. DI =0. (B.1.4)
io=1 im=1
Thus, by applying Lemma B.1.1 conditional on Dg), ceey D™ and taking expectations, we
obtain
n/m) Ln/m) o e
D DI D2 I
i1=1 im=1

In/m)  |n/m) Ya

ST v, DIy

i1=1 im=1

§ (B.1.5)

|n / m
Hence, by iterating the same argument m — 1 more times, first conditionally on all blocks
except Dg), then on all blocks except Dg’), and so on, we can conclude that

In/m)  |n/m) 1/

1 ) ()|
El||l— g(DY ... DI
e 2 2 .
L " . a
v Lymgp® L plm . (B.1.6)
|| 2 22
as required. [ |

B.1.1.2 Part (ii)

The result can be obtained as a specialization of the following standard moment inequality

for homogeneous Rademacher chaos, often referred to as the Bonami inequality.
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Lemma B.1.2 (Theorem 3.2.2, De la Pena and Giné (1999)). Fix a collection of real-valued
quantities {zs : s € S, } and let Vi, .. ., V,, denote an independent collection of Rademacher

random variables. Consider the homogeneous Rademacher chaos of order b, given by

Zy=>_ Viz, (B.1.7)

SESn,b

where V, = I1,V; for each subset s in [n]. The moment inequality

E(|Z)) < ¢"*(A)"?, where Ay= Y (z)*, (B.1.8)

SESn,b

holds for every q > 2.

To apply Lemma B.1.2, we require some further notation. In particular, let @ = [n/m] - m,

define the injection
hfm]x[[n/m]] = [n] by h((1)=(—=1)[n/m|+i, (B.1.9)
and enumerate the sets
S(i1, - yim) = {h(1,41), ..., h(Mm,in)} € Sam (B.1.10)

for each (i1, ...,14,) in [[n/m]]™. Observe that the mapping (i1, ...,%mn) — S(i1,. .., m)

is a bijection. Thus, we can define the array

im s s =15(t1,...,%,) for some (i1,...,%,) € [|[n/m||™,
L (i i) (1ssim) € b/l
0, otherwise ,

and the sequence of i.i.d. Rademacher variables

Vigesy = Vi, (B.1.12)

1

for each ¢ € [m] and i € [|[n/m]], such that

n/m]  [n/m]

Yoo DV Vg, = D Vi (B.1.13)

=1 im=1 SE€Sm.m
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almost surely. Therefore, Lemma B.1.2 implies that

1/q

ln/m]  |n/m] q

1 m

Ef > > vl v, i

=1 im=1
1/q
q
|| ¥ e
SGSﬁym

1/2 1/2

n/m]  [n/m]

,,,,,

SESTL’m 11=1 im=1

for each ¢ > 2, as required. [ |

B.1.2 Proof of Lemma 2.2.4
B.1.2.1 Part (i)

It will suffice to establish the following more general statement. Fix integers m > 1 and

k> 1andletg: D™ — R, be a symmetric, non-negative kernel. Define the quantity

k k
1 m
Ami(g)=—3 > gDY,....DI"). (B.1.15)

The inequality

holds for each ¢ > 1 V log(k).
We proceed by induction on m. To verify the base case, associated with m = 1, it

suffices to show that

1/q
5 1j07q(g) +

! q

E[|A1s(9)"" = E !

1
=Y 9(Dy)

i1=1

' k L1al9)

= E[g(D{")] + 1E [la(Di)1] Y B.1.16)

holds for each ¢ > log(k). This bound follows immediately from the following specialization

of Rosenthal’s inequality for non-negative random variables.
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Lemma B.1.3. Let 71, . .., Z;. be i.i.d. non-negative random variables
] k 1Y
4 1/q
E||- Z; < E[Z =E[|Z;]?
27| sEze R

holds for each g > 1V log(k).

CHAPTER B

. Then, the inequality

(B.1.17)

Proof. Rosenthal’s inequality for non-negative random variables, stated as Theorem 15.10

in Boucheron et al. (2013), implies that

k 1/q

>

i=1

q

E

As q > log(k), we have that k'/7 < e, and therefore

“|

max | Z;|?
1€[k]

The result follows by plugging (B.1.19) into (B.1.18) and dividing by .

1/q
S KE[Zy] + qE [mzﬁ:}]{ |Zi|q] :
ie

1/q
} < KMIE (12|17 < eE[|Z:]V7 .

(B.1.18)

(B.1.19)

Thus, it suffices to verify the inductive step. That is, assume that the bound (B.1.16) has

been established for kernels of order m — 1. Observe that we can write

k k k
1 m 1
Ani(9) = 7 D D 9D D) = > 2 (B.1.20)
i1=1 im=1 i1=1
where
1 k k
1 1 2 m
20 = o oWy DY DY) B.1.21)

Conditional on the replicates Df), e

non-negative. Therefore, Lemma B.1.3 implies that

D(™] 1/q

n

E [|Anr(9)" DD, ...,

SE[zV | DP,.... D]+ IE |12 | DY,....D{"

, D", the variables Z\", ...

,Z,gl) are i.i.d. and

1/q
(B.1.22)
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Hence, Minkowski’s inequality implies that

1/q 1/q
E(|4ni(9)" S E B2 | DE,... . D] " + LK 120 (B.123)

n

as ¢ > 1. Now, by defining the m — 1 order kernels

g()(dg,...,dm) :E[Q(thg,,dm)] and gd(dg,...,dm) :g(d,dg,...,dm)

(B.1.24)
we can identify
E[Z{) |DP, ... D] = A, 14(g0) and ZY = Apiklg,m),  (B.1.25)
i1
respectively. Hence, the inductive hypothesis implies that
@ 1/q m—1 q :
E E[Zl ’ D1(7,2)7 s 7D£Lm)]qi| S Cmil Z <E> Ft,q(g(]) and
t=0
1/q m—1 . 1/q
E [|Z(1>|Q} < om-l (%) E {Ft,q(gdl))q} . (B.1.26)
t=0 "

By recognizing

Tiy(90) = E[Elg(Dy,...,Dp) | Da,..., D] =T, 4(g) and

1/q
E [Poalgp0)?] " =EElG(Dy-.Dn) | Dy Do =Tinglg) (127

for each 0 < ¢ < m — 1 and plugging the bounds (B.1.26) into (B.1.23), we find that

m—1 " m—1 ;
ElAns(@l* < "3 (1) Teale) + €LY (£) Teanalo)
t=0 t=0
R NTLAY
<"y (1) Tuale) (B.1.28)
t=0

as required. [ |
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B.1.2.2 Part (ii)

We begin by stating two facts that will be applied at several points throughout the ensuing

argument. First, we record the following property of sub-exponential random variables.

Lemma B.1.4 (Vershynin (2018), Proposition 2.7.1).

Let Z be a real-valued random variable. Then the moment inequality
E[|Z|9)" < Cq||Z ||y, (B.1.29)

holds foreachq > 1.

Second, we note that if Z’ is an independent copy of Z, then the triangle inequality implies
that

1Z = Z'Mlwy < N Z1lws + 112wy = 201 Z]ly, - (B.1.30)
Thus, by Jensen’s inequality, we obtain the bound
1FO Dl < V1 Vif (D) < 26 (B.1.31)

for each integer 0 < ¢ < D.

Now, our interest is in the quantity

1/q

Log((f™)?) = E [E[f" (D))? | Dy, ..., DiJY] (B.1.32)

for each integer 0 < ¢ < m. We first consider the case 0 < ¢t < m — 1. To this end, for each

deterministic collection (dy, . .., d;) in D', define the symmetric, order b — ¢ kernel

= (—1)tE [Vl . th(D[b}) | D1 - dl, . .,Dt — dt’Dt+1 - dt+1, . .,Db — db}
(B.1.33)

and let gdi _____ dps 94y, 4, denote its Hoeffding projections, as defined in Part (i) of
Lemma C.4.1. By Part (i) of Lemma C.4.1, these projections are uncorrelated, and so

the decomposition
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1111

9 (i dm) (B.1.35)
= (~1)"E [Vis1 - Voudar..ds(Dests -+ Dy) | Doy = disrs - . Do = di]

= (=1)"E [V1---Vuf(Dy) | Dy =di,...,Dp = dp)

= [0 (dy, ... dm) (B.1.36)

where the first and last equalities follow by definition and the second equality follows from
the fact that the stochastic difference operators act on distinct coordinates, and thereby

commute. As a consequence, the decomposition (B.1.34) implies that
o E [f")(Ds,..., Dy, Disa,...,Di)? | Di,..., Dy

<E [gp, D.(Dyst, ..., Dy)? | D, ..., D] (B.1.37)

.....

b—t

m—t

Dra((F)?) < (
(B.1.38)

Now, Jensen’s inequality for conditional expectation and Lemma B.1.4 imply that

E[E [9p,...0,(Desr.-. D) | D D]
S E Ung D¢ (Dt+17 Cee Db)|2q] 1/q

.....

< (C9)*||gpy,...0.(Dis1, .. .. Dy)|13, < (Cq)’¢*4" (B.1.39)

.....

where the last step follows from (B.1.31). Hence, as

—1 -1 t
G e
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we can conclude that

Trg((F7)?) < ¢>2(0q)20t<b>1 (ﬁ)t (B.1.41)

foreach0 <t <m — 1.

It remains to consider the case ¢ = m. In this case, we have that

Log ((F7)%) = E[| U™ (Dp)) P19 < ¢?(Cq)*4™ . (B.1.42)

by Lemma B.1.4 and (B.1.31). The bound (") < (eb/m)™ then implies that

—1 m
4mgom<b> (ﬁ) , (B.1.43)
m m

completing the proof. [ |

B.1.3 Proof of Corollary 2.1.1

The result follows by considering each of the terms in the decomposition

zi“ ( »(1) — E[u(Dyy)] ——Zu ) . (B.1.44)

The first quantity can be handled through the application of the following standard Bernstein-
type bound, stated, e.g., in Song et al. (2019).

Lemma B.1.5 (Lemma A.2, Song et al. (2019)).

Let Z,,...,Z, be independent, centered, random vectors in R?. Define the quantity
o’ =max » E[Z}}] (B.1.45)
jeld ‘=

and assume that || Z;;||y, < ¢ foralli € [n| and j € [d]. The inequality

|

holds for any constant g > 0.

i||_=c (a log'/(dg) + ¢log(nd) (log(nd) + log(g))>} S

Q| =
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In particular, observe that

W ey VP b b
_ 7 (1
Thus, Lemma B.1.5 implies that
Hﬁ f:u(l)(p-)H < 990 10012 (nd) + 62 1087 (nd) (B.1.47)
n oo ™ iz %8 n 08 o

with probability greater than 1 — C'/nd. In turn, Theorem 2.1.1 implies that

with probability greater than 1 — C'/nd. Hence, we can conclude that

with probability greater than 1 — C'/nd, by a union bound. [ |

b b
Una(u) = Bfu(Dy)] = ~ > :u(l)(DZ-)HOO < ¢ log*(nd) (B.1.48)
=1

252 1
P80 | 521052 na) (B.1.49)

Uns(w) — Elu(Dy)||_ 3

o0

B.1.4 Proof of Corollary 2.1.2

We give the details of the proof of the upper bound encoded in (2.1.9). The lower bound
will follow from an analogous argument. Fix a rectangle R = [ay, a,] in R, where a, and a,,
are vectors in R with a, < a,, interpreted component-wise. Define the enlarged rectangle

R: = [a¢ — t14, a, + t1,] for each ¢ > 0 as well as the normalized Héjek projection
aV(D;) = x5, Pu(D;) . (B.1.50)

Observe that the decomposition

|3 st ~ BLuD) = = > (D)
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implies the upper bound

P {\/gEbI/Q(UM(u) — E[u(Dy)]) € R} _P {2;1/22 e R} (B.1.52)
< 'P{%EW(D» € Rt} —P{E;I/QZE Rt}‘ (B.1.53)
+ ‘P{Z;”QZG Rt} —P{Zb_l/zZe R}‘ (B.1.54)

+P{H o, (Un,b(U)—E[U(D[b})]—%Zu(”(Di)> I, >t} . (B.L5S)

We bound the three terms appearing in (B.1.52) in succession.

We begin by bounding the normal approximation term (B.1.53) through the application
of the following quantitative central limit theorem, stated as Theorem 2.1 of Chernozhukov
et al. (2022).

Lemma B.1.6 (Theorem 2.1, Chernozhukov et al., 2022). Let X1, ..., X,, be a collection
of independent, centered, random vectors in R¢ and let Z be a centered Gaussian random

vector with covariance matrix

EZE XX (B.1.56)
n =1

If there exist absolute constants ¢, C, and  such that the bounds
1 = 2 1 - 4 2
- Y E[X}] >, - Y E[X}] <G, and Xy, <@ (B.15T)
=1 =1

hold, then the inequality

RER n

n 2 5 1/4
sup p{%zxieR}—P{zeR}\ <c, (M) (B.1.58)
=1

holds for some constant C'y that depends only on c and (.

In particular, observe that

%iE[(ﬁ(n(Di))Q]z 5 : =1 (B.1.59)
=1



SECTION B.1 199
for each coordinate 7. Moreover, it holds that
[ (@, Do)y, < (6/2) (B.1.60)

for each coordinate j by the boundedness condition (2.1.8). Similarly, it holds that
1 < .
=Y E[@@@0,0))] < (¢/0,)? (B.1.61)
n
i=1
for each coordinate 7, again by boundedness. Consequently, as

Var(iM(D;)) = £, /* Var (2) 5, /2, (B.1.62)

Lemma B.1.6 implies that the bound

J _ $*log®(dn) 1/
_ W(p. _ 1/2 r e Y
'p { N ;l:u (D,) € Rt} P {zb Z e Rt} ‘ < ( o ) (B.1.63)

holds.
Next, to bound the difference in the Gaussian probabilities (B.1.54), we apply the
following anti-concentration inequality, stated in Chernozhukov et al. (2017) and often

referred to as Nazarov’s inequality.

Lemma B.1.7 (Theorem 1, Chernozhukov et al., 2017). Let Z = (Z;)9_, be a centered
Gaussian random vector in R? such that E[Z?] > ¢ for all j in [d] and some constant c. For

every z € R% and t > 0, the inequality

t
P{Z <z+t} —P{Z <z} < -/logd
c
holds.

In particular, Lemma B.1.7 gives

’P {7z er}-P{x,""z eR} ‘ < t+/log(d) (B.1.64)

for all ¢ > 0. By choosing

L_(#gtany " o165

log(dn) apn
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we find that the bound
21 5 d 1/4
P{z," Pz er}-P{,"*2 R} ‘ < (M) (B.1.66)

holds.

Finally, we bound the term (B.1.55). Observe that it is without loss of generality to
assume that

¢*log’(dn)

2
apn

<1 (B.1.67)

as otherwise the bound (2.1.9) holds vacuously. Now, observe that Theorem 2.1.1 implies

that

with probability at least 1 — C'/nd. Consequently, it holds that

s (Un,b<u> ~ERDW) -3 u<1><Dz->> |
1

1 $*log®(dn) ) 2
log?(dn) = B.1.69
vz, 8 = e ( (167

b — b
Unp(u) = Elu(D)] =~ Zu“)(Di)H S ¢—log’(dn) (B.1.68)

=1

S ¢

with probability at least 1 — C'/nd, where the final inequality follows from (B.1.67).

Hence, by plugging the bounds (B.1.63), (B.1.66), and (B.1.69) into (B.1.52), we find
that

P{\[5s tnst) - E(Dw) € RY - P {572 € R}

9 5 1/4 9 5 1/4
< <¢ 1og2 (dn)) +% < (M) : (B.1.70)

ayn apn

as required. [
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B.1.5 Proof of Remark 2.2.1

Assume that the components of each observation D; = (DZ-7]~)§-l:1 are independent and have

a standard Gaussian distribution. Consider the kernel

uj(dl,...,db)zligb N dydyy (B.1.71)

1<r<s<b

where dj, = (d;){_, in R%. We claim that the bound

i (D) [l < & (B.1.72)
and the lower bound
b — blog(nd c
P {\ Uns() — Blu(Dy)] = = 3" u(Dy)|| = ¢+<)} > B
=1 oo

hold for this choice.

We begin by verifying the bound (B.1.72). Consider the quantity

1

1<r<s<b

Let A, € R be the symmetric matrix with zeros on the diagonal and off-diagonal entries

equal to 1/(2b). The eigenvalues of A, are given by

Alzbz_—bl and )\2:~-:>\b:—% (B.1.75)
where we note that
d b—1 b
;IAzlzTg and ;Agzo. (B.1.76)
Observe that we can write
Q; = D] AD; . (B.1.77)

Thus, by the orthogonal invariance of the standard Gaussian law, there exist independent
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standard Gaussian replicates GGy j, . . ., Gy j such that
b b
Q=Y MGi=> MG;-1), (B.1.78)
=1 =1

where the second equality follows from (B.1.76). Consequently, as each replicate G ; satisfies
the bound

E [exp <|GJ2'16_ 1’)] < exp(1/16)E[exp(G2/16)]

< exp(1/16)(1 —1/8)71? <2, (B.1.79)
we can evaluate

) b 2
o ()] 2 o (B4
b 2 [Ael .
— H [ (M)} < o= Ml <9 (B.1.80)
=1

where the final equality follows from (B.1.76). Hence, the bound

1Qjlly, <16 and thereby |u;(Dpy)|ly, < ¢ (B.1.81)

hold by the definition of the v);-Orlicz norm.

Next, we verify the bound (B.1.73). First, observe that

E[u;(Dpy)] =0 (B.1.82)
and that
Elu;(Dy) | Di] = 10 (ZDH [Dijl+ ) E ) =0. (B.1.83)
2<r<s<b

Thus, the Héjek projection is given by

uM(Dy) = E[u(Dyy) | Di] — E[u(Dyy)] = 0 (B.1.84)
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almost surely. As a consequence, it holds that

i

n

Uns() ~ Elu(Dy)] — S u (D)

i=1

= ||Uns]| . (B.1.85)

o0

almost surely.

Now, let U,, 5, j(u) denote the jth component of U, ,(u). Observe that, as each unordered

pair {i, k} appears in exactly (’;:22 ) subsets s in S,, 5, we can evaluate

Unp,j(u) = <Z)_1 > ui(Ds) = 1%)@)_1(7;:5) > DijDy;

S€Sn.b 1<i<k<n

= D, Dy . B.1.86
16nn—1 Z d g ( )

1<z<k<n

By taking an orthonormal change of coordinates in R™ and identifying

1 n
Z; = NG ; D;; ~ N(0,1) (B.1.87)
we can see that there exists W; ~ x2_, independent of Z; such that
202 =7+ W;. (B.1.88)

Thus, we can write

2
50— 1) 1) ,
Una () = 16n (n—1) Z DiiDr = 32n(n—1) (Z Di’j> B Z Di;

l<z<k<n

— s (02 = (2 W)

32n(n—1 J
=90 oz ow
= 20— 1) (n—1)Z2 —W;) , (B.1.89)

almost surely. Thus, the representations (B.1.85) and (B.1.89) implies that, on the event

A= {7} >log(end) +2,W; <2(n—1)} , (B.1.90)
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it holds that
‘ Upp(u) — - — Zu (D = HUnb Hoo > gb log(end) (B.1.91)
Now, observe that
P{Z; >z} > cz ' exp(—2®/2) and P{W;<2(n-1)}>1/2, (B.1.92)

where the first inequality is a standard lower bound for Gaussian random variables and W

follows from Markov’s inequality. Hence, it holds that

P{A} > %P{Zf > log(end) + 2}

> (log(end) +2)"Y*(end)™"? > (nd) ™" . (B.1.93)

The claim is verified by combining (B.1.91) and (B.1.93). |

B.2. AN ABSTRACT BOUND ON COVERAGE ERROR

In this Appendix, we give an abstract bound on the accuracy of the nominal coverage
probability for the confidence region introduced in Definition 2.3.1. We make no use of
the kernel structure expressed in (2.3.2). The proof is given in Appendix B.2.1. We require
several mild smoothness restrictions on the moment function M (-; 6, g). In contrast to the
set of assumptions specified in Section 2.3.3, we do not require moment linearity. Instead,

we impose the following generalization of Part (iii) of Assumption 2.3.3.

Assumption B.2.1 (Moment Restrictions).
The moment function M (x; 6, go) is twice continuously differentiable in its second argument.
Let

2

MW (26, g) = i]\/[(:c 0,9)|e¢—9 and H(x;0,g) = 520

o0’ ——M(z;6,9)|g—p (B.2.1)

denote the Jacobian and Hessian of M (-; 0, g) in 0, respectively. The Jacobian M) (x; 0, g)

is uniformly Lipschitz in its second argument and bounded from below in the sense that

sup sup ’M( (29:0, g) — M(l)(x(j);é’,go)’ S lg — 9oll2.0  and (B.2.2)
PeP je[d]
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inf inf [M® (20, g)| > B.2.
Iyelpjlen[d]l (:0,9)] > ¢ (B.2.3)

for each g and 0 and some positive constant c. The Hessian H (x; 6, g) is uniformly bounded

as x, 0, and g vary over their respective domains.

Moreover, we impose an analogous restriction on the centered empirical moment
M, (2;0,9) = My(2;0,9,D,,) — E[M,(z;0,9,D,)] . (B.2.4)

where we have made the dependence on D,, implicit to ease notation.

Assumption B.2.2 (Empirical Smoothness). The centered empirical moment (B.2.4) is

twice continuously differentiable in its second argument. Let

2

Hy(2;0,9) = WMn(L 7', 90)lo=0 (B.2.5)

denote the Hessian of M,,(; 0, g) in 0, respectively. The Hessian H,,(x; 0, g) is uniformly

bounded almost surely as z, 0, and g vary over their respective domains.

Next, we impose a set of high-level restrictions on the structure of the empirical

conditional moment (2.3.2). At times we refer to the normalized statistic
W(z) = —(MM (23 90) ™ M (260, 90) - (B.2.6)

First, we impose a condition that ensures that (B.2.6) is approximately linear. Fix a generic

sequence ¢q,, 4-

Assumption B.2.3 (Approximate Linearity).

There exists a function u(-, -), a constant ¢ > 1, and a real-valued sequence 9,,,, such that
E[u(z?,D;)] =0, |[ua@?, D)y <o, (B.2.7)

and
E [@*(zY), D;)] < Var(a(z", D;))¢” (B.2.8)

hold for all j in [d] and P in P. Define the moment \? = Var(u(z"), D;)) and set \* =
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min;eq) A?. The higher-order moment inequality

1/q
‘ /)\2 < 200) _‘Z“ G, ) ‘ ] < o (B.2.9)

holds for all j in [d], 2 V 21og(nd) < q < q,, 4, and uniformly over P in P,

Remark B.2.1. Compare Assumption B.2.3 with the bound

S qb% log?(dn) (B.2.10)

1/(21og(dn)
|Un,b(uj) — ]E b] _ — Z u(l) |210g nd)]

obtained from Lemma 2.2.2. The bound (B.2.10) implies Theorem 2.1.1 by Markov’s
inequality. [

Second, we impose several restrictions relating to the estimators én(w(d)) and g,,. A closely

related collection of conditions is stated in Chernozhukov et al. (2018).
Assumption B.2.4 (Bias, Consistency, and Stochastic Equicontinuity). Recall the definition

of the object \* introduced in Assumption B.2.3. Let

M (2:0,9) = S M@0, 9)lo—o B2.11)

0
a0’
denote the Jacobian of the centered empirical moment Mn(a:; 0,9).

(i) Define the quantity
Bias,(z;0,9) = M(z;60,9) — E[M,(2;60,9,D,)] . (B.2.12)

There exists a sequence 0,, g such that

n .
sup sup /PHBmsn(a:(d); (D), 9) oo S (14 10(2D)]|00) 0.5 (B.2.13)

PcP geG

uniformly over any vector 6(x'?) = {6(x))}4_,.

(ii) There exist sequences 6y, ,n, On, 4, and 0, o such that, uniformly over P in P,

1/4 . ) ‘ 1/
(3) E (|37, @9 0029, 90)|'] " < abnin (B2.14)

T

1/4
N 1
) E [[|gn — 9015 ) /"< 46y, and (B.2.15)

|>fo|3
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1/4 T
n ~ . . q
<?) E [\en(w)) - Hg(x(]))ﬂ < qng (B.2.16)
holds for all j in [d] and 2 V 2log(nd) < q < G,, 4.

(iii) There exist sequences 6,, s and ¢, ; such that, uniformly over P in P,
\EE [, 60(a). ) = M (@s00(eD). 0)| '] < @bns (B217)
and
\/;&2 [’MS)(Q:(J'); 0o (D), ) — MV (2); 90(x(j))790)‘q] < GOn,y,  (B.2.18)

holds for all j in [d] and 2 V 2log(nd) < q < G,, 4.

The following theorem gives a non-asymptotic bound on the error in the nominal

coverage probability of the confidence regions introduced in Definition 2.3.1.

Theorem B.2.1. Collect the error sequences
On = O g+ O g+ O+ Onp + s + AP0 740, 0 (8.8 + 0n) + G

and assume that 6., < C.9, for any 0 < ¢ < 1. Suppose that the Neyman orthogonal
moment function M (x; 0y, go) satisfies Assumption B.2.1 and Part (i) of Assumption 2.3.3
and that the centered empirical moment function Mn(x; 0o, go) satisfies Assumption B.2.2.
If Assumption B.2.3 and Assumption B.2.4 hold, then the confidence region defined in
Definition 2.3.1 satisfies

sup |P {Go(w(d)) € é(m(d))} —(1-a)

PeP

215 1/4
©* log” (dn) 3 1
< (228 1T 5, log®(dn) + — . B.2.19
S ( n + 9, log”(dn) + — ( )

B.2.1 Proof of Theorem B.2.1

Throughout, without loss, we will assume that

21 5 d 1/4 1
(—90 (;\gzn( n)) + 6, log®(dn) + 3 <c, (B.2.20)

as otherwise the desired bound (B.2.19) is vacuous.
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It will suffice to show that

up [P { VIR Ru@ ) < 2} = P{VIIAL B @)l < 2 D |

z€R

27,5 1/4
v log”(dn) 3 1
< (/= 7/ —
S ( 2 + 9, log®(dn) + - (B.2.21)

with probability greater than 1 — C'(n~"/2p A" log®?(dn) + (nd)~"). To see this, let cv(7)

denote the 1 — 7 quantile of \/ﬁHA;lﬂRn(w(d)) || for each v in (0, 1) and fix

21 5 d 1/4 1
Br.a = (M) + 6, log®(dn) + — (B.2.22)

N
Observe that (B.2.21) implies that

P{VRIA 2R (@)l < cv(a = Bua) | Du}

> p {\/ﬁ‘|A;1/2Rn(w(d))||oo < ov(a — 5n,d)} B> l-a (B.2.23)

and

P{VRIA 2R, (@)l < cv(a+ Bua) | Dn}
< P{ValA; 2 Ro(@@) oo < V(@ + Bua) } + Bra <1 -0 (B.2.24)
each with probability greater than 1 — C'(n="/2p A" log®?(dn) + (nd)~"). Thus, recalling

that &v(cv) denotes the 1 — ov quantile of /n|| A, />R (9)]| conditioned on the data D,,,
(B.2.23) and (B.2.24) imply that

P{cv(a+ fna) < cv(a) < cv(a — Bra)}

21og*(dn)\* 1
21_(w> L >1-8,4, (B.2.25)
A'n nd ’

where the second inequality follows from the fact that the normalization (B.2.20) implies

that 12 ”

21 3 21 5

(£logtm)”  (Frtany 226
A™n A™n
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Consequently, as we can write

P {Go(m(d)) e Gz, Dn)} P {\/ﬁ||A;1/2Rn(m(d))||oo < ev(a)} (B.2.27)
by definition, the inequality (B.2.25) implies that

P {Gg(m(d)) e C(z@, Dn)}

< P{VallA, 2R (@ @)oo < V(@ = Bua) | + Bua S1—a+fua  (B228)
and

P {Ho(m(d)) e Gz, Dn)}

> P {\/EHA,;WRH(w(d))HOO <covla+ ﬁn,d>} —Bra2l—a—Pua  (B229)

respectively, as required.

Hence, the remainder of the proof is devoted to establishing the bound (B.2.21). To do
this, we require some additional notation. Let R denote the set of hyper-rectangles in R
Let Z denote a centered Gaussian random vector with covariance matrix Var(z(x?, D;)).
Let A be the diagonal matrix with components \; = Var(u(z9, D;)). To verify (B.2.21) it
will suffice to establish that

sup [P {/nA, " R,(2®) € R} — P{A"12Z € R}
ReER

2 5 1/4
©* log”(dn) 3 1
<[ ——2 | + — B.2.
< < ¥n + 0, log”(dn) — (B.2.30)

and that

sup | P {\/EA;WR;(:I;(@) ER| Dn} ~P{A?Z eR}|

ReR

21..5 1/4
< <M> + 6, log®(dn) (B.2.31)

~ A2n

with probability greater than 1 — C'n~ 2o\ log®?(dn) — (nd)~'. That is, the probability
bound (B.2.21) follows from (B.2.30) and (B.2.31) by considering hyper-rectangles of the
form R = [—o001y, 214] and applying the triangle inequality.

We provide the details for the proofs of the upper bounds encoded in the absolute
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inequalities (B.2.30) and (B.2.31), respectively. Analogous lower bounds will follow from
the same argument. In particular, fix a rectangle R = [ay, a,| in R, where a, and a,, are
vectors in R? with a; < ay, interpreted component-wise, and define the enlarged rectangle

R; = [a¢ — t14, a, + t1,] for each ¢ > 0. We obtain upper bounds

P {\/ﬁf\;l/an(a:(d)) € R} —P{A2Z eR)

<|P{V/nA VPR, (@) e R} — P{A?Z € R} | (B.2.32)
+|P{A2Z eR} - P{NV?Z eR} | (B.2.33)
+ P{VRI(AT = A2 Ry (@) > 1 (B.2.34)

and similarly

{\/_A 2R (2@D) € R| D, }-P{A*l/ZZeR}

<|P{VnAT2R: (2 ) eR, | D,} — P{AV2Z € R} | (B.2.35)
+|P{A?Z € Rt} —P{A?Z eR}| (B.2.36)
+P{\/_H( U2 V2R ()| 2t|Dn} , (B.2.37)

respectively. It thereby remains to obtain suitable bounds for each term, (B.2.32) through
(B.2.37).

To bound the Gaussian approximation errors (B.2.32) and (B.2.35), we apply the
following Theorem, which establishes a generic quantitative central limit for the statistic R,
in addition to a generic quantitative conditional central limit theorem for the half-sample

bootstrap.

Theorem B.2.2. Suppose that the moment function M (x; 0y, go) satisfies Assumption B.2.1
and Part (i) of Assumption 2.3.3 and that Assumptions B.2.3 and B.2.4 hold.

(i) The inequality

sup sup ‘P {VnR,(x) eR} — P{Z € R}

RER PP
12 (1og(dn)\ ! 1
p'/? (log’(dn 5/2
< -
S ( " ) + 9, log”“(dn) + — (B.2.38)

holds.
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(ii) If the bootstrap root is constructed with the Half-Sample bootstrap, then the inequality

sup sup ‘P{\/ERZ(:BM)) €ER|D,} - P{ZeR}

ReR PcP
1/2 /1o0® (d 1/4
S < Ogrf ")> + 6, log™(dn) (B.2.39)

holds with probability greater than 1 — C'(n~"2p A" 1og®?(dn) + (nd)~").

In particular, Theorem B.2.2 implies that

|P{V/nA™?R, (') € R,} — P{ATV2Z € R} |
= |P{VnR,(z'") € AV°R,} — P{Z € A'*R,} |

1/2
< ¥

~ Al/Q

log® e 1
( o8 (d”)) + 5, log®2(dn) + — (B.2.40)
n nd
and analogously

1P {V/nAT?R; (D) €R, | D, } — P{AT?Z € R} |
= |P{VnR;(z'Y) € AV°R, | D, } — P{Z € A'°R,} |

1/2 /100" 1/4
<? ( o8 (dn)) + 8, log®2(dn) (B.2.41)

~ A1/2 n

with probability greater than 1 — C'(n~"/2p A" 1og®?(dn) + (nd)~1), as A'/2R, is a hyper-
rectangle.

To bound the differences in the Gaussian probabilities (B.2.33) and (B.2.36), we apply

Lemma B.1.7. In particular, we have that
P{A?Z eR,} —P{A?Z eR}| < ty/logd (B.2.42)

forall ¢ > 0.

Finally, we bound the terms (B.2.34) and (B.2.37) resulting from variance estimation.

Observe that

(A2 = A YR, (21 D)] o = ||(T — A PAYV AR, (21D)]| o
< sup |Aj/Any — 1] - [ATV2R, (D) o (B.2.43)

J€ld]
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and analogously

A2 = AT2)R; (@ D) oo < sup A/ Auy = 1 - IR (@) o . (B.2.44)

J€ld]

We give probability bounds for the terms on the right-hand sides of (B.2.43) and (B.2.44).
Observe that the Borell-TIS inequality (e.g., Theorem 2.1.1 of Adler and Taylor, 2009)

implies that
P {||A—1/QZ||OO > (C'y/log dn} <nl.
Thus, Theorem B.2.2 implies that
P{Val A 2R (29)]o = C/log dn}

2 5 1/4
v log”(dn) 5/2 1
< [ =22 Op 1 d — B.2.45
S ( n + 9, log”“(dn) + o ( )

and that

P{VRIA 2R (@) = C\/logdn | D, |

2log®(dn) \ "

< (M) + 8, 1og®2(dn) (B.2.46)
A™n

with probability greater than 1 — C'(n~"/2p A"  log®?(dn) + (nd)~"). In turn, to bound the

discrepancy between the bootstrap variance estimate j\n,j and \;, we apply the following

Lemma.

Lemma B.2.1. Suppose that the conditions of Theorem B.2.1 hold. If the bootstrap root is
constructed with the Half-Sample bootstrap, then

N 2 3
“up Anjg 1’ < v [log(dn) L log2 (dn)
jeld | A A n A'n
+ log?(dn)é,, + log*(dn)é? (B.2.47)
with probability greater than 1 — C'/nd.
To apply Lemma B.2.1, observe that
: N —1
A 1‘ _ /Ay =1 (B.2.48)
)\n,j )\n,j//\j
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Thus, the event that

~

Anj
sup | —=2

(B.2.49)
jela | Aj

[\.’)|P—‘

implies 5\ >
)\ =

N | =

_1‘§

Hence, on this event, we find that

~

/\— — 1’ (B.2.50)

sup
J€ld]

‘ < 2sup
Jjeld]

)\

Observe now that the normalization (B.2.20) implies that

log(dn)  ?log®(dn)
+ 2
n A

2 5
< (go log”(dn)

~ AQTL

+ log?(dn)é,, + log*(dn)s?

>

> + 6, log*(dn) < ¢ (B.2.51)

and so the condition (B.2.49) is satisfied by the event characterized in Lemma B.2.1. Thus,
by combining the bounds (B.2.43), (B.2.45), and (B.2.50) with Lemma B.2.1, we find that

{f JA72 = As V)R, (2]

2 3
. (§ log(dn)  @*log’(dn) \\ >y +10g4(dn>53> fog dn dn}

n A2n

210 (dn) \ " 1
< (90 OA% n( n)> + 8, log”?(dn) + - (B.2.52)

Similarly, by combining the bounds (B.2.44), (B.2.46), and (B.2.50) with Lemma (B.2.1),
we find that

{fH( 12 A2 R (2O)]

log(d 2log®(d
Z(% o8l n)+g0 Og(n)—i—log (dn)d,, + log*(dn)é >\/logdn|D}

n Nn

2715 1/4
< (%W) + 8, 10g™2(dn) (B.2.53)

with probability greater than 1 — C(n="/2pA " log®?(dn) + (nd)™?).
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To put the pieces together, recall the upper bounds (B.2.32) and (B.2.35). By setting

2 3
= (f, / log(dn) 4 ¥ log”(dn) + log®(dn)é, + log4(dn)572l> Vioegdn, (B.2.54)
n

A An
the bounds (B.2.40), (B.2.42), and (B.2.52) imply that
P{ViA; 2R, (@) € R} — P{A"/2Z € R}

21 5 d 1/4
~ (—90 1 n)) + 0, log™/*(dn)
AT

¢ [log(dn) ¢*log*(dn) 1
+<Z\/T + n +log®(dn)d,, + log" (dn)0;, log(dn)+%

21..5 1/4
< (M) + 6, log*(dn) + — (B.2.55)

~ Mn nd

Indeed, the second inequality follows from the normalization (B.2.20). In particular,

log(d 210g%(d 210g(dn)\ /"
¢, [loeldn) log(dn) + w log(dn) < <w) , (B.2.56)
A A'n An
while
log®(dn)d,, + log®(dn)é? < 6, log*(dn) . (B.2.57)

Similarly, the bounds (B.2.41), (B.2.42), and (B.2.53) imply that
P {\/EA;WR;;(:::W)) ER| Dn} ~P{A?Z R}

21 5 d 1/4

~Y A2n
log(dn) | ¢*log’(d
L (f og(dn) | ¢ o (dn) + log®(dn)d, + 10g4(d”)53) log(dn)
A n A'n
o1 s 1/4
¢*log’(dn) 3 1
_ (1o’ (dn) 1 1 B.2.

with probability greater than 1 — C'(n~"/2p\ " log®?(dn) + (nd)~'). Hence, the bounds
(B.2.55) and (B.2.58) verify the bounds encoded in (B.2.30) and (B.2.31), as required.
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B.2.2 Proof of Theorem B.2.2
B.2.2.1 Part (i)

Throughout, we take 6y(z) = 0 for all x without loss of generality. We begin by giving a
high-probability bound on the difference

which will be needed at a later point in the proof. To this end, let x be any component of the

vector (9. By a Taylor expansion about (), we have that

M (3 0,(2), §n) — M (23 00(2), ) = (0n(2) — bo(2)) MM (23 0p(x), §n)
+ (0 (x) — Oo(2))2H (2 00(x), ) (B.2.60)

(0 () — Oo()) M ‘”(x' Oo(), gn)
= (n(x) = Bo()) MV (; 60 (), o)
+ (On(x) = o(x)) (M (3600(x), 6) — MY (; 00(), 90)) (B.2.61)

M (@3 00(2), ) = M (23 00(2), Gu) = (M (@3 00(2), G0) = Mo (3 00(2), 30, D2))
+ (M (w300(2), g0) = M(2:0(), 1))
= (M(@:00(2), §u) — E | My (w00 (2), 4o, Du) )
+ (B | Ma(@:00(2), 30, D) | = Ma(a30,(2), 30, D)
+ (M(x;00(x), go) — M (2;00(x),§n)) . (B.2.62)

Thus, by the identity

Mn(x§ Qn($>7§n) :Mn(x é ( ) gn) _Mn(x§00(x)v§n)
+ M (25 00(2), Gn) — My(2;00(x), go) + My (2;60(x), go) , (B.2.63)



216 CHAPTER B

the equalities (B.2.60), (B.2.61), and (B.2.62) imply that

MO (a; 60(), 90) (B () — bo())
= MW (x;00(x), Gn) (0n(z) — Oo(z))

— (MW (@;60(x), §u) — MY (; 00, 90)) (Bn(x) — bo())
= — M., (2;60(x), 0) (B.2.64)
+ Bias(z; 0, (), Gn) + Nuis(z; 06(), G ) (B.2.65)
+ Stoch™ (2;6,,(x), §n) + Stoch® (z; ,,) (B.2.66)
— (B () — 6o (x))* H (; 6o (), Gn) (B.2.67)
- (én(x) — 0o(z)) (M(l)($§ 0o(x), gn) — M(l)(x; QO(x)aQO)) (B.2.68)

where

Bias(x; 0, (2), n) = M (w: 0, (), §) — E | M, (z; én(x),gn)} , (B.2.69)
Nuis(z; 0o(), Gn) = M(x;00(x), go) — M (x;00(x), §n) , (B.2.70)
Stoch™ (0, (), Gn) = M (;00(2), §n) — My (2:00(x), §n) , and (B.2.71)
StOCh(Q)( g ) = Mn(xv ‘90(‘T)7 gO) - Mn(QT, 90(1‘), gn) ) (B272)

respectively.

We now give moment bounds for the terms (B.2.65), (B.2.66), (B.2.67), and (B.2.68).
Fix any ¢ > 2V 2log(nd). We repeatedly use the fact that, for any random vector Z(z(¥) =
(Z(zY))i-1,

E[|Z(zD))|2]"" < d/1 maxE [|Z(29)1] " < maxE [|Z(z9)1]"" | (B.2.73)

j€ld] j€ld]

where the final inequality follows from the lower bound on ¢. To handle (B.2.65), observe
that Parts (i) and (ii) of Assumption B.2.4 imply that
H,/ HBlasn O ('), §)

q} 1/q
1/q
Soun (1+E [l )12 )

)\1/2 )\1/2
SO |1+ 6 70m0 | S| Ons + =770n00n5 | - (B.2.74)
~ On, pl/afnd |~ , pl/a oo,

o
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Moreover, a Taylor expansion, Neyman orthogonality, second-order smoothness, i.e.,

Assumption B.2.1, and Assumption B.2.4, Part (ii), give that

[ E s ]

q11/q [ n 1/4
} _E (X> 16 — gollae

2q 1/q

2¢2
S0,

n. .
SE ||\ /2l - sl

(B.2.75)

Next, we handle the term (B.2.66). By Assumption B.2.2, a Taylor expansion gives

Stoch™ (2; 0, (x), ) = (Bu() — Oo()) M (2 60(x), Gn)
+ (On(2) — Oo(2))*H, (z;00(2), G) (B.2.76)

for some, potentially different, 6y(z) between 6,,(z) and 6(z). To bound this term, observe
that

[ (2 00(2), ) — DT (3 00(2), 90)| - (B.2.77)

Hence, Assumption B.2.2 and Assumption B.2.4, Parts (ii) and (iii), together with Holder’s
inequality, imply that

n ) oo . q71/q
E H‘ e HStoch( (@ D;0(2), 30) | ]
<: q 5n/65n/nl_k Q 1/4ébu95n,J + q253,9’ (13.2J78)

Moreover, Assumption B.2.4, Part (iii), gives that

e | fseiean] |

Finally, we handle the terms (B.2.67) and (B.2.68). Assumption B.2.4, Part (ii), and
Assumption B.2.1 imply that

=[5 e

1/q
} S @0ns S ¢Cons - (B.2.79)

A 5 q 1/q
(On (D) — O5(2 D)) H (2'; ('), §) ] ¢*62,, (B.2.80)

o
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and, by the Lipschitz property of M) (-; 6, g) in g,
n
el|y/5

q} 1/q

< 00600, - (B.2.81)

(0 (@) — (')

(MO (@ y(@D), §,) — MO (@ 6y(@), go)) H

o0

Together, the decomposition (B.2.64) and the lower-boundedness of the Jacobian M (V(-; 6, g)
imply that

oo

n (d) (d) i
EH P||Rn(x ) — W (z'9)|| ] (B.2.82)

<7 (55,9 8+ G+ B + B (G Gy + X207 B+ 5,)) )

< ¢ (53%9 + 029402+ 0np +Ons + A2 7Y48, 0 (00 + 0ng) ) ,

where the final inequality uses ab < a? + b?, applied to the products 00,00, m and 0, 90y, 4.

With this in place, we turn to the proof of the normal approximation to R, (z®) on
hyper-rectangles. Fix a rectangle R = [ay, a,] in R. For the sake of exposition, we give the

details of the proof of the upper bound

P{VnR,(z9) e R} — P{A'?Z e R}

2] 5 d 1/4 1
< (90 0og ( n)) 16, log5/2<dn) + _d ) (B.2.83)
n

~ A2n

The matching lower bound will follow from a very similar argument. Consider the

decomposition
R,(z) = (Wn(x) - %Zﬂ(m, DZ)> + % u(z, D;) + Ap(x), where (B.2.84)
A, (z) = R, (z) — Wy(z) , (B.2.85)

and we recall that the function @(+, -) is defined in Assumption B.2.3. Define the normalized

functions

aw(x @, D) = A"V a2, D;) and  W,(2@) = A7V2W, (D)
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and the analogously normalized rectangle R = [A~'/2a,, A=/2a, ] and the enlarged rectangle
Ry = [A"Y2a, — 14t, A="/2a, + 14t]. Observe that the decomposition (B.2.84) yields the
upper bound

P{VvnR, (") e R} — P{Z € R}
—p {\/ﬁA—l/QRn(a:@) € fe} _P {A—WZ € fz}

1 & - N
<lpl LN ue@ p. _pla-e 5

< ‘P{\/ﬁ;_l:u(m ,Dz)eRt} P{A ZERt}‘ (B.2.86)
+ (P {A*WZ e Rt} _p {A*l/QZ e fz} ‘ (B.2.87)

. 1 — 1

@y _ 1N~ aip@ b 1
e {\/ﬁHWn(az ) -~ ;l:u(w D)l > 2t} (B.2.88)
+P {\/ﬁ”A—l/?An(m(d))Hoo > %t} (B.2.89)

for each ¢ > 0. We proceed by providing appropriate bounds for the terms (B.2.86) through
(B.2.89).

We begin by bounding the normal approximation term through an application of

Lemma B.1.6. In particular, observe that

1 & ,
=Y E[i*@=Y), D)) =1 (B.2.90)
n =1
by definition and that
1 & .
=~ E[a'", D] < (g/A)° (B.2.91)
=1

by Assumption B.2.3. Similarly we have that
1a(z?, Di)ll, < (0/2) (B.2.92)
by Assumption B.2.3. Consequently, as

Var(a(x¥, D;)) = A~Y2 Var (Z) A71/2, (B.2.93)
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by definition, Lemma B.1.6 implies that the bound
n /4
1 . _ . ¢ log’(dn)\ '
P{—Sux¥ D)) eR —P{A 1/QZER}‘<(— . (B.2.94
| { 77 i D) e NS G n (B2.94)

holds.
In turn, to bound the terms (B.2.87), we have that

‘P {A*WZ c Rt} e {A*WZ c fe} ‘ < ty/logd . (B.2.95)

by Lemma B.1.7. To bound the terms (B.2.88), taking ¢ = 2log(nd), Assumption B.2.3
implies that

n

1
V| W (@) — = i@, D)l S Gnlog®(dn) (B.2.96)
1=1

3

with probability greater than 1 — C'/nd, by applying Markov’s inequality and a union bound.
Likewise, the bound (B.2.82) implies that

VAl AT2A (D)
S (62,4029 + 02+ Oup + Ons + A28, 4(6, 5 + 6,,0)) log?(dn)  (B.2.97)

with probability greater than 1 — C'/nd, by applying Markov’s inequality and a union bound.

Thus, by choosing ¢t = C4, log?(dn), the sum of term (B.2.88) and term (B.2.89) is
upper bounded by C'/nd. Hence, by plugging this choice of ¢ into (B.2.95), we can conclude
that

P{Vak,(@®) € R} — P{A"2Z ¢ R} |

21..5 1/4
< (ap log (dn)) + 8, 10g”"2(dn) +

B.2.98
~ AZ’I’L ( )

@ )

as required. [ |

B.2.2.2 Part (ii)

The result follows from an argument whose structure is similar to the proof of Theorem B.2.2,

Part (i). Again, we take 6y(z) = 0 for all x, without loss of generality. We are interested in
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studying the discrepancy

A ~

R (x) = On(x) = () = (n(x) — Oo(x)) — Ru().

In terms of the decomposition (B.2.84), we can write

n < n <
i=1 i=1

R,(x) = (Wn(x) ! Zﬂ(x, DJ) + 1 Zﬂ(x, D;) + A, (z), (B.2.99)

where A, () is defined in (B.2.85). On the other hand, as 6j,(z) is constructed with a

random half-sample h of the data D,,, we have that

() — Bo(x) = (% S (e, D) - Wh(a:)> + %ZE(&:, D)+ An(z),  (B.2.100)

ich ich
where Uy, (z) and Ay (x) are constructed with the half-sample h.

The proof of Theorem B.2.2, Part (i), worked by giving a high probability bound for
the first and third term in (B.2.99) and showing that the second term satisfies a central limit
theorem. Here, as we are interested in giving a bound conditioned on the data D,,, we show
that the difference between the second terms in (B.2.99) and (B.2.100) satisfies a central
limit theorem on the event that the first and third terms in (B.2.99) and (B.2.100) satisfy a
specified bound, which we show holds with high probability. To this end, let W, (2(?) is
defined analogously to T, (z(?) and let F, () and F;(t) denote the events that

n n
PHAn(x(C”)HOOgt/zL and ‘/FHAh(m(d))ngt/éL, (B.2.101)

respectively. Similarly, let #,,(¢) and #,(¢) denote the events that

1 & .
Vall= Y a(@®, D;) — Wo(@ )| < t/4 and (B.2.102)
n

i=1

2 . .
Vall =Y a(@?, D) - Wa(@?)]e < t/4

ich
respectively. Define the event &, () = F,,(t) N Fn(t) N Hu(t) N Hi(t).

Fix a hyper-rectangle R in 'R. As before, we prove only the requisite upper bound.

Recall the definitions of the transformed rectangle R and the enlarged transformed rectangle
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R;. On the event &£, (t), we have

P{VvnR () eR|D,} — P{Z € R}
_p{\/—A 12 B (g )eRyD} {A-WZeli}

Sp{%z (2@, D) 1n eRt|D} P{A2Z e R}

i€h 1:1

+|P {A—l/QZ e R} _ P{A‘l/QZ e Rt} ‘ (B.2.103)

for each t > 0. As the data D), are drawn independently and identically with distribution
P in P and we have assumed that 8, < d,,, by setting t = C'6,, log”(dn), bounds (B.2.97)
and (B.2.96) imply that the event &, (t) occurs with probability greater than 1 — C'/nd. Thus,
Lemma B.1.7 implies that

P{V/nR;(x'”)eR|D,} — P{Z € R} (B.2.104)
<p {% Y a@?, D;) - = Zn:a(m@, D) eR,| Dn} _P {A—WZ c Iit}
n ich \/ﬁ =1
(B.2.105)
+ 6, log®?(dn)

with probability greater than 1 — C'/nd. Hence, it suffices to bound the term (B.2.105).

To this end, we apply a coupling argument introduced in Yadlowsky et al. (2023), which
is similar to a Poissonization technique studied in Prastgaard and Wellner (1993) (see also
Section 3.6.2 of Van Der Vaart and Wellner (1996)). In particular, let V; be a random variable
taking the value 1 when ¢ is an element of the subset h and taking the value —1 otherwise.
Observe that

n n

2 1 1
SN u2@ D) — 2SN i@ D) = = S Va(z @, D)) . B.2.106
=D a@ D) =~ i@ D) =~ Vi, D) ( )

ich i=1 =1

Let Vi, ...,V denote a collection of random variables valued on {—1,1}. We define their
joint distribution as follows. Let (),, denote a random variable with distribution Bin (n, 1/2).
If Q, > n/2, then choose Q,, — n/2 indices i in [n] with V; = —1 and set V; = 1. If
Q. < n/2, then choose n/2 — @, indices with V; = 1 and set f/z = —1. Set f/z =V, for

all other units. Observe that the collection V; are independent and identically distributed
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Rademacher random variables. With this in place, we obtain the decomposition

n

—ZV“ @ ZV @, D)) ;Z(v v) ('Y, D;) . (B.2.107)

=1

Let V(t') denote the event that

1 < -
=N (v - V;) i@ D)l <t B.2.108
LS (- )] o2
Fix any rectangle R" = [a}, a/,] and define the enlarged rectangle R}, = [a, — t'14, a], + t'1,].

On the event V(¢'), the decomposition (B.2.107) implies that

1 n
P{—=Y Vii(z,D,) eR | D, y — P{A"?Z e R}
Vi
1 o ~
<P {% ; Via(z'?D, D;) € R), | Dn} ~P{ANV2Z eR,) (B.2.109)

+ 'P {ATVPZeR,} —P{AV?Z eR} (B.2.110)

for all £ > 0. Lemma B.1.7 implies that (B.2.110) is less than ¢'y/log(d). To handle the
term (B.2.109), we apply the following quantitative central limit theorem, stated as Lemma
4.6 in Chernozhukov et al. (2022).

Lemma B.2.2 (Lemma 4.6, Chernozhukov et al., 2022). Consider the setting and assumptions
of Lemma B.1.6. Let X,, = (X1, ..., X,,) collect the observed data and let ‘71, - ,‘~/n be a

collection of independent Rademacher random variables. We have that

sup | P {n—l/gzxi c R} -p {n—l/zz%Xi €ER| Xn} ‘ (B.2.111)
=1 =1

ReER
2log®(dn) \ !
< 4 (w) . (B.2.112)
n
with probability greater than
log®/?(d
C%ﬂ(”) (B.2.113)

for some constant C'3 that depends only on the constants C and c defined in the statement
of Lemma B.1.6.
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Thus, on the event V(¢'), Lemma B.1.6 and Lemma B.2.2 imply that

P {7 S Vii(@; Dy) € R | Dn} —P{A2ZeR} < (M> +¢'\/log(d) ,
n
=1

A

with probability greater than 1 — Cn~"/2X\" ¢ log®?(dn).
Hence, it suffices to give a high probability bound on V(¢'). To this end, observe that

1 -
il - oo (d)
G H\/ﬁ;@/ Vz> W@ D)) (B.2.114)
is equidistributed with
“oo(d
H\/ﬁ Z a(@ Dy (B.2.115)

Consider the decomposition

P{G, >t} < P{Gn >t 1Qn — /2| < 5%} +p{|Qn_n/2| . 53}

k
2 n

< il S @) D). S 4 { _ > _}

_P{Kmk%cg n;u(m . D;) oo_t}+P |Qn n/2|_52 :
(B.2.116)

for some 6 > 0 to be chosen. Observe that
) 52

P{\Qn—n/2| > 7”} < 2exp (—%) (B.2.117)

by the multiplicative Chernoff bound. To bound the first term in (B.2.116), we combine
Lemma B.1.5 with the following Lévy type inequality for independent random vectors, due

to Montgomery-Smith (1993).

Lemma B.2.3 (Theorem 1.1.5, De la Pena and Giné (1999)). Let 71, . . ., Z, be independent

random vectors in R?. There exist universal constants C, and C such that

k n
t
P {gggnll ;ZZ-HOO > t} < 01P{|! leilloo > 52} (B.2.118)

forallt > 0.
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In particular, as

and

=20, (B.2.119)

Lemma B.1.5 and Lemma B.2.3 imply that

k
1
P =N (z; D, ’ > ¢ (510! 2] <=
{1%%2(3 \/_gu ) C <(5 og/*(dn) + —= \/_)\ og?(dn) ) ¢ < -
(B.2.120)
Now, the choice
1
§=cy /220 (B.2.121)
n
gives
on 1
PQn—n/2| > — ¢ < — (B.2.122)
2 n
by (B.2.117). Plugging this choice into (B.2.120) yields
2 < 1 o 1
P = ‘ > C—ZL1og?(dn) b < — . B.2.12
Lg%g nZ: m_0¢a5%(M}Nn (B.2.123)
Hence, we find that the inequality
1 -
P{H— (Vi = V2) a2, )
Vi -
2]og* (dn)\*) _ 1
> C w <= (B.2.124)
A'n n

holds for all n sufficiently large.

Thus, by setting

21 4 1/2
t,:C(sD og (dn)) |

An

we find that

1 n
P {7 > Vii(a, D;) € R'| Dn} —P{N?Z eR'}
n
=1
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(‘pzbg—W)l +\/—< 2log dn)> S(cflog_%«ln))”“,

An An

AN

(B.2.125)

with probability greater than 1 — Cn= 2\ 1y 1og3/ ?(dn). Putting the pieces together, the
inequalities (B.2.104) and (B.2.125) imply that

¢ log® (dn)\ "
P{VnR,(x9)eR|D,} - P{Z€R} < (T) + 0, log®?(dn)
An
with probability greater than 1 — C'(n~"/2pA ™" log®?(dn) + (nd)~1), as required. u

B.2.3 Proof of Lemma B.2.1

Again, we take 0y(x) = 0 for all x, without loss of generality. Recall from the proof of
Theorem B.2.2, Part (ii), that V; is a random variable taking the value 1 when ¢ is an element

of the subset h, and taking the value —1 otherwise, and that

—ZuxD ——Zua:D ZVuxD (B.2.126)

i€h

Define the objects

- 2
T,(x) == a(z,D;) — W, d Tw(z) =25 a(x, D) — Wy(z). (B.2.127
(z) ; u(z, D;) (z) and Ti(z) = ; u(z, Di) = Wi(z) . ( )
and recall the objects A, (1)) and A,,(2)) introduced in (B.2.85) and (B.2.100), respectively.
Observe that we can write

52— nEy [(R,’;(:AJ')))Q} (B.2.128)

2
1 < , . . . .
= nEy (— > Vai(zD, D) — Ta(aD) + T, (29) + Ap(a?) — An(x@))> ,
n
=1

where the notation Ey || denotes that the expectation is evaluated only over the random
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variables Vi, ..., V,. Thus, by defining the quantities

n 2
— 1 L
X, ; =nEy (ﬁ > via(zY, Di)> and (B.2.129)
=1
,;=nEy [(Tn(x(j)) — Th(2W) + Ap(zP)) — An(x(j)))z]
we obtain the bound

\2 2 12 2 T l/2
A2 =X < X, = N4 20,1, + Ty (B.2.130)

n7j

by expanding the square and applying the Cauchy-Schwarz inequality.

Now, we obtain a large deviation bound for I',, ;. Observe that Assumption B.2.3 and
(B.2.82) imply that

E

n , a/2
(FTH(N)Q) <¢*5? and E

n ' q/2
(PAn(:U(J))?) < ¢%6¢ . (B.2.131)

respectively. Likewise, Jensen’s inequality implies that

o]

and analogously

E

q
H < %164 (B.2.132)

E

q/2
(EV {%Ahw))?}) ] < g5 (B2.133)

Thus, by taking ¢ = 2 V 2log(nd) and applying Markov and a union bound, we find that

sup 12 (]EV [Th(x(j))Q] + Ey [Ah(x(j))z}

JE[d] A

+ T (x9)? + An(a:(j))2> < log*(dn)é? (B.2.134)
with probability at least 1 — C'/nd. Consequently, we find that

sup I'; < A log?(dn)é? (B.2.135)
Jj€ld]
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with probability at least 1 — C'/nd.

. . . 2
Next, we derive a large deviation bound for the difference |\, ; — )\jz| Observe that we

can evaluate

—_

1
E[ViVi] = ZE[Vi| Vi = 1] - E[Vy | Vi = —1] (B.2.136)

(nf—_ll nn£21> B % (nnizl B ny/f—_11) - _n1 1

er—tw

and thereby

Z e D) % i Z E [ViVi] ﬂ(a:(j), Di)ﬂ(x(j), Dy/)

i=1 i'#i
:‘Z 29, D,) nn_l;ﬂzﬁ D)u(z", Dy) . (B.2.137)

We now bound the two terms appearing in (B.2.137). First, we apply the following Rosenthal
type inequality.

Lemma B.2.4 (Theorem 9, Boucheron et al., 2005). Let X1, . .., X, be independent centered

random variables. For any integer ¢ > 2, we have that

Var(X;)q | q
H—ZXHqN —+5H1iré?b>f|X¢|Hq-

In particular, the variables
(2, D;) — A2 (B.2.138)
are independent and mean-zero. Moreover, Assumption B.2.3 implies that
E |(@(), D;) - A2)°| <E[@(x9), Dy)] < A%*. (B.2.139)
In turn, the bound ||[@ (2", D;)||y, < ¢ gives

max |u*(x W D;) — A7

1€[n]

< ¢?¢? (B.2.140)

q
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for every ¢ > 2V 2log(nd). Therefore, Lemma B.2.4 implies that

2.3
< Ajw\/g+ % . (B.2.141)

By taking ¢ = 2 V 2log(nd), applying Markov and a union bound gives

n /

1 —2/_(j) Nk o

EZ(U (z >Di)_)‘j)
=1

E

log(dn) N ©? log®(dn)

Sup Z u — A2 . . (B.2.142)

with probability greater than 1 — C'/nd.

To handle the second term, we apply the following sub-exponential formulation of the
Hanson and Wright (1971) concentration inequality for quadratic forms, due to Gotze et al.
(2021).

Lemma B.2.5 (Proposition 1.1, Goétze et al. (2021)). Let Xy, ..., X,, be independent,
centered, random variables satisfying E [X?] = o7 and || X;||y, < . If A = (a;) is

any symmetric n X n matrix, then the inequality

P {} Zn:zn:a,Li/XiXi/ — Zn:O'?CLm" Z t}
=1

i=1 ¢'=1

2 L r 1 B.2.143
< —— mi 2.

< 2exp | g min | S AR ( )
holds for anyt > 0, where || - || and || - ||op denote the Frobenius and {5 operator norms,

respectively.

In particular, let A denote the n x n matrix with zeroes on the diagonal and (n(n — 1))~! in

every other entry. In this case

1 1 1
A2 =—-—— and |42 =— B.2.144
Al = g and A= (B.2.144)
and so Lemma B.2.5 implies that
2
D Dl < £ 1002(d B.2.145
Jsél[d])\ nn—lZZ ’ Z)NAQTZ g (dn) ( )

i=1 i/#q

with probability greater than 1 — C'/nd.
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Hence, by combining (B.2.137), (B.2.142), and (B.2.145), we find that

log(dn 2log®(d
<2y Og( n) . ¢ los (dn) (B.2.146)
~A A'n

with probability greater than 1 — C'/nd. Thus, by plugging (B.2.135) and (B.2.146) into the
bound (B.2.130), we obtain

<2
n!j

A

sup
JEld]

32 X e 2 T,
sup |~2= — 1| < sup |3 +28up—sup——i—sup 8
jeld] jeld | ] jeld) A el Aj Aj
log(d ?log’(d
< @, flosldn) | ¢ °s (dn) +log2(dn)s, + logh(dn)s?  (B.2.147)
A n An
with probability greater than 1 — C'/nd, as required. [ |

B.3. PROOF OF THEOREM 2.3.1

B.3.1 Proof of Theorem 2.3.1

The result follows from an application of Theorem B.2.1. We begin by verifying the requisite
assumptions. Theorem B.2.1 requires that the moment function M (-; 6y, go) is Neyman
Orthogonal and satisfies Assumption B.2.1. Neyman Orthogonality is also imposed in the
conditions of Theorem 2.3.1, and so is satisfied. Assumption B.2.1 requires that the moment
function M (z; 6y, go) is twice continuously differentiable and has a Jacobian function

MW (z;9) = —M(x;0,9) g0 (B.3.1)

9
oo’
that satisfies the bounds (B.2.2) and (B.2.3). Twice continuous differentiability follows

immediately from Assumption 2.3.2, which states that the moment function m(-; 6, g)

satisfies the linear representation
m(d; 0, 9) = m(d; g) - 0 + m®(d; g) , (B.3.2)

with bounded functions m™(-; g) and m®(-; g). In particular, the representation (B.3.2)

implies that the Jacobian can be written

MY (%0, 9) = E[m™M(Dy; g) | X; = 2 (B.3.3)
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and that the Hessian can be written

52
H(x;0,9) = a29,M(917; 0,90) lg=e= 0. (B.3.4)

Here, our ability to exchange integration and differentiation follows from boundedness of
m(+; 0, g). Consequently, the bounds (B.2.2) and (B.2.3) follow from the bounds (2.3.26)
and (2.3.27) stated as Part (iii) of Assumption 2.3.3.

Theorem B.2.1 also requires that the centered empirical moment M, (z; 0, g) satisfy
Assumption B.2.2. Assumption B.2.2 imposes the restriction that M, (z;6, g) is twice

continuously differentiable and that its Hessian

_ 92 ,
H,(x;0,9) = M, (2;0', go)|or—o (B.3.5)

0%
is uniformly bounded almost surely as z, 6, and g vary over their respective domains. Recall

that, in our case, we have that

M(z;0,9) =Y (K(x, X;)m(D;; 0, 9) — E[K (x, X;)m(D;; 6, g)]) . (B.3.6)

i=1
Twice continuous differentiability again follows from Assumption 2.3.2, i.e., the linear
representation (B.3.2). In turn, we have that H,(z;6, g) = 0 almost surely, verifying the
uniform boundedness condition. Moreover, for future reference, the empirical Jacobian is

given by

M, () = i (K (z, X)m™ (D g) — E [K (2, X;)m™ (D3 g)]) (B.3.7)

i=1
again by Assumption 2.3.2.

We now quantify the generic sequence J;* defined in Assumption B.2.3. Recall the
normalized statistic IW,,(x) defined in (B.2.6). By the definition (2.3.13), this quantity can

be written

r

1
Walr) =~ > ulw; Dy, &,.00,90) ,  where

q=1
u(w; D, &,0,9) = =MW (2;90) Y (k(, Xy, Ds, &)m (D3 60, g)
i€s

~B[k(z, X, D m(D; 0,5)]) -
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Define the de-randomized kernel function and H4jek projection

u(z; D) = E [u(x; Ds, &, 0p(x), g0) | Ds = D] and (B.3.8)
V(25 D) = E [u(; D, &, 60(2), o) | i €5, D = D] , (B3.9)

respectively, in addition to the quantities

UZJ = Var(ﬂ(l)(x(j)7 D;)) and gi = ?elﬁ]l UZJ ) (B.3.10)

The result below follows from an application of Theorem 2.1.1.
Lemma B.3.1 (Asymptotic Linearity). Suppose that the de-randomized kernel function

(B.3.8) is bounded by ¢ > 1 almost surely and is invariant to permutations of its second

argument. Suppose that b and r are chosen to satisfy n < \/rb. If the inequality

(1+ 1180 )| )b los(dn) _

<C (B.3.11)
n
holds, then
[n Dy PN~ ) 1"
J _ ~ 7). .
E ‘ bQQg Wn(:c ) n;“ (37 7D1>
1 @y,21 )2\ /2
< ¢ (A% D)¢ ) , (B.3.12)
ain

for each j € [d] and each 2 V 2log(nd) < g < cn/b.

In particular, observe that Assumption 2.3.2 implies that the de-randomized kernel function
(B.3.8) is bounded by ¢, up to a constant that depends only on P. Permutation invariance
again follows by assumption. We may assume that the first condition in (B.3.11) holds, as

otherwise the desired bound is vacuously true. Consequently, Assumption B.2.3 holds with

2\ 1/2
Oy =C (bi) (B.3.13)

the choice

n

by incrementality and the fact that ||0y(z?)| . is bounded as P varies over P.
Next, we quantify the sequences introduced in Assumption B.2.4. The lemma below

follows from arguments similar to those used in Wager and Athey (2018) and Oprescu et al.
(2019).
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Lemma B.3.2 (Bias, Consistency, and Stochastic Equicontinuity).

Suppose that the conditions of Theorem 2.3.1 are satisfied.

(i) The bound

n
22
b%o;

n 1/2
o= () @

holds.

[Bias, (x; (), giu)l|oe S (1+ 10(2'?)l|oc)00,5,  where

(ii) The bound

n 1/4 )
o) B[ @Yig0)
(ng?,)

holds for each ¢ > 2 V 2log(dn) satisfying

ayn

P*bg?
n

<c

and each j € [d].

(iii) The bounds

q71/q ot 1/4
] S @0nm ,  where 0y, = (T)

233

(B.3.14)

(B.3.15)

(B.3.16)

(B.3.17)

DT o . Y
bQO.QE HMH(Q?(J); Oo(z), Gn) — Mn<x(j);60(x(‘7))7go)|q] 1< ¢bns, where
[
1/2 1/4
n b d b
On,5 = (_bQQg) < (E) Ong +ep+ (14 160 (2 ))Hoo)gzﬁ\/;) 7
and
— . — . 1/
b2n2E “MS)(SC(])Qgﬁ — Mill)(xm;go”q} ! < 6,5, where
Lo

n 1/2 b 1/4 @ b
5n,J: @ ﬁ 5n,g+5b+(1+ ”00(1: )Hoo)Qb ﬁ

hold for each g > 2V 2log(dn) satistying

" (1 + || (@) [|)bg”
n

+e,<c

and each j € [d].

(B.3.18)

(B.3.19)
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(iv) The bound

n 1/4 N ) . 1/q
( ) E[|9n(w(”)—90(ﬂf(”)|q} < q0ng, where

2,2
b*g;

n N0 (d) (d) b
Onp = Pl —) Ong (14 100(2"”) [0 )eb + (1 + [|00(x'”) [|00) @ -
(B.3.20)

holds for each ¢ > 2V 2log(dn) satisfying

1/4 2 (d) 27 2

1

<1, ¢ (9) bng <1, and "1+ [00(@ )l )"ba +e <1 (B321)
n n

and each j € [d].

Observe that the choice
u(z,D;) =b-uY(z, D),

suggested by Lemma B.3.1 implies that

bo? > \

~ £

2=V > b, (B.3.22)

by Assumption 2.3.2 and incrementality. We set g, ; = C'log(dn). We may assume that

there exists some ¢ < 1 such that

bo* log®(d
(5379 + \/ggb) log*(dn) < c and 22102 _ (B.3.23)

n

as otherwise the bound is vacuously true. Consequently, all of the conditions of Lemma B.3.2

are satisfied for every ¢ < ¢, ;. Thus, Lemma B.3.2 and Lemma B.3.1 imply that we can set

2 1/2 b(bQ 1/2
a,n n
n n
Opg=C @&; < gﬁb , (B.3.25)

4\ 1/4 4\ 1/4
b
) < (% ) | (B.3.26)
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n

1/4 p\ /4
< _ _
< By + (b) ey + (n) ¢, and (B.3.27)

1/4
On.s = Ony = Clog'/*(dn) (%) On,g + C\/geb + C’qb\/g log(dn),  (B.3.28)

respectively, where we have repeatedly used the fact that ||f(x(?) || is uniformly bounded.

With these results in place, we apply Theorem B.2.1. We begin by giving a suitable

upper bound for the sequence
On = 0n g+ 0n g+ 00+ 0np + Ons + O + A0 46,6 (Onp + 6ny)  (B.3.29)

introduced in the statement of Theorem B.2.1. Observe that

)\1/2 b1/4
m(amB + 5n,J)6n,0 5 W((sn,B + 6n,J)(5n,9 SJ 6n,B + 6n,J ; (B330)

as otherwise the desired bound would be vacuous, where the first inequality follows from

(B.3.22). Consequently, we find that, if §,, ; = J,, g, then
On S 02+ 00 g+ 0n 4 Onp + Ons + On - (B.3.31)

Plugging in the choices specified above gives

1/4
On S 0p g+ \/gab + \/EgzﬁZ + <9) O g log"/?(dn) + qs\/E log(dn)  (B.3.32)
’ n n n
<52 4+ o2/ Llog(d B.3.33
SOng E nogn). (B.3.33)

where, to get the second inequality, we apply the elementary bound

A 1/2 2 b
(5) On,glog“(dn) S0, , + \/;log(dn)

and use ¢ > 1. Hence, the inequality (B.3.33), the Orlicz-norm bound

[@(z9, D)y, < b- (1 + (7))o S b0,
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and Theorem B.2.1 imply that

sup {P {Qo(az(d)) € é(m(d))} —(1- o)

PeP

N (M) " + <5Z,g + \/gab + ¢2\/glog(dn)> log®(dn) + %

S (w)m + (533 + \/ge,,) log®(dn) , (B.3.34)
as required. [ |

B.3.2 Proof of Lemma B.3.1
To ease notation, we define the parameter
¢(60) = (14 [|6o(« )¢

and drop dependence on f(x) and g when writing u(z; Dy, &, 0(x), g), as these values will

be taken to be 0y(z) and go throughout. We are interested in studying the discrepancy

. b — ‘
W (x9) — 23 " aW(20); D) . B.3.35
(27) - — Zl“ (9 D) (B335)
Define the quantities

A : 1 . — ; 1 :

U, (7)) = A > u(@W;D, &) and TU,(2V)) = A Y a(2¥;D;)  (B.3.36)
sesn,b SESn,b

for some collection of independent random variables §& = (&)ses, , having the same

distribution as &. The statistics U,,(z))) and U, (z")) are the complete, randomized and de-
randomized, U-statistics associated with the randomized d-dimensional kernel u(z"); - ),

respectively. Consider the decomposition

n b —
W (29— 2 ST a0 . p,
b2g§( () - z:lu (=5 D;))
= L (WoaD) = U, (29)) + [ (O (2D) — T (29))
T/ p2g2 e\t n\L P22 \nlt x
b b
T () _an 20 (0. D).
+ bzgg(Un(ac ) n 2 (2 Dy)) . (B.3.37)
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We bound each of the three terms in (B.3.37) in succession.

A higher-order moment bound for the third term in (B.3.37) is obtained by applying the
same argument used to verify Lemma B.3.1. In particular, Part (ii) of Lemma C.4.1 and
Lemma B.3.1 imply that
T (20 — LS a0 (0
Un(zV) — —Zu (V) Dy)

n <
=1

g1 Ve b
E ] ,SQSQQE (B.3.38)

for each 2 VV 2log(nd) < g < ¢n/b. Analogous bounds for the first two terms in (B.3.37)

are obtained through the application of the following Lemma.

Lemma B.3.3. Let D,, = (D;);-; and § = (&)ses, , denote two independent collections of
independent and identically distributed random variables. Consider the real-valued function
u(Ds, &). Assume that the absolute value of each component of u(Ds, &) is bounded by the

constant ¢ > 1 almost surely.

(i) If the bound )
q1/2¢— <1 (B.3.39)
n

holds for some q > 2V 2log(dn), then the bound

1/q

n\ q b
= ‘ (b) > (u(Ds, &) — E[u(Ds, &) | D)) < qlﬂg (B.3.40)

SESmb

holds for all b > 2.

(ii) If, in addition, the sets (sq,);:1 are drawn independently and identically from S, ;, and
n < /rb, then

T

’% Z (u(Dsqafsq) - E |:u<DSqﬂ§Sq) | Dms})

q=1

E

~
n

q] /4
] <q1/2@ (B.3.41)

holds.

In particular, observe that

N ; 1 . )
Un(@?) = - > u(@; Dy, &) = E[u(a?; Dy, &,) | Dy €]

b SESn’b
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and that therefore we can write
: . _ 1 — _ ‘
W (@D)=U, (V) ==Y "7, with Z, =u(z"; Dy, & )~E[u(zV); D, &,) | Dy, §].
T
q=1

Consequently, by the normalization ¢'/2¢(6,)b/n < 1, Part (ii) of Lemma B.3.3 implies that
[ PN n1pbo(0o) ([ 6(00)%a\ "
E _ (VVn N _ U, (4) > < 1/2 o) _ 0 _

(B.3.42)
In turn, we can similarly write

N . — . 1 . .
Up(aD)=Un(a") = = > Zs with  Zy=u(a"; Dy, &) ~E [u(z"; D5, &) | D] -

SESn,b

Thus, again by the normalization ¢'/?¢(6)b/n < 1, Part (i) of Lemma B.3.3 implies that

a7 1/q 1/2
E H | = (Un(xU))—Un(x@)) ] < (W—O)Z“’) . (B.3.43)
b%o;

~ 2
Putting the pieces together, the bounds (B.3.38), (B.3.42), and (B.3.43) imply that

a,n
n 1/2
. Dy _ N s < 2 [ 0(0)’
‘\/b@ (Wn(ﬂf ) n;u («9; D;) q . (B3.44)

~ 2
for each j € [d] and each 2 V 2log(nd) < g < cn/b, as required. [ ]

1
q] 4

apn

B.3.3 Proof of Lemma B.3.2

Throughout, we use the shorthand N, = (7).

B.3.3.1 Part (i)

Observe that

s Z > E[k(z, Xi,5,8)m(Dy; 0, g)]

sESn p 1ES
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_ 1 Z S E[E [w(z, Xi5,€) | Xi, Dy E [m(Dy:6,9) | Xi, Ds,]]

sESnb iE€ES
(Honesty)
= — Z > Els(z, Xi,s, O [m(Di; 0, g) | Xi]]
sESnb €S
N Z ZE k(z, Xi,s, )M (X530, 9)] .
Ss€ES,,p 1€S
Therefore, the normalization
>k, Xiys,€) =1 (B.3.45)
i€s
implies that
Bias,(z;0, g) Z ZE K(x, Xi,8,8) (M(X50,9) — M(x;0,9))] -

seS,L p €S

By the boundedness part of Assumption 2.3.2 and Part (iii) of Assumption 2.3.3, we find
that

Bias,(z;0,9) < (14 |0)E [k(z, Xi,s, | Xi — 2loo) < (14 0])ep , (B.3.46)

where the final inequality follows from the definition of the shrinkage €, and the normalization
(B.3.45). [ ]

B.3.3.2 Part (ii)

Define the function

J(2:D,,&) = 3 (ke Xiys,&)m® (Dis go) — E [r(x, X5, &)m ™ (Dis o))

<
and observe that

—(1) 1
M 1g0) = — J(z; Ds,, &s,) - B.3.47
n (ZE,g()) TZ (:Ev q fq) ( )
Consider the decomposition

M (2 g0) = A(z) + A(z) + A(z) (B.3.48)
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where

r

Aw) == > (J(@;Ds, &,) = E[J(@; D, &,) | Dns]) (B.3.49)
q=1

A 1

Afz) = ﬁb > (J(@:Ds &) —E[J(2; D5, &) | D)) . and (B.3.50)
SESnb

A Z E [J(z; Ds, &) | D] | (B.3.51)
SGSnb

respectively. We again apply Lemma B.3.3 to bound (B.3.49) and (B.3.50). In particular, by
Assumption 2.3.2, the normalization (B.3.16), and the restriction n < b./r, Lemma B.3.3
implies that, for each j € [d],

ey b
E HA(xO)) q] "< qlﬂg and (B.3.52)
A
E[|AE|] < g2 (B.3.53)
n

respectively. In turn, to bound the term (B.3.51), write

Ji(Ds) =E [J(I(j);D57fs) | DS} :

Observe that 7j(-) is symmetric, mean-zero, and bounded by a constant multiple of ¢.
Moreover,
z(a:(j)) = Uns(J;) -

Let 75-6) denote the ¢-th Hoeffding projection of .J;. By Part (ii) of Lemma C.4.1, we have

:%ijg Z() Une(7Y)). (B.3.54)
=1

We bound the two terms in (B.3.54) in succession. By Hoeffding orthogonality,

2| (1°00)"] <m0 56
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Moreover, |7§1)(Di)| < ¢ almost surely. Therefore, Lemma B.2.4 gives

D) q] 1/q<b<\/q]E{<7(l)(D )) } +% )
< ¢\f+ d)bq f (B.3.55)

Next, Lemma B.3.1 and Minkowski’s inequality imply that

s[5 O] < Se

b 0/2
Cqb b
Ség)y ) (—q ) S (B.3.56)

max
i€[n]

(1)
J; (D)

b (1)
D> i
=1

where the final inequality follows from the geometric series formula and the fact that
bq/n < ¢, which is implied by (B.3.16). Since bg*/n < c is also implied by (B.3.16), the
right-hand side of (B.3.56) is bounded by ng\/b/_n. Combining (B.3.54), (B.3.55), and
(B.3.56), we obtain

E [[A@9)[' <o/ (B.3.57)

n

Thus, the bounds (B.3.52), (B.3.53), and (B.3.57) imply that

q71/q b

} Sqeé\/;. (B.3.58)
( n )1/4

bggi

4 N\ 1/4
1" S 4o = (%) . B359)

1/2
Qb/ nl/4 a;n

E[ 1) @ g0)

Multiplying both sides of (B.3.58) by

gives

n 1/4 )
o) B[P D)
(bQQz?)

as required. [ |
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B.3.3.3 Part (iii)

We give the details of the proof of the stated moment bound on the discrepancy
Mn (x(j); 90 (SL’(]) )7 gn) - Mn<x(j) ) ‘90 ('r(J)) ) gO) (B360)

only. The argument giving the analogous bound associated with the term Mﬁl)(x(j); )) is

analogous. Define the functions

F(z;Ds,&,9) = Y f(#, Xi;Ds,&,9) and  F(x; Ds,g) = B, [F(2; Ds, &, 9)]
iE€s

(B.3.61)

where

f($)X17 DS7€S79) = H(x7Xia Dsags) (m(D’L’ 9079) - m(DueOagO))
—E [H(‘ru X’i7 DS7 55) (m<Dlu 007 g) - m(DH 907 gO))] (B362)

and the notation E 4[-] indicates that we are evaluating the expectation over the randomness

in A. Define the quantities

r

_ 1

Fu(w; ) = =) (F(w: D,  &,,9) = Bs [F(2; Ds, &, 9) | Dus ) (B.3.63)
qg=1

N 1 —

Fu(wig) = 5 Y (F(#: Ds&eg) = Fla; Deg)) . and (B3.64)
b SESn,b

— 1 —

Fulwig) = & > F(x;Ds.9) (B.3.65)

Sesnyb

and consider the decomposition
M, (300(2), g) — M (2;600(x), go) = Fulw; g) + Fulw; ) + Fulw;9) . (B.3.66)

We again apply Lemma B.3.3 to bound (B.3.63) and (B.3.64). In particular, by Assumption 2.3.2,
the normalization (B.3.19), and the restriction n < b\/F, Lemma B.3.3 implies that

. 1/ (d)
B [ Fo(aD; ) q} I < q1/2b(1 + Heoilw Mlso)® and (B.3.67)
. . 1/ (d)
E[|£n9; 90)|'] " gt @) le)o (B.3.68)
n
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Here, we have used the statistical independence of g,, and D,,, together with the fact that the

preceding bounds hold uniformly over g € G.
To bound the term (B.3.65), first observe that

E [F(z;Ds,9)] =0 and |F(z;Ds,9)| < (1+]160(z'D)]lc)d (B.3.69)

by the boundedness part of Assumption 2.3.2. In turn, observe that

E [(F($§ Dsag))z} <E Z’@'(l’,X@',Ds,ﬁs)E [(m(Di;emg) - m(Dz';@o;go))Q | Xz‘]

L i€s

S E Z K($,X¢,Ds,€s)‘/($,g) + €

L i€s

Sllg—goll300 + &0 s (B.3.70)

where the first inequality follows from Honesty and Jensen’s inequality, the second inequality
follows from Assumption 2.3.3, Part (ii), and the definition of the shrinkage rate ¢;, and
the third inequality follows from Assumption 2.3.3, Part (ii), and the normalization that
Y ies (, Xy, Ds, £) = 1 almost surely.

Let F” (z;-, g) denote the ¢-th Hoeffding projection of the kernel F(z;-, g). By Part

(i1) of Lemma C.4.1, we have

Fo(z;9) = % iilf(l)(x; D, q) + g (2) Une (7(6)@; . g)) . (B.3.71)
By Hoeffding orthogonality and (B.3.70),
bE [(ﬁ%; Di,g>)2] <E[(F@iDu9)’| Slo -l +e. B3
Moreover,

70D 0)| £ (14 [0 )o

almost surely. Hence, Lemma B.2.4 gives

b q11/q
7D 06).
E - F / Di>
b b
S gq (Ilg — oll2.0 +s§/2) + (1 186(2D)10) g - (B3.73)
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Next, Lemma B.3.1 and Minkowski’s inequality imply that

b qq1/q
70 0.0). .
(£> Un,@ (F (ZL‘ [ g)) ]

b

S )

(=2

E

>

b
(=2

IA

q} 1/q

b Cqb 2/2 b
SO+ e e Y (CF) S+l . B3
(=2

where the final inequality follows from the geometric series formula and (B.3.19). Combining
(B.3.71), (B.3.73), and (B.3.74), we find that, for each fixed g € G,

_ . 1/q bq b
E[[Fa@5 )] " S /2 (g = gollzce + /%) + ~(1+ 6@ ) )00
(B.3.75)

Consequently, by the elementary bound

[bg 12 _1bg 1
— < E—— —
n b 2n i 2%

and the fact that g, is statistically independent of D,,, the rate condition on g,, gives

_ 1/ b/ b\ b
E [‘Fn(m(])u&n)‘q] ' 5 q3/2 - (_) (Sn,g + —q5;/2
n\n n

b
(14 [100(2) | oo) b0
b (b

, 1/4 b
Say (ﬁ) Ong + e+ (L4 [[00(@ )| )b0”

(B.3.76)

Putting the pieces together, the decomposition (B.3.66) and the bounds (B.3.67), (B.3.68),
and (B.3.76) imply that

_ . , o ' . 1
E [’Mn(x(])7 00(1*(-7))7gn> — Mn(l'(‘j), 90<m(]))’go){qi| q
8/2 b (o) b (d) 2
ST o) g et (1 (l00(@)loo) o (B.3.77)

where we have absorbed the bounds (B.3.67) and (B.3.68) into the final term. By the
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normalization (B.3.19), we have

b b
ql/g\/; <1 and ¢(1+ ||90($(d))||oo)¢\/; ST

Therefore,

— . . _ ) ) 1/
E []Mn@:(”; Oo(2Y), gn) — M, (2V; 90<w<”>,go>|"} '

b\ b
sa(2) orar arimenion2).

Multiplying both sides by

gives (B.3.17).

B.3.3.4 Part (iv)

Recall the decomposition

)
— (On(@) = O(x)) (MD(x;00(x), §n) — MP (36, (x), 99))

245

(B.3.78)

(B.3.79)
(B.3.80)
(B.3.81)
(B.3.82)
(B.3.83)

stated as (B.2.68) in the Proof of Theorem B.2.2, Part (i), where we note that the various
terms appearing in (B.3.79) are defined in (B.2.69) through (B.2.72). Here, we have used

the fact that the Hessian H(x; 6, g) = 0 almost surely, by Assumption 2.3.2. We also use

Part (iv) of Assumption 2.3.3, which implies that 6,,(z) and 6y(z) are uniformly bounded.

First, observe that, by an argument identical to the argument used to establish Part (ii) of

this Lemma, i.e., (B.3.58), we have that

B (137,62 80e). 50 ] S 1 + () [

(B.3.84)
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Moreover, as before, Parts (iii) and (iv) of Assumption 2.3.3 imply that

?|

(Bu D) = B0l ) (MO (@; 80(a), ) = MO (@ 60(a), )

q} 1/q

< p g 11/ < b\
E[[|gn — goll80e] ™" S q —) g (B.3.85)

In turn, observe that Part (i) of this Lemma and Part (iv) of Assumption 2.3.3 give that
Bias, (2: 6, (29, 30)| S (1 + 10(2 ) )z (B.3.86)

and that Neyman orthogonality gives

_ 4 N 1/q . 1
E [!Nms(x(]); QO(IU));gn)ﬂ SE [Hgn - 90”3?00] fa

b b 1/4
) \/»53% (;) 5y (B.3.87)

where the final inequality follows from the normalization q(b/n)'/45, , < 1.

Moreover, as before, Assumption B.2.2 and a Taylor expansion gives

(B () — B0()) ML (23 60(x), )|
10, () — 0o(2)| |1 (; 60(), 90)|

(2 )37,
+ |8 (@) — B0(2)| [V (23 60(x), 6) — DLo (: 6p(), 90)] ,
(B.3.88)

|Stoch™ (25 0, (), G )|

IA

where we have used the fact that the empirical Hessian H,,(z; 8y(z), §,) = 0 almost surely,
by Assumption 2.3.2. Consequently, Part (iv) of Assumption 2.3.3, Part (ii) of this Lemma,
and Part (iii) of this Lemma imply that

E HStoch(l)(x(j O, (29, G) ]l/q

< a1+ I8y 2
+ 3/"’\/E (ﬁ) Ong + €5+ b<1+\|00<w<d>>||oo>¢q2

< q(1+ [[60(2 )] o0) ¢\/7+q( > Ong + q(1 4+ [|00(2D)]|sc)es . (B.3.89)
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Here, the final inequality follows from the normalizations (B.3.21). Similarly, Part (iii) of

this Lemma gives

, 1/q
E HStoch(Q)(:v(J); Gn) q}

< 3/2 N b (d) 2
SN = ) Ongten+ (14 [0o(2)][)dq
n\n n

Sq(g) 6n,g+q(1+||9o(fv(d))||oo)sb+q(1+IIHO(mw))HmM\/; (B.3.90)

Again, the final inequality follows from the normalization (B.3.21).

Consequently, plugging the bounds (B.3.84), (B.3.85), (B.3.86), (B.3.87), (B.3.89), and
(B.3.90) into the decomposition (B.3.79), applying Minkowski’s inequality, and using the
fact that MY (x; 0y(x), go) is bounded from below by Part (iii) of Assumption 2.3.3, we
find that

A ; : 1/
E [len(x(])) — Qo(x(ﬂ))ﬂ q
b\ V4 -
S (E) Ong + (1 +[100(2' ) [loo)es + q(1+ ||90(:c<d>)||oo)¢\/; . (B3.91)
Multiplying both sides of (B.3.91) by

( n )1/4
b’a?

gives

o\ V4 A 4 ' 1/
(_) E UQn(:L’(J)) - 90($(]))|q} S Gong (B.3.92)

2 2
b*o;

as required. [ |

B.3.4 Proof of Lemma B.3.3

Throughout, we use the shorthand N, = (’b‘) We begin by considering the quantity

Nib >z, where Z,=u(Ds &) —E[u(Ds,&) | Dy . (B.3.93)

SESn’b
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Conditioned on the data D,,, the observations Z;, s € S, ;, are centered and mutually
independent. Moreover, each component of Z; is bounded by 2¢ almost surely. Hence, by

Lemma B.2.4, we obtain

1
g X 2

esn,b

ID,| <¢ ( gy i) . (B.3.94)

As Nb_l/2 < b/n for b > 2, we have that

¢ g boq'/? b _ bpg/?
¢ ( Fb + Fb) S n + ¢q$ 5 n s (B.3.95)

where the last inequality follows from the normalization ¢bg'/?/n < 1 and the fact that
¢ > 1. Taking expectations over D,, verifies (B.3.40).

Next, consider the quantity

%Z Z,, where Z,=u(Ds,&,) —E[uDs,&,) | D €] . (B.3.96)

q=1

Conditioned on D,, and &, the observations Z,, ¢ € [r], are centered and mutually
independent. Moreover, each component of Z, is bounded by 2¢ almost surely. Thus,

the same argument used above gives

q 1/q
| Dn,ﬁl <o (\/%* g) . (B.3.97)

Now, the restriction n < /rb implies that

b 1/2 b2 b 1/2
¢ <\/g+ g) < ¢+ + 00— S ¢Z , (B.3.98)

r

E

1 T
’FZ}ZQ

where the final inequality again follows from the normalization ¢bq'/? /n < 1 and the fact

that ¢ > 1. Taking expectations over D,, and & verifies (B.3.41). [ |
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B.4. ADDITIONAL RESULTS AND DISCUSSION

B.4.1 Stochastic Equicontinuity without Sample Splitting

In the main text, we assume that the nuisance parameter estimator g, is computed on a
separate sample, independent of the data D,,. In this section, we give additional conditions
under which the nuisance parameter estimator g,, can be computed on the same data used to
construct the estimator én(m(d)). Our analysis builds on a similar result given in Chen et al.
(2022), who give a pointwise analysis of unconditional moment estimators. By contrast,
we give a high-dimensional analysis of conditional moment estimators constructed with

subsampled kernels.

In the proof of Theorem 2.3.1, the statistical independence of the estimator g,, and the
data D,, is only needed in the proof of Lemma B.3.2, Part (iii). Thus, our objective is to
prove an analogous result, without imposing this restriction. In particular, consider the

functions
a(a; Di7DS7g) = "i(x>Xi; Ds)m(Dlag) and A(I7g) =E [’%<x7Xl7 Ds)m(Dwg>] )

where x(-, -; Ds) is a kernel function and m(D;, g) is a moment function. We are interested

in the complete, deterministic, U-statistic

—1
(Z) > F(@; Dy, gn) (BA.1)

SGSn,b

where the kernel function F'(x; Dy, g) is given by

F(x;Ds,9) = Y f(%; Dy, Ds, g),

€S

f(z; Dy, Ds, g) = a(x; D, Ds, g) — a(x; Dy, Ds, go) — (A(z; 9) — E [A(2; 90)])

and g, is some estimator of the nuisance parameter g, computed with the data D,,. That
is, for the sake of simplicity, we have restricted our attention to complete, deterministic
subsampled kernel estimators. Incomplete, random, subsampled kernel estimators can be
accommodated through the same methods applied repeatedly throughout the arguments

supporting Theorem 2.3.1.
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B.4.1.1 Regularity and Stability

To state our additional conditions, we require some additional notation. Let D/, = (D)™,

(—s)

denote an independent copy of D,,. Let g, ~ denote a version of the estimator ¢,, formed

with all observations in D,,, except that the observations Dy are replaced by the observations

D.. Define the norm

1\ 129
= Gl = E[ ®(7.) — g8 (Z)N | X, = (J)])
9 = Bllag0 = maxma (E [(¢(2) ~ 5(2))" | X, =

for any nuisance parameters g = (¢%)?_, and § = (§*))?_, in the space G and any positive
integer ¢ > 0.

First, we require that moment m(D;, g) satisfies a pair of smoothness conditions.

Assumption B.4.1. Define the higher-order variogram
V@ (2:9,9) = E [(m(Ds, g) = m(Dy, ) | Xi =]
for each g and ¢’ in G. For each integer ¢ > 0, the Lipschitz condition
V@ (z:g,9") = VO(a' 9,9 S Il — 2"l (B.4.2)
holds for each x and x’ in X’ and the mean-square continuity condition

sup V(2D g,¢) S g —dl152 (B.4.3)
je

holds for each g and ¢’ in G.

Assumption B.4.1 is a higher-order analogue to Part (ii) of Assumption 2.3.3.

Second, we impose the following higher-order shrinkage condition.

Assumption B.4.2. Fix a sequence ¢,,. The kernel x(-, -, Ds, &) satisfies the higher-order

shrinkage bound

_ A 1/q
sup sup E [maX{HXi — x(])||oo : /@(x(]), X, Ds, &) > O}q] <egp. (B.4.4)
PP je[d)

each integer ¢ > 2 V 2log(nd).

Third, we impose the following higher-order moment stability conditions.
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Assumption B.4.3. There exists some increasing sequence -y(q), which may depend on the

parameters n, b, and d, such that the L,-norm stability bounds

Im (DY, gu) = m(DY, 3" )lly < av(@)

and (B.4.5)

|3 | o>

(B.4.6)

hold, where D7 is an independent copy of D .

Assumption B.4.3 quantifies the sensitivity of the moment m(D;, g,) to re-sampling
b elements of the data D,,. Analogous conditions are studied in Abou-Moustafa and
Szepesvari (2019) and Chen et al. (2022). We discuss moments and estimators that satisfy
Assumption B.4.3 in ?? B.4.1.3.

B.4.1.2 Stochastic Equicontinuity

The following Theorem gives a suitable bound for the U-statistic (B.4.1).

Theorem B.4.1. Suppose that the kernel x(x, X;; Ds) satisfies Assumption 2.3.1 and Assumption B.4.2,
that the moment function m(D;, g) satisfies Assumption B.4.1, and that the nuisance

parameter estimator satisfies the higher-order moment bound

1/4

. 1/(2q) b
sup E [ — g0/120 ] qsq(—) 6o BAT
PeP n

for some sequence 9, 4. If Assumption B.4.3 holds, then the bound

qq 1/4q
1 .
E||l— Y F@Y;Dsg.)
Nb SGSnyb
b b 1/4 1/2
Sa/ - (E) Ong + /" +0""1(2) (B.4.8)

holds uniformly over P € P, for each j € [d] and each even integer ¢ > 2V 2log(nd).

Remark B.4.1. Compare the bound (B.4.8) to the rate given in Lemma B.3.2, Part (iii).
Taking ¢ = @, 4 < log(dn) and writing

Yrb = bl/a"’dV(Qqn,d) ;
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the bound (B.4.8) gives the same-sample analogue of the stochastic equicontinuity rate

b 3/2 b e 1/2 *
E 10g (dn) ﬁ 5n,g + &y + Vb .

The first term is comparable to the corresponding term in Lemma B.3.2, Part (iii), up to the
additional log"/ ?(dn) factor generated by the generalized Efron—Stein inequality. Moreover,
the elementary inequality

blog(dn) 12 blog(dn) N

= €b
n b n

allows the shrinkage term to be compared directly with the €, term appearing in Lemma B.3.2,
Part (iii), under the same small-order normalizations used in the proof of Theorem 2.3.1.

Thus, relative to the sample-split argument, the principal additional contribution is the

b
= log®*(dn)~*, .
\/; og ( n)’}/n,b

Consequently, under the conditions of Theorem B.4.1, if this stability contribution is of

stability term

smaller order than the stochastic equicontinuity rate in Lemma B.3.2, Part (ii1), a result
analogous to Theorem 2.3.1 will hold without sample splitting. We discuss conditions under

which ~7 , decreases in ?? B.4.1.3. |

Remark B.4.2. Theorem B.4.1 follows from an argument similar to the argument developed
in Chen et al. (2022). There is one important difference. Chen et al. (2022) apply a
“double-centering trick,” due to Kumar et al. (2013), to get a variance bound. To obtain a
high-dimensional bound, with a logarithmic dependence on the dimension d, we replace
this step with an application of a generalized Efron-Stein inequality, due to Boucheron et al.
(2005). |

B.4.1.3 Verifying Theorem B.4.1

In this section, we study conditions under which Assumption B.4.3 is satisfied. First, we
impose an additional smoothness condition on the moment function m(D;, ¢g). Throughout,

we write the nuisance parameter estimator gy, as g, = (Jr.n)r—;-
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Assumption B.4.4. The inequalities

1/(2q)
(D, Ga) = m(Ds 5l <m?5]<1@[sup\gk,n< )= G (2) } (B.4.9)

z€Z

and

(B.4.10)

0q 1/(20)
ke[h) }

q
(D2, 2) = DL 357l S |0 (20) = 9 (2)

hold for any positive integer q.

The bound (B.4.9) stipulates that the higher-order moments of m.(D;, §,) —m(D;, 9 [bD) are
smaller than the supremum of the higher-order moments of gy, ,,(2) — g,(gn[b]) (z) over the space
Z. The bound (B.4.10) is weaker, as we only need to control the distance gy, ,(z) — g,i n[ D(2)
atz = Z..

Bounds of the form specified by Assumption B.4.4 are satisfied by many standard

choices of moment function. For example, consider the moment function
m(Ds, g) = (L, Zi) — (0, Zi) + BW;, Z:)(Y; — (Wi, Z3)) (B.4.11)

where the nuisance function g collects the moment parameters g = (u, 3). Observe that
(B.4.11) is analogous to the moment function (2.3.4) used as a running example in the main

text.

Lemma B.4.1. If the quantities
182 (Wi, Z:)|  and  |Y; — fin (Wi, Z3)] (B.4.12)
are bounded almost surely, then it holds that

Im( Dy, §n) — m(Di, 65" |2

gmax{ I&%f}{Hun w, Z;) — i (w, Z)||ap ) (B.4.13)

(Wi, Z3) — 05D (Wi, Zi) |l 180 (Wi, Z3) — Bﬁ—[b]><m,zi>r\2p}, and
Im(DY, G) — m(DY, g5 D) ||,

gmax{ max {||ftn(w, Z) — 0 (w, Z)||2p } (B.4.14)

we{0,1}
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Hﬂn(VVH Zz(/) - /)gi[b])(wv Z’L{I)H2p7 HBn(VVZ, Zz{,) - B};[b])(m’ Zz{,) H2p}7

respectively, where D! is an independent copy of D; and Z!' is an independent copy of Z;.

Now, we consider the higher-order stability of the nuisance parameter estimator g, (z).
For the sake of simplicity, we assume that g, (z) is scalar valued and takes the form of a

complete, deterministic, U-statistic

gn(2) = (Z)_l > (D), (B.4.15)

SESmb/

where wu,(Ds) is some deterministic kernel function of order /. Again, let g,(f[b])(z) be
constructed analogously to §,,(z) using the D,,, but replacing Dy, with an independent copy

!/
D[b].

Lemma B.4.2. Suppose that the kernel function u,(D;) satisfies the bound |u,(Ds)| < ¢
almost surely for each z in Z. If the estimator g, (z) is given by (B.4.15), then it holds that

VU'b b

19n(2) = 35V (2) |y S ——aq0 + ~ . (B.4.16)

n

for each z in Z and 2log(dn) < g < cn/V

Remark B.4.3. Under Assumption B.4.4, Lemma B.4.2 implies that

ST

b'b
[m(DY, ga) = m(DY, g7 )lg S ==a6 + —a*. (B.4.17)

Thus, relative to Assumption B.4.3, we can take

(q) S ¢ (\/ngq%/) :

Consequently, at the choice ¢ < log(dn), invoked in Theorem B.4.1, this sequence is small
provided
b 4
7 0 and log(dn)z —0.
In particular, Lemma B.4.2 suggests that the stability contribution in (B.4.8) is negligible if

b’ is sufficiently small relative to b. [



SECTION B.4 255

Remark B.4.4. Assumption B.4.3 entails two stability bounds, (B.4.5) and (B.4.6). Under
Assumption B.4.4, Lemma B.4.2 quantifies the sequence v(q) introduced on the right-hand
side of (B.4.5). By the discussion above, if &' = o(b), this sequence is sufficiently small for
a result analogous to Lemma B.3.2, Part (iii) to hold. Handling the bound (B.4.6) requires
developing a more refined argument. In particular, under Assumption B.4.4, to bound the
right-hand-side of (B.4.5), we must account for the supremum over the space Z within the
expectation. Such a generalization should be reasonably straightforward, potentially through
a chaining argument. Roughly speaking, we should expect the supremum to contribute a
term like log(p) to the stability, where p is the dimension of Z. In this case, in settings where
p is not high-dimensional, this would not generate any issues. This should be contrasted with
analogous suprema taken over the parameter space of a decision tree (which are generated
if stochastic equicontinuity is controlled with a union bound). Here the dimension of the
parameter space is roughly 2PePtofTree \which may be large enough to make a material
difference. However, in order to operationalize this intuition, we would need to place further
restrictions sufficient for the smoothness of the Hdjek projection of g, (z). We leave this for

future work. [ |

B.4.2 Cross-Fitting

Theorem 2.3.1 holds under the assumption that the nuisance parameter estimator g, is
computed on a data set that is statistically independent of the data used to construct the
confidence region C (x(9). This condition can be achieved by splitting the data into two
parts, at the cost of reducing statistical precision and introducing randomness independent
of the observed data. In Appendix B.4.1, we introduce further restrictions that allow the
nuisance parameter estimator g, and the confidence region C (x'?) to be computed using the
same data. However, in practice, these conditions are more stringent, and it may be unclear
whether they are satisfied for a given nuisance parameter estimator g,,.

In this section, we detail an alternative procedure for constructing a confidence region
similar to the confidence region specified in Definition 2.3.1, whose validity will hold under
the same conditions imposed in Theorem 2.3.1. The procedure is based on a cross-fit
estimator. To introduce this estimator, we require some additional notation. Let R,, ;, denote
the set of partitions of [n] into k equally sized and mutually exclusive subsets. That is, for
eachr = (sy,...,sg) in R, the sets sy, . .., s, are mutually exclusive, have union equal to
[n], and are each of size n/k. Throughout, we set ¢ = n/k and let § denote the complement

of the set s in [n]. Finally, for each subset s of [n], let g; denote a version of the nuisance
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parameter estimator g,, computed with the data D.

The cross-fit estimator is computed as follows. For each subset s in S,, 4, let the estimator
és(az(d)) be constructed by solving the empirical conditional moment equality (2.3.2) using
the data Dg and the nuisance parameter estimator gs. That is, the nuisance parameter
estimator is computed on the sample of data whose indices are not in s. The k-fold cross-fit

estimator is given by
. 1 .
dy - = (d)
0,(x'V) = - E Os(x'”) | (B.4.18)

ser

where r denotes a random element of R, ;.

It is somewhat unclear how to implement the half-sample bootstrap with the estimator
0,(xD). We propose the following computationally efficient variant. Let H(s) denote the
set of half-samples of the set s, i.e., the set of subsets of s that contain exactly half of its
elements. We say that the collection H = (h,)%_, is a half-sample of the partition r = (s;)5_,
if each hy is an element of 7 (sy), i.e., if each hy is a half-sample of s;. For each ¢ in [k], let
the estimator 6, . (x(?) be constructed by solving the empirical conditional moment equality
(2.3.2) using the data Dy, and the nuisance parameter estimator gs,, i.€., using the same
nuisance parameter estimates used to construct (B.4.18). The half-sample k-fold cross-split

estimator is given by
~ 1 .
On (D) = EZeh(aﬁd)). (B.4.19)

heH
In this way, once the k-fold cross-fit estimator (B.4.18) has been computed, the nuisance
parameter estimates gs, , . . . , g5, do not need to be recomputed to construct the half-sample &-
fold cross-split estimator (B.4.19). Simultaneous confidence intervals can then be constructed
analogously to the intervals introduced in Definition 2.3.1 by using the half-sample k-fold

cross-split bootstrap root
R (D) = Oy (D) — 6, (@) (B.4.20)

in place of the half-sample bootstrap root (2.3.8). In other words, when implementing the
half-sample bootstrap based on an estimator constructed with k-fold cross-fitting, one can
avoid recomputing nuisance parameters if the half-samples are “stratified” across the k-folds.
The error bound given in Theorem 2.3.1 will generalize to the confidence region based on

the bootstrap root (B.4.20) through a straightforward argument, so long as & is bounded.
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B.4.3 Data

In this appendix, we document our treatment of the Banerjee et al. (2015) data.! The data
from the graduation program implemented in Pakistan are considered in Chen and Ritzwoller
(2023). Here, we consider the data from the graduation program implemented in Ghana, as
it has a larger sample size.

The data record measurements of many pre-treatment and post-treatment outcomes for
2,606 individuals in the northern region of Ghana. Baseline survey measurements were
made prior to the allocation of treatment. A multifaceted treatment was randomly allocated
to 632 of the individuals. Banerjee et al. (2015) consider data from two endline surveys,
made two years and three years after the initial asset transfer, respectively. For the purpose
of this paper, we consider only data from the baseline survey, records of the treatment
allocation, and measurements from the first endline survey. We omit data from 164 attrited
individuals, none of whom were assigned to the treatment.

The covariate vector Z; is composed of measurements of 16 pre-treatment outcomes.
Four of these outcomes are associated with consumption: total monthly consumption and
total monthly consumption on food, non-food, and durable commodities. Each consumption
variable is measured in 2014 US dollars. We transform total monthly consumption to
logs, base 10. Three of the variables are associated with assets, each of which is an index
constructed from survey data measuring total assets, total productive assets, and total
household assets. We transform the total assets measurement to logs, base 10. Five of
the outcomes are associated with food security. These consist of four binary variables
indicating different aspects of food security, e.g. did a child skip a meal, in addition to an
index aggregating these measurements.” The final four variables are associated with finance
and income: the total amount of outstanding loans, the total amount of savings, income
from agriculture, and total income from business. The covariate vector X; collects the total
monthly consumption and assets for each individual. The outcome Y; measures the total
assets two years after the initial asset transfer. Again, we transform these measurements to
logs, base 10.

In Figure 2.1 and Figure 2.2, we set the subsample proportion b/n equal to 0.05. In
constructing the nuisance parameter estimate, we set b/n = 0.025. We use = 200 bootstrap

replicates throughout. We use 20,000 trees to construct Figure 2.1 and 2,000 trees in each

IThe data from Banerjee et al. (2015) were acquired from https://dataverse.harvard.edu/
dataset.xhtml?persistentId=doi:10.7910/DVN/NHIXNT on September 10, 2021.

’There are 2 individuals with missing values for the food security index. We impute these values with the
median values of the food security index.


https://dataverse.harvard.edu/dataset.xhtml?persistentId=doi:10.7910/DVN/NHIXNT
https://dataverse.harvard.edu/dataset.xhtml?persistentId=doi:10.7910/DVN/NHIXNT
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bootstrap replicate to construct Figure 2.2 and throughout the simulation.

B.4.4 Simulation Details
B.4.4.1 Calibration

We calibrate a simulation to the Banerjee et al. (2015) data using a collection of GANs. This
approach to simulation design was proposed by Athey et al. (2021). Roughly speaking, a
GAN is a pair of neural networks. The objective of the first network, the generator, is to
generate data that looks like the Banerjee et al. (2015) data. The objective of the second
network, the discriminator, is to discriminate between the real Banerjee et al. (2015) data and
the data generated by the generator. These networks compete iteratively until convergence.
The idea is that, after convergence, the generator is a good proxy for the true process that
generated the Banerjee et al. (2015) data. We use the “WGAN” package associated with
Athey et al. (2021).

To calibrate our simulation, we estimate three GANs. The first GAN estimates the
distribution of the covariates X, i.e., baseline consumption and baseline total assets. The
second GAN estimates the distribution of Z; conditional on X;. Recall that Z; collects all
baseline covariates, other than the covariates in X;. The third GAN estimates the distribution
of Y; conditioned on Z;, X;, and W,;. To generate an observation D;, we generate X,
generate Z; conditioned on X, and generate the potential outcomes Y;(1) and Y;(0) from
the estimated distributions of Y; conditioned on Z;, X;, and W; = 1 and W; = 0, respectively.
The treatment indicator W; is drawn i.i.d., Bernoulli with the observed probability in the
Banerjee et al. (2015) data and we set Y; = Y;(WV;). In this way, we know the true treatment
effect Y;(1) —Y;(0) for each unit in our simulation. We draw 10 million observations D; with
this process. In the simulation, datasets of various sizes are sampled from this collection.

We use a related procedure to determine the true CATE 6y () at each value x in the query-
vector x(?) (i.e., the centers of each of the rectangles displayed in Figure 2.1). Specifically,
for each x in x4, we draw 100,000 observations from the distribution of Z; conditioned
on X; = x. We then draw observations Y;(1) and Y;(0) for each of these replicates, and
compute the average of the true treatment effects Y;(1) — Y;(0). Figure B.1 displays these
pseudo-true values of the CATE 6 (). Our simulation design captures many of the same
features of the data recovered by GREF, but gives a somewhat smoother picture of the CATE.

Figure B.2 displays a scatterplot comparing the moments from the Banerjee et al. (2015)

data to those generated by our calibrated simulation. The distributions match quite closely.
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Figure B.3 compares a scatter plot of the observed values of baseline consumption and
baseline assets in the Banerjee et al. (2015) data with a heat-map of the distribution of these
covariates in our simulation. The limits of the horizontal and vertical axes in this Figure
match Figures 2.1 and 2.2 displayed in the main text. Some observations fall outside of the
limits of this figure. The quartiles of baseline log consumption are 3.33, 3.76, and 4.20. The
quartiles of baseline assets are -0.45, -0.71, and 0.03.

B.4.4.2 Additional Results

Figure B.4 and Figure B.5 give versions of Figure 2.1 and Figure 2.2, constructed using the
2-fold cross-split estimator (B.4.18) and the 2-fold cross-split bootstrap root (B.4.20). The

estimates and confidence bounds are quantitatively and qualitatively very similar.

Figure B.6 displays results for the simulation presented in Section 3.6.4, analogous to
Figure 2.3, for the 2-fold cross-split estimator (B.4.18) and the 2-fold cross-split bootstrap
root (B.4.20). The confidence region is very slightly anti-conservative, so long as b/n is
decreasing as n increases. The measurements of bias and variance exhibit patterns very

similar to the patterns displayed in Figure 2.3.

B.5. PROOFS SUPPORTING APPENDIX B.4

B.5.1 Proof of Theorem B.4.1

Throughout, we let = denote an arbitrary element of (¥ and use the shorthand NV, = (TbL)

We are interested in giving a higher-order moment bound for the quantity

— Z (x; Ds, Gn) = Nb Z Z( a(z; Dy, Ds, §r) — a(x; Dy, Ds, go)

sGSn b s€ESyp 1E€S

- (M)~ Alwia)) ). ®SD

We begin by decomposing (B.5.1) into three terms that will be easier to handle in isolation.

In particular, by the representation (2.2.19) the quantity (B.5.1) can be re-expressed as

1 [n/b]
— Z (21 Ds, ) = — Z { J > Fi(w;se) (B.5.2)
=1

SES b TEPn
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1 n| ! [n/b)
- > 5 Fy(x;5.0) (B.5.3)
T€EPr = - /=1
1 ol [n/b]
+ m Z E Z Fg(l’, Sm@) (B54)
TEPy, = - =1

where

Fi(x;s) = Z a(z; Dy, Ds, §n) — alx; Dy, Ds, §°)

ics
Fy(x;s) =Y A3 9n) — A(x; 65%), and

ics
Fs(z;s) = Z a(z; Dy, Ds, 38 — a(z; Dy, Dy, go)

ics

— (A2:97) = Al 90)),
respectively. We give suitable probability bounds for the terms in (B.5.2) through (B.5.4).

We begin by considering the term (B.5.2). Fix any integer ¢ > 1. We show that

—1 [n/b]
1 n 1 -
53[5 X A, g2 e @ss
’ TE€EPn (=1 q
To this end, observe that
1 o [n/b] b
Hm Z {ZJ Z Fi(w55700)]l2g < || Z/@(:)&,Xi; D)) (m(Ds, gn) — m(Di,Q,(f[bD))ng
" TmEP, =1 i=1

< [[max{m(Di, gn) — m(Dy, g PY2, (B.5.6)

where the first inequality follows from Jensen’s inequality and the second inequality follows
from Assumption 2.3.1, Part (ii). Lemma 2.2.2 of Van Der Vaart and Wellner (1996), implies

that, if A, ..., A, are any collection of real-valued random variables, then

J max [ Alll, S 0/ ma | Al (B5.7)
i€[n] i€[n]
Thus, we have that

s (D 3.) = m(Dy, g5 )P < 0O m(D ) = m(Di )y
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< 2gn by (29)bM*

where the second inequality follows from Assumption B.4.3. Hence, the condition (B.5.5)
holds.

‘We now turn to the term (B.5.3). In this case, we show that

1 /o)

1 n|™t

- n Fy(z:s, H < 2gn~bry(29)0M% B.5.8
Hn! w; L’J ez1 235 2¢ "~ an-b(2q) ( )

To this end, let D! = (D?)!_, be another independent copy of D,,. Observe that

—1 [n/b]
J S Fy(asey)
(=1

<D (Alw; gn) — Alz; 6))

Ep|

TEPR

o 3

2q

2q

-

k(z, X! Dfy) (m(DY, §) — m(Dy, 45™))

=1 2
H|[1/2
< ||max m(DY. ) = m(D}, 37
1€
q
< bY@ (DY, §,) — m(D} 3|,
< 2qn_lb”y(2q)bl/2q 7 (B.5.9)

where the first two inequalities follow from Jensen’s inequality, the third inequality from
Assumption 2.3.1, Part (i1), the fourth inequality follows from (B.5.7), and the final inequality
follows from the independent-copy stability bound in Assumption B.4.3. Hence, the
condition (B.5.8) holds.

Finally, we consider the term (B.5.4). The argument here is somewhat more involved.
To simplify exposition, let K = |n/b| and define the setss, = {({ — 1)b+ 1,...,bl} for
each /in 1, ..., k. It will suffice to show that

k

> Fy(x;s0)

(=1

| =

1 1\ 1/2 1/q 3/2
SV (5] neta 40700 g (B.5.10)
q
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as Jensen’s inequality implies that

k

> Fy(x;s0)

(=1
q q

(B.5.11)

| =

1 ol [n/b]
Iy M S Fy(wse)| <
’ =1

Tl'G’Pn

To establish the bound (B.5.10), we apply the following generalized Efron-Stein inequality,
due to Boucheron et al. (2005). See also Chapter 15.2 of Boucheron et al. (2013).

Lemma B.5.1 (Theorem 2, Boucheron et al., 2005). Let X = (X;)!, be a sequence of
independent random variables and let X' = (X|)I"_, denote an independent copy of X . Let
X (=) be constructed by taking X and replacing X; with X/. Consider the random variable
f(X), where f(-) is any real-valued function. It holds that

n 1/2
Zi)a 2
1F(X) = EF(X)] g S va || D (F(X) = (X))

=1 q/2
forany q > 2.
Before applying Lemma B.5.1, observe that

1 k
E E;Fg(:c;s,g)] =0. (B.5.12)

Indeed, conditional on g\ =", the block D, is independent of g, *

find,

), Thus, by Honesty we

E[Z(a($7 Di7DSe7g7(z—se>) - a($7 Di7Dse7gO)_

1E€Sy

(A(x;65°0) — A(x3.90))) | 15| = 0. (B.5.13)

Taking expectations verifies (B.5.12).

To apply Lemma B.5.1, let g5 ") denote a version of the estimator §, formed with all

observations in D,,, except that the observations Ds, and Ds_ are replaced by the observations
D{, and D{ , respectively. Additionally, let D} be an additional, independent, copy of D,,
and let Q,(fs‘Z) denote a version of the estimator g,, formed with all observations in D,,, except

that the observations D;, are replaced by the observations D Let the quantity Fg(_T) (x;s0)
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be given by

F?,(_r)($§5€) = Z ( (I DZuDSev 7('1, * Sr)) - CL(ZL' DZ’DSZ’go)

€Sy

— (A ) - A )

if r # ¢, and by

By ays) =) ( («; D}, DY, §*) = a(w; DY, Dl go)

1ESp

— (A(z;30) - A(ﬂf;go)))

otherwise. Combining (B.5.12) with Lemma B.5.1 implies that

k
1
7 Z F3(z;s0)
=1 q
L , 1 , 2111/2
<4 — | Fs3(x;s0) — Fé_ N(z10)) + — F3(x;s,) — Fé_ N(2:s,)
k k
=1 L q/2
(B.5.14)

We obtain a suitable bound for (B.5.14) through the application of the following Lemma.

Lemma B.5.2. Suppose that the conditions of Theorem B.4.1 hold. Then

k 2.11/2
0, 1 . L
> ( (Faless) = B0 @Wis0) + 03 (Bulalss,) - By Z’(sc@%sr)))
o= rl q/2
1 1\ 1/2
SV (E> Ong T8 +017(a) | g (B.5.15)

for each j € [d] and each even integer q.

Consequently, the bound (B.5.14) and Lemma B.5.2 imply (B.5.10).

Putting the pieces together, by the decomposition (B.5.2)—(B.5.4), Minkowski’s inequality,
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and the bounds (B.5.5), (B.5.8), and (B.5.10), we find that

= 3 R D, g)

b SGSnJ] q

b Ve s LY 12 | 1/q
SOV + @\ L | 1) gt & +H07(g)
n A\ \k
b (b\Y* 12
Sa/ - (ﬁ) Ong e +017(2q) | (B.5.16)

where the final inequality follows from k = |n/b|, the monotonicity of ~(-), and the fact
that b < n. [ |

B.5.2 Proof of Lemma B.5.2

Throughout, we let « denote an arbitrary element of 2@ and use the shorthand N, = (’;)

Observe that

Xk: ( (Fg x;sy) Fgf_é)(x(j);sz» + %Z (F3(1355r) - F?E_Z)(x;STD)

r0 q/2
(B.5.17)
k 1 1 2
| () ()
r6 q/2
(0 (j 2 1y (~0) 2
z 5 (Fwis) = FOD550) + 1 305 (Fwis) = B 0ws))
= (=1 r#e
SWR@M% (B.5.18)
+ k|| Fy(x3s,) — FS (x5, |2, (B.5.19)

where the first inequality follows from the triangle inequality, the second inequality follows
from Cauchy-Schwarz and Jensen’s inequality, and the final inequality follows from the
triangle inequality.

Consider the term (B.5.18). Observe that

E[|F3(z; Ds,)[]
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[ q
=E Z <CZ($; Di? DS17§7(L_51)) - (I(l’; Dia Dsugo) - (A($;§£L_Sl)) - A($7go)) ) ]
L' i€sy
[ q
SE Z (a(x;Di7D517§7(;51)> —a(x, DiaDslagO)) ] (B520)
L' i€sq
q
+E || D (Al g5) = Az go)) ] (B.5.21)
1€81

by the triangle inequality. We begin by bounding the term (B.5.20). Observe that
q]

S E ZH<$7X1';DS1) ‘m(Diaggisl)) - m(DzaQO)Iq]

E

Z Kz, X D) (m(D;, 95y = m(D;, %))

1€S]

| 1€57
<E|E Y ke, Xis Do)E |[m(Di, g7) = m(Dy go)| | Xi, g7 | géS”H
1€S1
SE[165%) — gol|e o] + <2, (B.5.22)

where the first inequality follows from Jensen’s inequality, the second inequality follows
from Honesty, i.e., Assumption 2.3.1, Part (i), and the final inequality follows from

Assumption B.4.1, Assumption B.4.2, and Assumption 2.3.1, Part (ii).

To handle the second term (B.5.21), let D? = (D/)?_, be another independent copy of

> w(z, XI5 D) (m(DY, §5*) — m(DY, g0))

1E€S]

D,,. By Jensen’s inequality,

E (> (A as) — Alz; go))

S

<E

q]
SE[)95 — goll8.oc] + €%, (B.5.23)

where the final inequality follows from the same argument used to obtain (B.5.22). Hence,
the bounds (B.5.22) and (B.5.23) imply that

2/q
b q/4
|Esassll2 < <qq (—) 51 4 <

n
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b 12
< ((_> 52, +e,,> , (B.5.24)
- ,

where we have used the rate condition (B.4.7) and the fact that gT(«L *t) and Jn, are identically
distributed.

Next, consider the term (B.5.19). For r # /, observe that

q
E [ F3(x;s,) — Féfe)(x;sr) ]
=E || > (alw; Di, Dy, 97*) = a(w; Dy, D, 337 *))
1ESy
q
=D (Al gi)) = Al gl )
1€S,
q
SE || (alw; Di, Dy, §*)) = a(w; Dy, Dy, , §7570)) ] (B.5.25)
1ESy
q
+E || D (Al ) — Adas go)) (B.5.26)
1ESy

by the triangle inequality. To bound the quantity (B.5.25), observe that

q
E ZK(JI,XZ'; Dq.) (m(D“gT(L—sT)) m(D;, 4" ~(=sp, —se))) ]
1ESy
<E {max‘m ' gn) — (D;’,gg[})”q}
i€[b

< bE [[m(D!, ga) = m(DY, 3)|']

Sb(gn'ov(q)?, (B.5.27)

where the first inequality follows from Jensen’s inequality, Assumption 2.3.1, Part (ii), and
exchangeability, and the final inequality follows from the independent-copy stability bound
in Assumption B.4.3.

Similarly, to bound the quantity (B.5.26), let D” be an independent copy of D,,. By

|

Jensen’s inequality,

E

D (Al gs) = Afa; 6 o))

1ESy
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q]

<b(gn~'bv(g))?, (B.5.28)

E

IA

> ke, X[5DL) (m(Dy, 357> — m(Df, g7 *))

’iGST

< B | (D!, .) — m(D 30|
i€

where the final inequality again follows from the independent-copy stability bound in

Assumption B.4.3. Consequently, (B.5.27) and (B.5.28) imply that

|1y (w5s,) — B~ (i) [I12 < 627 (qn™"by(q))” (B.5.29)

Putting the pieces together, (B.5.17), (B.5.24), and (B.5.29) imply that

k

211/2
Z( (ngESg —F3( x5g> kZ<F3xsr — ( )(x;sr)>>
= r#£L q/2
1/2
< q_2 E v 62 ey | + kb (g/?’b_llw((]))2
~ |k n ™9
< 1 1 v 1/2 4 p1/a
< Ong T +b7(q) ) q,
k k ’
where the final inequality uses k = [n/b]. |

B.5.3 Proof of Lemma B.4.1

Consider the decomposition

m(Dy, gn) — m(D;, 35 )

= (ftn(Zs,1) = 17(Z3,1)) = (An(Z:,0) = (23, 0))
— BCW, Z) (i Zi, Wi) — (2, W)
+ (Vi = (20 W) (BulWi, 20) = BT, 20))

We have that

1m(Ds, gu) = m(Di, 3™ 2
< in(Zis 1) = a7 (Zi Dllop + | (23, 0) — i, P(Z3,0) |2
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+ BTV, Z0) (i (Zi, W) = D (Z3, W) |2
+ 1(Y; = f1a(Zs, W) (B (Wi, Zz‘) — B, Z)) |2y
S i (26, 1) = @70 (Zs, V)l + [1iin(Z, 0) — 12, 0) ]
+ (17 (Zi, W3) = 1 0(Z3, Wi)llap + 11 Bn (Wi, Z2) = BV (Wi, Z4) |2

where the first inequality follows from the triangle inequality and the second inequality
follows from the boundedness condition (B.4.12), applied to both the original and resampled
nuisance estimators. This verifies the condition (B.4.13). An identical argument verifies the
condition (B.4.14). [ |

B.5.4 Proof of Lemma B.4.2

To ease notation, we omit dependence on the evaluation point z. Recall the definition of the

Héjek projection
u(D) =E [u(Dy)) | D1 = D] —E [u(Dy))] .
where D is an independent copy of D;. Let
v? = Var(u(Dy))) and o} = Var(u(D))

denote the kernel variance and Hajek projection variance, respectively. Consider the

decomposition
by
A — [b] e _ @
gn(Di) = gnl —n; uM (D)) (B.5.30)
V&
+ (gn(Dn) — E[u(Dyy)] — " Zu(l)(Di)> (B.5.31)
—(%(D““) Efu(Dyy)] ——(Zu D)+ 2. “(Dz-))).
i=b+1
(B.5.32)

The result is obtained by giving higher-order moment bounds for each of the terms (B.5.30),
(B.5.31), and (B.5.32).
We begin by considering the terms (B.5.31) and (B.5.32). Observe that the decomposition
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(2.2.5), Lemma 2.2.2, and the triangle inequality imply that

N\ m/2
<¢ Z (O b) < g 9 (B.5.33)

n(D.) = Elu(Dun)] - = 3~ (D)

for ¢ < cn /. Likewise,

b N\ m/2 /
Cqb b
< ¢q ) <q> S0 (B.5.34)

To handle the term (B.5.30), we apply Lemma B.2.4. In particular, Hoeffding orthogonality
gives
Moy < Var(u(Dy))) < ¢,

and so 07 < ¢? /. Therefore,

b ,
=3 (VD) — u(D))
=1 q
b |1 < ,
= S @D — u0))
=1 q

ng + q¢ (B.5.35)

Putting the pieces together, we find that

V'b b

/
MAD@—@ADﬁqu<——ﬂ¢+ —¢*

by combining the bounds (B.5.33), (B.5.34), and (B.5.35), as required. |

B.6. SUPPLEMENTAL FIGURES
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Figure B.1: Calibrated CATEs
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Notes: Figure B.1 displays the “true” value of CATE used in our calibrated simulation.
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Figure B.2: Validation
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Notes: Figure B.2 displays scatterplots comparing the moments of the data from Banerjee et al. (2015)
to the GAN-generated simulation data. Columns differentiate between different types of variables. Rows
differentiate between different types of moments. The x-axis of each sub-panel measures the moments of
the true data. The y-axis of each sub-panel measures the moments of the generated data. The x and y axes
in the first two rows are displayed in log-scale. A forty-five degree line is displayed in all sub-panels. Blue
and green dots denote moments conditioned on treatment being set to one and zero, respectively. Black dots
denote unconditioned moments.
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Figure B.3: Covariate Density

Panel A: Observed Covariates
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Panel B: Simulation Covariate Density
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Notes: Panel A of Figure B.3 displays a scatter plot of the observed values of baseline consumption and
baseline assets in the Banerjee et al. (2015) data. The horizontal and vertical axes display the baseline monthly
consumption, normalized to 2014 dollars on a logarithmic scale base 10, and an index for baseline assets,
respectively. Panel B displays a heat-map giving the density of the joint distribution of baseline consumption
and baseline assets associated with our calibrated simulation.
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Figure B.4: CATE Estimates, 2-Fold Cross-Fitting
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Notes: Figure B.4 displays a heat map giving CATE estimates for the intervention studied in Banerjee
et al. (2015) on post-treatment assets, using the 2-fold cross-split estimator (B.4.18). Other features of the
display are analogous to Figure 2.1.

Figure B.5: Half-Sample Confidence Region Lower Bound, 2-Fold Cross-Fitting
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Notes: Figure B.5 displays a heat map giving half-sample lower confidence bound for the CATE of the
intervention studied in Banerjee et al. (2015) on post-treatment total assets. Other features of the display are
analogous to Figure 2.2.
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Figure B.6: Performance, 2-Fold Cross-Fitting
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Notes: Figure B.6 displays several measurements of the performance of the confidence intervals formulated
in Definition 2.3.1, constructed using the 2-fold cross-split estimator (B.4.18) and the 2-fold cross-split
bootstrap root (B.4.20), in a simulation calibrated to the Banerjee et al. (2015) data. Other features of the
display are analogous to Figure 2.3.



Appendix C

Supplemental Appendices for Chapter 3

C.1. PROOFS FOR DECOMPOSITION THEOREMS

In this Appendix, we give the proofs for Theorems 3.2.1 and 3.4.1 Both results hold under
two additional regularity conditions, stated in Appendix C.1.1. Proofs for these results, and

each of the supporting Lemmas, are given in Appendices C.1.2 and C.1.3, respectively.

C.1.1 Additional Regularity Conditions

Theorem 3.2.1 holds under two, additional regularity conditions. The first condition
stipulates that various conditional expectations of the outcome have first and second

derivatives that exist and are on the order of a constant.

Assumption C.1.1. For any unit ¢ and distinct units j and k, the map
((5, 'lU) — ]E[Y; ’ Dk,j = 5, Wj = w, SJ] (C.1.1)

is twice continuously differentiable, almost surely. Moreover:

(i) For any units © and j, it holds that
O ElY; | W; =w,S; =s] =0(1) (C.1.2)

uniformly over each w and s in their respective domains.

(ii) For distinct units i, j, and k, it holds that
LBl | Dij=6,W; =w,S; =s]=0(1) (C.1.3)

275
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uniformly over each 0, w, and s in their respective domains.

The second condition asks that the conditional expectation of the proximity measure of
interest is not much larger than its variance. This restriction is used to ensure that several of
the terms in the error in the representation (3.2.7) are negligible. We additionally ask that

the conditional variance of treatments is on the order of a constant.

Assumption C.1.2. It holds that
E[Di’g ’ Sg] S Val"(Di’g ‘ Sg) and Var(Wg | Sg) =1 (C.1.4)

uniformly almost surely.

The regularity conditions needed for Theorem 3.4.1 are direct generalizations of Assumptions 3.2.3,

C.1.1, and C.1.2. In particular, each restriction additionally condition on the covariates H; ;.

Assumption C.1.3. For any unit ¢ and distinct units j and k, the map
(5, U)) — E[Y; ‘ Dk,j = 5, Wj =w, Hi,jagj] (C.1.5)

is twice continuously differentiable, almost surely. Moreover:

(i) For any units © and j, it holds that
Ow E[Y; | W = w, X¥, 5] = O(1) (C.1.6)

uniformly over each w in its domain.

(ii) For distinct units i, j, and k, it holds that
03, BlY: | Diy =6, W; =w, H;;,5;] = O(1) (C.1.7)

uniformly over each § and w in their respective domains.

(iii) For distinct units i, 7, and k, it holds that
i E[Y; | Dy =0,W; =w, H,;,5;] = o(n'/?) (C.1.8)

uniformly over each 0 and w in their respective domains.

Assumption C.1.4. It holds that

E[D;y | Hip, Se) < Var(Diy | Hig, S¢) and  Var(W,| S;) <1 (C.1.9)
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uniformly almost surely.

C.1.2 Proofs for Theorems 3.2.1 and 3.4.1

Theorems 3.2.1 and 3.4.1 are founded on three general Lemmas. The first Lemma facilitates

the evaluation of several expectations that recur throughout the argument.

Lemma C.1.1. The random variables (Y;)"_, are identically distributed. The array (M; ;); jc[n)

satisfies

and is supported on an interval whose radius is bounded by a constant. The random variables
(S;, W;)?_, are i.i.d. and satisfy the condition
E[W;|S]=0. (C.1.11)

Moreover, the conditional variance Var(W; | S;) is bounded by a constant almost surely.

Define the terms
1 ~
) W; — = Z My ;W; and M;y = M, — E[Mi,é | Sl -
n k#i
(C.1.12)

- 1
Si=) (Mi,j - > My,

i Py

It holds that
(C.1.13)

1 u 2 n — 2 ~ ~
= Y ENE] = (JE[}Q-MMWE] - E[qu,gW@])
=1

n—2 n—1 1
5 E[Y; M, ;W] — E[Y; My ;W] + EE[Y}MZ‘,EWA

+

and
(C.1.14)

1 " 2, n — 2 _
5 D E[E} — ©—E [Var(My | ) Var(We | S)] = O(n™?).
i=1

respectively.
The second Lemma gives a decomposition of the expectations of products of three random

variables that satisfy particular restrictions on their conditional dependencies. The result
relies on an application of a method of argument due to Kolesar and Plagborg-Mgller (2024),
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who build on ideas due to Yitzhaki (1996) and Angrist and Krueger (1999).

Lemma C.1.2. Fix the random variables Y, W, Z, and U. Assume that the distributions
of W and Z, conditioned U, have support contained in the bounded sets VV and Z almost

surely and that the restriction
Wil zZ|U (C.1.15)

holds. If the random variable Y is real-valued and the first derivatives and second mixed-
partial derivative of the conditional expectation (z,w) — E[Y | Z = 2z, W = w, U] exist

and are uniformly bounded on Z x VV, then the equalities

E[Y (W — E[W | U])] = /WE[IE[H{W > wh(W — E[W | U]) | UJ9LE[Y | W = w, U]] dw

(C.1.16)
and
Y(Z —E|Z | U)W —E[W | U])] (C.1.17)
/ | BB = w}v BV | U] | VIEZ > 22 ~E[Z | U] | U
REY | Z=2W=wU]dwdz
hold.

The third Lemma gives a helpful, well-known decomposition of particular conditional

variances.

Lemma C.1.3. Fix the random variables Z and U. If Z is a real-valued and supported on Z,
then

Cov(l{Z > 2},Z|U)>0 and /COV(H{Z >z} Z|U)dz=Var(Z |U),
z

(C.1.18)
almost surely, for each z in Z.
C.1.2.1 Proof of Theorem 3.2.1
Define the risk
_ : o — 1.1
R,(0) =E ranelﬂg{;(ii a—0 A)} (C.1.19)
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By the Frisch-Waugh-Lovell Theorem, we can write

" - N2
R.(0)=E Y ((Yi— V) —0 Az> , (C.1.20)
=1
where Y,, = % >, Y and
- 1 &
A = Z DijWi=—> > DimWan
J;éz k=1 m;ék
1
SRR SR IS
J#i m=1  k#m
1 1
— Z (Dm- - Z D,w») Wi—— Z Dy W; . (C.1.21)
J# k#j ki
Thus, the parameter 6,, admits the representation
- " E[(Y; — YA, " E[VA,
Qn — Zz:l [( K3 n) Z] — Zz:l [ 2 Z] (C1.22)

> E[A7] > E[A7]
by the Projection Theorem and the fact that ) ., A; = 0 by construction.

We begin by simplifying the representation (C.1.22) through an application of Lemma C.1.1.
Observe that the conditions of Lemma C.1.1 are implied by Assumptions 3.2.1 and 3.2.2.
Hence, we obtain the expansion
gn _ E[Yiﬁi,qu] - E[Y;lD&qu] (C.1.23)

E[Var(D;, | S;) Var(W; | S;)]

1 E[Y; Dy ,W,| — E[Y; Dy ;W]

nE[Var(D,, | S,) Var(W, | S,)]

lE[E[KWq ’ Sq]E[DE,q ‘ Sq“ — E[E[Yqu ’ Sq]E[DE,q ‘ Sq]

n E[Var(D;, | S,) Var(W, | S,)]
+ i E[Y;Di,qu] i E[E[YiWq ‘ Sq]E[Di,q | Sq]] + O(n_2)
n?E[Var(D,, | S,) Var(W, | S,)] n?E[Var(D,, | S,) Var(W, | S,)] ’
where
Diy=D;y—E[Dis| Sy . (C.1.24)

We further re-express the parameter 6, through several applications of Lemma C.1.2.
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Observe that Assumptions 3.2.1 and 3.2.2 imply that

Wg AL D@g | Sg and E[Wg | Sg] =0. (C125)

Thus, Lemma C.1.2 implies that

E[Y; D, ,W,] / / E[I{W, > w}W, | S,JE[I{D;, > 6}D,, | S,]  (C.1.26)
D2 EY; | Dig = 6,W, = w, S]] dwds |
E[Y; Dy, W, / / E[{W, > w}W, | S E[I{De, > 5} Doy | S,
D2 EY: | Dy =6, W, = w, S]] dwds ,
E[Y; IV, | S,] = /W E[I{WV, > w}W, | S,J0uE[Y; | W, = w, S,)dw, and

E[Y,W, | 5, = /W E[I{W, > w}W, | SJ0,EY, | W, = w, S,] du

respectively. Consequently, by plugging each of the representations (C.1.26) into the

expression (C.1.23), we find that

/ / A6, w | Sg) (05 EY: | Djg =6, W, =w,S,] (C.1.27)
— 05 E[Y; | Dyg = 0,W, = w, Sg))] dw dd
/ / A6, w | S)(05 ,EY: | Deg=6,Wy=w,S,]
— R E[Y, | Dig =8, W, =w,S,))]]dwdd
—I——// A6, w | Sq)85 ,EY; | Dig =6, Wy =w, S]] dwds

s ()

— 0,E[Y, | W, = w, Sq]ﬂ dw + O(n™?),

where

. COV(]I{DM Z 5}, Di’g | Sg) COV(H{Wg Z w}, Wg | Sg)
O, w | Sy) = ENar(D,y | 5) Var(i¥ | 5, and (C.1.28)
)\,(w) _ ]E[Dij | Sg] COV(]I{Wg 2 w}, Wg | Sq)
E[Var(Di,g ’ Sg) Var(Wg ‘ Sg)] ’
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respectively. Now, observe that Lemma C.1.3 implies that
AGw|S)>0 and E [// MG w | S) dwds| =1, (C.1.29)
DJW
respectively. Thus, Assumptions 3.2.3 and C.1.1 imply that
/ / MG, w | 8;)05 ,E[Y; | Deg = 0, W, = w, S]] dwdd = o(n~"/?), (C.1.30)
/ / A6, w | Sg) (03 JEY: | Deg =0, W, = w, S]]
— 03 E[Y, | Doy =06, W, =w,S])]]dwds = o(n"'/?), and
// Ao, w | S, 85w Y| Diy=0,W, =w,S,]]dwds = O(n?).

In turn, Assumption C.1.2, Lemma C.1.3, and Cauchy-Schwarz imply that \'(w | S;) > 0

and

E[E[Diy | Si]/Var(W, | 5,)]
E[Var(D;, | S¢) Var(W, | Se)]
< E[Var(D; | S¢)/Var(Wy | Se)]
~ E[Var(D;y | S¢) Var(W, | Se)]

E[N (w [ S0)) 5

= 0(1) (C.1.31)

uniformly over w. Thus, Assumption C.1.1, and the fact that the treatments and distances

are defined on sets whose supports are bounded by a constant, imply that

1 /E{X(w | Sq)( (”Z 1) OLE[Y; | W, = w, 5,] (C.132)
w

n

OWE[Y, | W, = w, Sq])l dw=0(n").
Hence, we obtain the representation

= [ [ NG | S008IV | Diy = 61, = w5 duds + o),
(C.1.33)

by plugging the bounds (C.1.30) and (C.1.32) into (C.1.27). The convexity of the weights
is verified by the statement (C.1.29), completing the proof. [ |



282 CHAPTER C

C.1.2.2 Proof of Theorem 3.4.1

By the same steps used to derive the representation (C.1.22), the parameter 5; admits the

representation
— " E[V;A?
0, = —Zfl [ — ’2] (C.1.34)
2ie1 E[(A})?]

where
A * * 1 * * 1 * *
Ar=>" (Dm - ZDkJ) Wi——> Dpwr. (C.1.35)
j#i k#j k#i
Observe that Assumptions 3.2.1 and 3.4.1 imply that (D ;); jc[ satisfies a representation
of the form (C.1.10), with latent coordinates S;, and that the random variables (?i, wr,

are i.i.d., and satisfy the condition

EW} | S;] =E[E[W} | X;,S4] | Si (C.1.36)
E[EW; | X;,Si] | Si] — E[E[W; | X;] | Si]

E[E[W; | Xi] | Si] —E[E[W; | Xi] | S5i] =0,

almost surely. Now, define
DZQ = DZq - E[qu | Sq] (C.1.37)

and observe that Assumption 3.4.3 implies that

E[Diy —E[Dig | Higl | Hig, Syl = E[Diyg | Hig, Syl — E[D;, | Hyy)
= ¥n(S,)
= E[Yn(Sy) | 54l
= E[E[Dig | Hij;Sq] = E[Dig [ Higl | 5]
=E[Di, —E[Dig | Hig) | Sy (C.1.38)

Consequently, we have that

D;, = Dig—E[Dig | Hig] —E[D;g — E[Di, | Hig] | S| (C.139)
= Di,q - E[Di,q | Hi,q] - E[Dz}q - E[Diyq | Hi,q] | Hi,qv Sq]
= Di,q - ]E[Di,q | Hi,qv Sq] = Di,q - ]E[Di,q ’ Hi,qagq] )
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almost surely. Thus, the conditions of Lemma C.1.1 are satisfied with D7 ; taking the role of

M; ; and W* taking the role of ;. Hence, we obtain the expansion

o _ _ENDL Wi — E[Y:D, W]
" E[Var(DZq | Sq) Var(Wy | Sq)]
1 END; Wi -E[NDpWr] | 1 E[Y;D;,W,]
nE[Var(Dj, | Sq) Var(Wz | S,)]  n*E[Var(Dj, | Sg) Var(Wy | S,)]
n+ 1E[E[Y;W | Geg, SJEID;, | Hig, Sl
n? E[Var(Dj, | S,) Var(Wy | S,)]
1 E[E[YZJW; ’ H&mgq]E[DZq | Hf,q>§qﬂ

(C.1.40)

- — — — +0(n7?).
n E[Var(Dj, | S,) Var(Wr [ S,)]
Now, observe that Assumption 3.4.2 implies that
Wy WL Doy | Sy, Hey, X, and E[W, | X, =E[W, | S,, Hel (C.1.41)

respectively. Thus, Lemma C.1.2 implies that

BYDLW;] = [ [ EEIW, > wpW; | SJEHD,, > 6)5, | e Si)

86,w]E[Y; ’ Di,q =0, Wq = w, Hi7Q7§q]] dwdd ,
(C.1.42)

E[Y; D ,W;] = / / E[I{W, > w}W, | SJEI{D,, > 6}D;, | Hiy, 5]
05 wBY; | Dyg = 6, Wy = w, H; 4, S]] dwdd
E[Y;W) | Hiq Xq. Sql = /WE[]I{Wq > wiW*q | Sgl0LEY; | W) =w, H; 4, Sgldw, and
E[Y,W; | S, = /WE[JI{W; > wiW) | SJOLEY, | Wi =w, H;g,Sg) dw

respectively. Consequently, by plugging each of the representations (C.1.42) into the
expression (C.1.40), we find that

= //E[ A0, w | Heg, S )(aéw Yy | Diy =6, W, =w, Hy,, S, (C.1.43)
D JW
- ag,wE[Yi | Dy =6, Wy = w, Hz,qqu])] dwdd

1 —
o [ [ BAGw | Hyy )G EY | Dy = Hi5)
nJoJw
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- ag,wE[Yq | Dyg =0, W, = w, Hf,qagq]m dwdd

/ / A6, w | Heg, Sq)05 ,E[Y; | Dig =06, W, =w, Hyg, S]] dwdo

/ +1 —
+—/ {)\(w|HM, )((”n )awE[qu:w,HM,sq]
w

n

— 0,E[Yy | W, = w7H€,qa§q]>] dw+0(n?),

where

COV(H{ng > 6} ng | ng, )COV(H{W( > 'U}} Wg | S )
E[Var(Dj,, | Sq)Var(Wq* 1'S,)]

M6, w | Hyy, Sy) = and

(C.1.44)
E[E[D}, | Heg, Sq) Cov(I{W, > w}, W, | S,)
E[Var(qu | Sq)Var(Wq* | S)]

?

/\'(w | Xgs Hf,q»gq) =

respectively. Thus, it suffices to show that all but the first quantity in (C.1.43) are sufficiently

small.

To this end, observe that Lemma C.1.3 implies that

/ Cov(I{W, > w}, W, | S,) dw = Var(W, | X,,S5,) and (C.1.45)
w

/ Cov(I{Dy, > 8}, Dy | Hyy, S,)d6 = Var(Dyy | Hig, S,) -
D

Thus, it holds that

{/ / MO, w | Heg, Sy) dwds (C.1.46)

E[[5 [wE[Cov(I{Dyq > 6}, Dyg | Heg, Sq) Cov(I{W, > w}, W, | S,)] dw dé]
E[Var(Dj,, | Sq) Var(Wp | S
E [E[E[ffcov(H{Dﬁ,q >0}, Dyg | Heg,Sq)dd | gq]E[fWCOV(]I{VVq > w}, Wy | Sg) dw | gqu]
E[E[Var(Deq | Hf,qagq) | gq] Var(W, | gq)]
g Var(W, | gq)] _
q] Var(W, | gq)]

E[E[Var(Dy, | Heg, Sq)

E[E[Var(Dy, | Heg, Sq)

)

S
'S
where the second equality follows from several applications of Fubini. Likewise, Lemma C.1.3

implies that

Mo, w | Hey, Sy) >0, (C.1.47)
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almost surely. Hence, Assumption C.1.3 implies that

//E[ 5 w ‘ H,y ,q) )85w [Y | Df,q =0, Wq =w, Hf,qagq]] dwdd = 0(7171/2) )
D JW
(C.1.48)
1 — _
5 //E[A(é’ w ‘ XQ’ H&Q? SQ)(ag,wE[Y; ‘ Df,q = 57 Wq = w, Hﬁ,qa Sq]
D JW

- a(?,w]ED/q | Dyg =6, W, = w, Hf,qagqm] dwdd = O(nil) )
and

1 _
) //]E[ A(6, w | Hg, )aéw Y| Diy=0,W, =w, Hp,, S]] dwdd = O(n?),
DJW

(C.1.49)
respectively, and it so remains to bound the fourth term in (C.1.43).
Observe that we can decompose
— E|Dy, | H Cov(I{W, > W, | S
N(w | Hyy 5y = oDt | g Sl Covil{W, = w} Wy | 5,) (C.1.50)

E[E [Var(D&q | Hy g, q) | Sq] Var(Wq |_Sq)]
_ E[Dy,q | Heg] Cov(I{W, > w}, Wy | Sg)
E[E[Var(D&q ‘ Hé,q’sq) | Sq] Var(Wq | Sq)]

Lemma C.1.3 and the fact that the distances D, , are positive imply that both terms in

(C.1.50) are positive almost surely. Moreover, it holds that

E[E[Dy, | ng, 4 Cov(I{W, > w}, W, | S )]
E[E[Var(Dy, | Heg, q) | Sq] Var(W, | Sq)]

_ E[E[E[Dy, | Heg, Sq) | Sqlr/Var(W, | S,)]

E[E[Var(Deg | Hyq, S ) | Sql Var(Wy | S, )]

E[E[Var(Dyy | Heg, Sy) | Sol\/Var(W, | S,)
< [[ ( Z,q| ] | (C.1.51)

~ E[]E[Var(DmHM, ) Sy) Var(W, | S, ]

uniformly in w, where the first inequality follows from Lemma C.1.3 and Cauchy-Schwarz

and the second inequality follows from Assumption C.1.4. Analogously, it holds that

E[E[D&q | H&q] COV(H{WQ > w}, W, | §t;{)]
E[E[Var(D&q | H€7q>5q) | Sq] Var(Wq | Sq)]
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_ E[E[E[E[Deg | Heg Sq] | Heg) | Sgly/Var(Wy | Sy)]

a E[E[Var(Dyy | Heg, Sq) | Sq] Var(Wy | Sy)]

< E[E[E[Var(Deg | Heg, Sq) | Hegl | Sgly/ Var(W,

~ ]E[E[Var(D&q_l Hyg, Sq) | Sg) Var(W, | §q)]
E[Var(Dy, | Heg, Sq)]

< al Pea 2l _ 5 (C.1.52)
ENVar(Dey | Heg Sy O

\_/

uniformly in w, where the first inequality follows from Lemma C.1.3 and Cauchy-Schwarz
and the second and third inequalities follow from Assumption C.1.4. Thus, by Assumption C.1.3
and the fact that the treatments and distances are defined on sets whose supports are bounded

by a constant, we find that

1 , — n+1 =
- /E{)‘ (w | Hygq, Sq)( ( n ) OuE[Y] | Wy =w, Hyg, Sq]
w

n
OuE[Y, | W, = w,Hqu,gq])} dw=0(n").

(C.1.53)

Hence, we obtain the representation

://E[ (0, w | Hj, 85)05,, w0, w | Hy, 8j)] dwdd +o(n™1%) , (C.1.54)
DJW

by plugging the bounds (C.1.48) and (C.1.53) into (C.1.43). The convexity of the weights
is verified by the statements (C.1.46) and (C.1.47), completing the proof. [ |

C.1.3 Proofs for Supporting Lemmas
C.1.3.1 Proof of Lemma C.1.1

We begin with the equality (C.1.13). Consider the decomposition

JFi k#] k#l

[

(C.1.55)
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where
0 1
00 =3 (M- T Q= LS S
i k#j J#% ke{i,j}
(C.1.56)
1
- = TV @G- __ -
= Z M;;W;, and Q (n .y > MW (C.157)
JF 1751
We can evaluate
E[Y:QY) = E[Y:M; ;W;] —
J#i J#z k#j
_(n—-2)
- S - LSS S En
i#i i#i ke {ig)
— (n = 2) (B[l W] — B[Vl W) (C.1.58)
and
(1) (2) (3) n — 2 n — 1 1
EY;(Q" —Q;” + Q)] = - E[Y; M W,] — E[Y; My ;W] + EE[YiMi,EWK] ;
(C.1.59)
respectively. Hence, we have that
1 n 2 n — 2 ~ ~
=D ElYE] = (E [YiMi,gWg} ~E [Y,»Mq,gwe}) (C.1.60)
i=1
n—2 n—1 1
+ —5—E[YiM, W] — ——E[Y; M, ;W] ‘f‘ﬁE[YiMi,EWZ]

as required.

Next, we verify the inequality (C.1.14). Observe that

EQMQN =g X E

1
( — Mk,j) M;,j,ijg]

J#z J'# K E{i,5'} k#j
1 ~
_ Z Y E ( - ZM,W-> My, j Var(W; | Sj)]
J#Z k'@{i,j} k#j

Z Z Mk,ij:,j Var(VVj | SJ)]

J#i k#{ig}
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_9 .
- hEWZz Var(Wy | S)] (C.1.61)

as the variables W; are mutually independent and satisfy the restrictions (C.1.11) and the

variables M ; and M, ; are independent conditional on S;. We can evaluate

n— 2

BQ"Q =0 and E[QLQV)= 25

E[M?, Var(W, | S)] (C.1.62)
analogously. As a consequence, it holds that
E[=}] - Var<@§°)>

TN ZE > MW + - IE

zMziwf]

JF#i ke{i,j} J#i
2 1172 n—2 2 _ 1
(n—1)2 ;E (MW ] mE[MM Var(W, | S))] = O(n™"), (C.1.63)

by the Cauchy-Schwarz inequality and the fact that the supports of the variables W; and

M; ; are bounded by a constant. To conclude the proof, observe that we can evaluate

2
Var(Q\”) =E (Z (Mi,j - % ZMkz,j> Wj) = (n — 2)E | M}, Var(W, | Sp)| ,

J#i ki
(C.1.64)

by the same steps as before. Hence, the inequality (C.1.14) follows from (C.1.63) and
(C.1.64). [ |
C.1.3.2 Proof of Lemma C.1.2

The result is based on two applications of the following Lemma, obtained from a method of

argument developed in Kolesar and Plagborg-Mgller (2024).

Lemma C.1.4. Fix the random variables X, Y, and U. If the distribution of X, conditioned
on U, has support contained in the bounded set X’ in R almost surely, Y is real-valued, and
the conditional expectation E[Y | X = z, Z] is locally absolutely continuous and uniformly

bounded on X, then the equality

Cov(Y,X | U) = / E[I{X > z}(X —E[X | U]) | U] Q,E[Y | X = 2,U]dz (C.1.65)
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holds almost surely.

Observe that the equality (C.1.16) follows immediately from Lemma C.1.4. To verify the

second equality, observe that

EY(Z -E[Z | U)W —EW | U])] = EY(Z - E[Z | U, W))(W = E[W | U])]
(C.1.66)

= E[Cov(Y, Z | U,W)(W —E[W | U])],
(C.1.67)

as W is independent of Z conditional on U. Lemma C.1.4 implies that

Cov(Y,Z | U W) = / E[l{Z > X (Z —E[Z |U,W]) | Ul0.E[Y | Z = 2, U, W]dz .
zZ
(C.1.68)

Thus, we can evaluate

EY(Z - E[Z | U))(W —E[W | U])]

_E K/ E[{Z > 2}(Z —E[Z | U,W)) | U,W].E[Y | Z = 2,U, W] dz) (W —E[W | U])
- / E[E[{Z > :}(Z —E[Z | U,W]) | U, W|(W — E[W | U) &.E[Y | Z = =, U, W] d=

= /Z]E[E[H{Z > 2} (Z - E[Z | U) [UJE[W —E[W | U]) &.E[Y | Z = 2, U,W] [ U]] dz,
(C.1.69)

where the second equality follows from Fubini’s Theorem and the third equality follows

from the fact that I is independent of Z conditional on U. Lemma C.1.4 again implies that

E[0.E[Y | Z =z U W|(W —E[W | U]) | U]

= Cov(d,E[Y | Z = 2,U,W|,W | U)

= /W]E[]I{W > wh(W —E[W | U)) |UJ0Z E[Y | Z=2W =w,U] | U]dw .
(C.1.70)

By plugging (C.1.70) into (C.1.69), and applying Fubini’s Theorem, we obtain

EY(Z -E[Z | U)W - E[W | U])]
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— [ | EBLW 2w}~ BW | U) | VEI{Z 2 2)(Z ~ E[Z| U)) | U]
zJw
2EY | Z=2W=uwU]dwdz, (C.1.71)
as required. [ |
C.1.3.3 Proof of Lemma C.1.3
First, observe that

Cov(l{Z > z},Z | U)
=E[{Z > 2}(Z -E[Z | U]) | U]
=Var({Z >z} |U)E[(Z-E[Z|U]) | Z> 2 U —-E[(Z-E[Z|U)) | Z < =2U]) >0,

(C.1.72)
as required. In turn, by Fubini’s theorem, it holds that
/ Cov(I{Z > =}, 7 | U) dz
zZ
=E [/Z]I{Z > Z—-E[Z|U])dz |U| =Var(Z |U), (C.1.73)
as required. [ |
C.1.3.4 Proof of Lemma C.1.4
Define the conditionally centered random variable
X=X-E[X|U]. (C.1.74)
The fact that E[X | U] = 0 implies that
E{X > 2}X | U] = -E[l{X < 2}X | U] (C.1.75)

almost surely for each x in X. Thus, choosing an arbitrary point z, in X', we obtain

/ E{X > z}X | UJQ,E[Y | X = z,U]dz

= / E[I{X >z >z} X | U)O,E[Y | X =z, U] dz
X
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- /XE[]I{X <<} X |UJQE)Y | X =2,U]dz . (C.1.76)
Now, we can evaluate
/XE[]I{X > 2> 20} X | UEY | X = 2,U] dz
= [/X]I{X > 1> 20} XOE[Y | X = 2,U]dx | Z}
—E []I{X > 20} X(E[Y | X,U] —E[Y | X = 2,U]) | Z] (C.1.77)

almost surely, where the first equality follows from Fubini’s Theorem and the second equality
follows from the Fundamental Theorem of Calculus, both of which are justified by the fact
that the domain of X and the derivative 0,E[Y | X = x, U] are uniformly bounded, almost

surely. By an identical argument we have that
/ E{X <z < 20} X | U]Q,E[Y | X = z,U]dz
X
—E [JI{X < 20} X(E[Y | X = 20,U] — E[Y | X,U]) | U] (C.1.78)
almost surely. Plugging (C.1.77) and (C.1.78) into (C.1.76) , we find that
/ E{X > 2}X | U]Q,E]Y | X = z,U]dx
X
~E [XE[Y | X, U] | U] = Cov(Y, X | U), (C.1.79)

as required. [ |

C.2. PROOFS FOR IDENTIFICATION RESULTS

In this Appendix, we give proofs for the corollaries stated in Section 3.4. Throughout, let

the sets
D(H;;,S;) and W(S;) (C.2.1)

denote the support sets of the proximity measure D; ;, conditional on H; ; and S;, and the

treatment W;, conditional on gj, respectively. Define the set



292 CHAPTER C

with an abuse of notation.

C.2.1 Proof of Corollary 3.4.1

Observe that the choice (3.3.4) is uniquely-defined on the event that D;; = ¢. Thus,

Assumption 3.3.1 implies that, in this case, the potential outcome
Yii(6,w) = F(Zi, Z;(S"(8),w), Z_i;), where Zj(w,s) = (w,s,U;), (C.2.3)

is uniquely-defined. Observe that Assumption 3.4.2 implies that the collections Z; and Z_; ;
are independent of treatment I¥;. Thus, for each (6, w) in F, it holds that

= E[F(Zi7Z](§§Z)(5)7w)7z_i7j) | Dy =0, W; = waHmagj]
= E[F(Z;, Z;(&"(0),w), Z_i5) | Dij = 6, Hi;, S]]
= ]}“:[Y;‘J'((S7 ?,U) | Di,j = 5, Hi,jagj] . (C24)

Hence, we can evaluate
o, = //E[A(@w | Hij, S;)05, BIYij | Dij = 6, W; = w, H,;,5;]] dwdd
D JW
- //E[A(cS,w | Hi7j,§j)a§7wE[K7j<5, w) | Di,j - (S, Wj = w, Hi,j7§j]] dw d5
DJW

= //E[)\(d,w ’ Hm,gj)&; E[@w Yi,j((s, w) | Di,j = 5, Hi,jagj“ dw d5 s (C25)
DJW

where the first two equalities follows by definition and the third equality follows by (C.2.4)
and the Leibniz integral rule. Observe that, by the definition of the weight function \(d, w |
H, ;,S;) and the convention used to define the operators 05, d,,, and 8§7w, the final equality

in (C.2.5) only requires the application of the equality (C.2.4) at points (J, w) in F. [ |

C.2.2 Proof of Corollary 3.4.2

Fix a scalar 6 in D(H, ;, S;). Observe that the level set

SD(5) = {s: D,(S;,s) =4} . (C.2.6)
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is non-empty by definition. As the function D(-) is continuous and monotone, by Assumption 3.3.2,

the set
{r>0:D() =0} (C2.7)
is a closed interval [r_, r]. Now, observe that
S;+a(S; —S;) € SY(6) ifandonlyif |1—al|S;—S;| €lr_,ry]. (C2.8)

If the distance ||.S; — S;|| = 0, then every « is feasible, and aéi)(d) is uniquely defined as 0.
On the event that ||S; — S;|| > 0, we have that

*

. i r
argm1n{]a| : S]—F(I(S,L—Sj) GS()<5)}: 1—m s (C29)
« ? J
where
r* € argmin |1 — T =y arg min |r — [|.S; — 5| . (C.2.10)
refr_,r4] HSl - S]H relr_,ry]

Observe that 7* is defined as the projection of the point ||S; — S;|| onto the closed interval
[r_, 7], which is unique. Thus, the minimizer of the problem (C.2.9) is unique, and so the

counterfactual coordinate
S9(8) = S; +al?(8)(S; — ) (C.2.11)
is uniquely defined. Hence, the potential outcome
Yii(6,w) = F(Zi, Z;(S(8), w), Z_i;) . (C.2.12)
is uniquely defined.
As a consequence, for each (0, w) in F, Assumption 3.4.4 implies that
E[0, Y ;(0,w) | D;; =8, H;;,S;] = E[0, Yi;(6,w) | H;;, 5] . (C.2.13)

Hence, we can evaluate

0:; = \//E[)\((S,’UJ | Hm,gj)&; E[@w Y;‘J‘((S, U}) | D@j = 5, Hi,j7§j“ dU) d5
D JW
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//E[A(&w | H@ﬁgj)a(; ]E[@w Yi,j(57 w) | Hi,jvgj]] dw dé

DJW

— [ [ ENG.w| Hi 5B Yig(Grw) | Hi 55 dwds
DJIW

= / /E[A(é,w | Hi,j,ﬁj)a;w Y, ;(6,w)] dwds , (C.2.14)
D JW

where the first equality follows by Corollary 3.4.1, the second equality follows by (C.2.13),
the third equality follows by the Leibniz integral rule, and the final equality follows by the
law of iterated expectations. Again, by the definition of the weight function \(§, w | H; , S;)
and the operators Js and 0,,, the third equality in (C.2.14) only requires the application of
the equality (C.2.13) at points ¢ in D(H, ;, S;). [ |

C.3. PROOFS FOR ASYMPTOTIC RESULTS

In this Appendix, we give proofs for the theorems stated in Section 3.5 and Section 3.6,
respectively. These results hold under additional regularity conditions, stated in Appendix C.3.1.
Proofs are given in the subsequent subsections. Proofs for all supporting Lemmas are given

in Appendix C.4. We use the notation
D;, = D*(S;,S¢) = Diy —E[D; | Hiy, S/] (C.3.1)

throughout.

C.3.1 Additional Regularity Conditions
C.3.1.1 Theorems 3.5.1 and 3.5.2

We begin by giving the additional moment bounds needed for Theorems 3.5.1 and 3.5.2.
Throughout, we let A; ; denote the event that A; ; = 1 and let fli’j denote its complement.

Likewise, define the indicator
B;; ={P{Sy € L(S;,5;) | S;. S;} > 0} (C.3.2)

where the set L£}>(§i, S;) is defined in Assumption 3.5.2. Define the events B; ; and B; ;,

accordingly.
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Assumption C.3.1. Define the conditional expectations
F(Zi,Z;) =RB[Y; | Z,2;] and F(Z;,Z;) =E[Yi| Z;, Z;] - E[Y;| Z] . (C3.3)

The means and variances of each of the conditional moments (C.3.3) are bounded by a

constant almost surely. Moreover, for each a,b € {0, 1}, the moments

E[E[F(Zi, Z;)* | Aij = a, Zi]] EE[F(Z;, Z;)? | Aij = a, Z}]]
E[E[F(Zi, Z;)? | Ak; = a, Z4]) E[E[F(Z;, Z;)? | Aij = a,Z}]] |
E[E[F(Z;, Z;)* | Ax; = a, Zi)] E[F(Zi, Zx)? | Aij = a, Aip = 1],
and RE[E[F(Z;, Z,)* | Aij = a,Z;, Z}] | Bjx = b) (C.3.4)

are each bounded by a constant almost surely.

This condition is relatively innocuous, and states that, in the asymptotic sequences under
consideration, the moments (C.3.4) do not grow without bound. We note that this condition
does not necessarily imply that the variance of the outcomes is bounded by a constant.
This is important in settings in which, for instance, each unit has an increasing number
of neighbors whose influence on a given unit’s outcome is on the order of a constant. We
go through the trouble of enumerating the moment bounds enforced by Assumption C.3.1
because the proof of Theorem 3.5.2 is based on constructing distributions that satisfy the

conditions of Theorem 3.5.1, but where the distributions of the quantities
ElY; | Z;,Z;] and E[Y;| Z, Z;] - E[Y; | Zi] (C.3.5)

are unbounded.

C.3.1.2 Theorems 3.6.1 and 3.6.2

Next, we state the three additional conditions needed for Theorems 3.6.1 and 3.6.2. The first

condition is a mild strengthening of Assumption 3.5.2.

Assumption C.3.2 (Extended Latent Spatial Structure). Define the set

L® (S, S;) = LW (S) N LY(S;) . (C.3.6)
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It holds that
P{P{S, € L'?(5,,S;) | S;,5;} > 0} = O(p,) . (C.3.7)

Recall that the second part of the relation (3.5.6), stated in Assumption 3.5.2, ensures that
the fraction of pairs of units ¢, j that could feasibly be proximate to a third unit £ is of order
O(pn)- Assumption C.3.2 is a further iteration of this idea. That is, the fraction of pairs of
units 4, j that could each be proximate to units that are proximate to k is of order O(p,,).
As before, this condition is satisfied in settings where the latent proximity indicators are

generated by the specification (3.5.10), and the measure of the latent factors is doubling.

The second condition is necessary for ensuring that the leading term in our asymptotic

approximation to the estimator é; is non-degenerate.

Assumption C.3.3 (Non-Degeneracy). Define the conditional expectation
V(Z;, Z;) = E[F(Z, Zi>Dl:,j | Zi, Z}] . (C.3.8)

The lower bound

U(Zi, Z YW +W(Z;, Z)WF
ar ( N J)~ j 22 | Aij =1 = cp’L, (C.3.9)
2E(Dy: D5 ; | Zi, ZWiW

holds, where < denotes the Loewner order on matrices.

To unpack Assumption C.3.3, consider the case that the outcomes are mean independent of

the states of non-proximate units, in the sense that

if A;,;=0 then E[Y;|Z,Z)|—-EY,|Z]=0 (C.3.10)
almost surely. In this case, Assumption C.3.3 reduces to the lower bound

Var (xif(zj, ZYW? + (2, Z;) W | Am) = I, (C.3.11)
where

(C.3.12)
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Consider, in turn, the closely related, but even simpler, lower bound

Var(E[Fy; Dy | Axjy Zi, Z;) | Ay =1) > c. (C.3.13)

In effect, the lower bound (C.3.13) asks that, when ¢ is proximate to j and k, the probability
that & is also proximate to j is on the order of a constant. To see this, observe that in the
latter event, i.e., when k is proximate to both ¢ and j, the term F (Zy, Z;) Dy, ; can be on the
order of a constant.

In other words, Assumption C.3.3 can be interpreted as stipulating that when 7 and j are
proximate, the proportion of j’s neighbors that are also proximate to 7 is on the order of a
constant. Clustering, in this sense, is widely observed in social network data and arises in
models where connections are generated by the specifications analogous to (3.5.10), as well
as many other standard models of network formation (see e.g., Jackson and Rogers 2007
and Graham 2016 for further discussion). However, Assumption C.3.3 also asks that there
no cancellations that cause the eigenvalues of the variance covariance matrix in (C.3.11) to
be much smaller than the variance in (C.3.13).

The final condition enforces a slightly stronger set of moment bounds. Define the

indicator
E@j = H{P{gk € ng)(gz,gj) ‘ giagj} > 0} ,

where the sets L\ (S;, S;) is defined in Assumption C.3.2. Define the events &; ;, and &; ;,

accordingly.

Assumption C.3.4. For each b,/ , e € {0, 1}, the moment
E[E[E[F(Zs, Z1)* | Aus. Z1, Za, Zs) | Bs1 = b, Bsa =V, 21, 2] | Erg =] (C.3.14)

is bounded by a constant.

Assumption C.3.4 again holds in the setting where the quantities (C.3.5) are bounded by

constants almost surely.

C.3.2 Proof of Theorem 3.5.1

We continue to use the notation introduced in the proof of Theorem 3.4.1. For the sake

of simplicity, we restrict attention to the case that data W;, D, ;, X;, and H; ; have been
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unconditionally centered. The general case, that accounts for the inclusion of intercepts in
the estimators 7, and 4,,, follows from the same argument, but the expansions applied below
are more tedious to verify. Throughout, we let M = M — E[M] denote the unconditionally

centered version of the random variable M.
Our objective is to give an asymptotic approximation to the estimator
n

0% = arg min min {Z(Yl —a—0- A:)Q} . (C.3.15)

a
0 =1

By the Frisch-Waugh-Lovell and Projection Theorems, we can write

. " Y A*
h= an—Q : (C.3.16)
Zi:l(Ai)
where
A* )* 1 y* 1% 1 x TI7x
A= Z(Dm T Z Di )W — - Z D7 Wi (C.3.17)

i k£ i
We successively evaluate the denominator and numerator of the representation (C.3.16).

First, we evaluate the denominator. With a mild abuse of notation, we let

T, = arg minE [(WZ - WTYi)z} and ~, =argminE [(Ei,ﬁ — 'yTHw)Q] (C.3.18)

G v

denote the population best linear predictors associated with the two nuisance parameters and
ﬁO,n =Tpn — ﬁ-n and ’S/O,n =Tn — ’?n (C319)
denote their respective estimation errors. Consider the decomposition

A* * 1 * * 1 * *
A=) (DI == Dip)Wi——% DLW, (C.3.20)
J# k#j i

+ Yo (Z(Hi,j - % Zﬁm)wf - %Zﬁj,iwi*>

ji k£ i

+30m (Z(E,j - %Zﬁk,j)yj - %ZE,J@T) Tom -

J#i k] j#i

The leading order behavior of the denominator of (C.3.16) is determined by the first term in
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(C.3.20). To evaluate this term, consider the further decomposition

> (D; ZD Sy

J# ksﬁj J#z

=> DW; - Dr Wi+ ZZD;JW* ZD* Wy,

J#i J#Z k#j J?él k#j J?él
(C.3.21)
where we have used the fact that Assumption 3.4.2 implies that
D;; =D;; —E[D;; | H;;,S;] = Di; —E[D}, | S] . (C.3.22)

The following Lemma quantifies the contributions of the various terms in (C.3.21).

Lemma C.3.1. If the conditions of Theorem 3.5.1 hold, then:

(i) It holds that

2
1 — I
B (Tom) - ST S s

=1 jFi =1 j#i k#i,j
+ E[Var(D,, | H;;,S) Var(W, | S¢)] + Op(n’1/2pn)
= E[Var(D,, | Hy;, S¢) Var(W, | Sp)] + O,(p2/?)  (C.3.23)

and

- 2

n2 - (n ;;D > = Op(n” " pn) ,
respectively.
(ii) It holds that

2
1 — 1
n? Z (n(n —1) Z Z DZ,jW;) =O(n™?), and (C.3.24)

i=1 J#i k#j
2
( ZD* W*) O(n'pn) ,
i=1 JFi

respectively.
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As a consequence, we obtain the representation
1 o i
— (Z Z D; ;) Z D3, W*) (C.3.25)
i=1 \j#i k#ﬂ J#l

1 « .- B
= Z Z Z D ;DWW + E[Var(D; ¢ | Hy j, Sp) Var(Wy | Se)] + 0,(n""2p,)
=1 j#i ki

= E[Var(D;, | H;z, S¢) Var(Wy | So)] + O(p2/?)
by plugging the bounds stated in Lemma C.3.1 into the decomposition (C.3.21) and applying
Cauchy-Schwarz.

In turn, we handle the second two terms in (C.3.20) through the application of the

following Lemma.

Lemma C.3.2. Assume that the covariates X; and H; ; have lengths q and p, respectively.
Let 7, and ¥, denote the kth components of the nuisance parameter estimators 7,, and

An. Define ,, ;. and +,, ,, accordingly. If the conditions of Theorem 3.5.1 hold, then:

(i) It holds that

—-1/2

Tk — T = Op(n™?) and Ao — Yo = Op(n™ %k, p0) (C.3.26)

respectively.

(ii) Define the quantities

Ji=> (H, ZH;” - —ZH”W* and (C.3.27)

J#i ey J#i
Mi:Z(Fi,j ZH’” ZH]Z
J#i k‘#] J#%

Let J;,, denote the rth component of .J; and M, ,, = (M, 5)!_, denote the rth column of M.
It holds that

ZJHJ“,_O KY2512) and ZMZSTMH = Op(nkY2kY2) (€328

ns nr Rn,s n,s

respectively.
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In particular, observe that Lemma C.3.2, a union bound, and Assumption 3.5.3 imply that

L3 (50 (S - Ly mams - Ly m) )

i=1 i =y i
p p 1 n
= Z Z(&n,s - rYn,s) <ﬁ Z Ji,sJi,r> (&n,r - ’7n,7“)
s=1 r=1 =1
- ZZO (k2R 2 02) = O,(n ') - (C.3.29)
s=1 r=1

Likewise, by an analogous argument, we can evaluate

2
1 (. 7 1 X 15w x5
) (%Tn (E (Hij— > Hi)X; - -2 X, ) m”)

i k£ i

i=1
p p q
=222 D (ne = ) = )

s=1 s/'=1r=1r'=1

1 n
(ﬁnvr o W"vr)(ﬁ—n,r’ o ﬂ—nﬂ”’) ) Mi,s,rMi,s/,r’
n2
=1

= Z Z Z Z Op(n™ (K sbins) " 2p2) = Op(n™"pa) . (C.3.30)

s=1 s/=1 r=1 r'=1

Thus, we can conclude that

1 A *
n2 (Ai)z
i=1
2 Z Z Z D* D*kW Wi, 4+ E[Var(Dy g | H; ;,Se) Var(Wy | So)] + O,(n="p,,)
=1 j#i kAij
= E[Var(D; | Hig, Se) Var(Wy | So)] + O,(p3?) | (©331)

by squaring the decomposition (C.3.20) within an expectation, applying Cauchy-Schwarz,
and plugging in the bounds (C.3.25), (C.3.29), and (C.3.30).

Next, we evaluate the numerator of (C.3.16). Here, we consider the decomposition

B S S DI P SLIEED W BIICER D SLTE) IR
=1

i=1 J#i Ly i
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Yom (% d v (Z(E‘,j - %Zﬁk,j)wj* - %Zﬁain?))

i=1 i k] i

. 1 & — 1 — -7 1 -

0 (30 (S - LT - LS AT
i=1 i k] i

The leading order behavior of this quantity is determined by the first term in (C.3.32). To

evaluate this term, we again consider the further decomposition

TN POCIRED SERICEED SEATY

=1 J#i k?’é] A
n—21 e~ « 1 1< .
= — >y YA — ——— Y;A*.
n—1n? 4 E n_1HZZZ i\
=1 i=1 j#i
1 — ‘
+ 2 YRV - @) (C.3.33)
=1
where
Ar=>"D;w;, At = > Dy Wy, (C.3.34)
#Z ke {i.j}
1 * *
le): n(n — )Z Z Dy Qz@):n_lsz,iVVi , and
J7#1 kg{i,j} i
QY = T 2P
J#%

respectively. The following Lemma quantifies the contributions of the various terms in
(C.3.33).

Lemma C.3.3. Define the conditional expectation
F(Z;, Z),) =R[Y; | Zy, Z)) — E[Y; | Zi] . (C.3.35)

If the conditions of Theorem 3.4.1 hold, then:
(i) It holds that

1 - A * * * * —
EZYZAi = E[Y; D}, ZZ > F(Zi, Zy)Df, Wi+ 0y(n~"?p,)  and

=1 =1 j#i k‘g{z]}
(C.3.36)
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ig ZZ Z (Zi, Z1) D Wi = Op(pi?)
=1 j#i ke{ig}

(C.3.37)

respectively.

(ii) It holds that

11 X -
— > N VAL =E[Y:D; Wi+ Oy(n"Y?p,) and  (C.3.38)
i=1 j#i

ZY Y1+ Q) = L CE[YiDg Wi ~ 1E[YiDz,,-Wi] (C.3.39)
Tf E[Y, D}, Wi]) + 0, 0}/?)

respectively.

Consequently, Lemma C.3.3, as well as the bounds (C.1.48), (C.1.49), and (C.1.53), imply
that

1 . * * *
EZY,-(Z ZD,w ZD W) E[Y; D}, W;] + O,(p3?) .
i=1 J#1 k#] J#Z

(C.3.40)

In turn, we handle the second two terms in (C.3.32) through the application of the following

Lemma.
Lemma C.3.4. If the conditions of Theorem 3.4.1 hold, then

ZYJZS = Op(kns) and ZYMW = 0,(n'?k,,) (C.3.41)
respectively.

In particular, Lemma C.3.2 and Lemma C.3.4 imply that

( ZY(Z ZH,W ——ZHNW*)>—O(1/2pn) and

1 J#i kséa J#i
(C.3.42)
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. ] — — 1 — —T1 1 — 7 . B
(3% (S T - S ) = 0 )

i=1 ji kit J#i
respectively. Thus, we obtain

I s
D RISEE VLT OID 5 b S RN RIS
i=1 =1 j#i k¢{i,j}

=E[Y;D;,W;]+ O,(p3?) . (C.3.43)

by plugging the bounds (C.3.40) and (C.3.42) into the decomposition (C.3.32).
To conclude the proof, observe that Assumption C.1.4 and Assumption 3.5.2 imply that

E[Var(D;, | Hiy, S¢) Var(Wy | Sy)]
[]E[DM | HLg, Sg] Var(Wg ’ gg)]
[E[Di | Zo) Var(Wy | S0)] Z pn - (C.3.44)

Thus, the representations (C.1.42), (C.3.31), (C.3.43), and a Taylor expansion, imply that

é* Ez 1 KA*
" (A2
=0, + O, (p2/*E[Var(D; . | Gy, Se) Var(W; | X, S)] ™)

— [ [ BN | Gugs X5, 5)8 0 (6,0 | G, X5,5)) du 5+ O, (o1).
DJW
(C.3.45)

where the final equality follows by the bound (C.3.44) and Theorem 3.4.1, completing the
proof. [ ]

C.3.3 Proof of Theorem 3.5.2

To ease exposition, we write P,, = P, (p,,). Moreover, for the sake of simplicity, we restrict
attention to the case that p; ! is an integer that divides n. The more general result can be
obtained by the same argument, at the cost of more involved notation. The desired bound

follows from an application of Le Cam’s two-point method, stated as follows.

Lemma C.3.5 (Equation 15.4, Wainwright, 2019). Let X be a random variable, valued on
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the domain X and drawn according to a distribution P in the class P. Let 0( P) denote a real-
valued parameter on P. Let the distributions P, and P, in P satisty |0(Fy) — 6(Fy)| > 26

for some positive constant §. For any measurable function 6 : X — R, it holds that

. 52
sup Ep | (0(X) = 0(P))?| = S (1= 1P = Pillrv)
PeP
where || - || v denotes the total variation norm on probability measures.

To apply Lemma C.3.5, we require some further notation. Observe that each distribution
P’ in the class P,, induces a distribution P for the observable data (Y;, Wi, D;)I,. In turn,
define the collection J,, = (W;, D;)"_; and let ]5(}" denote the distribution of the outcomes

(Y;)2_,, conditioned on .J,,, under the base distribution P".

With this in place, we begin by specifying two distributions, Fj and P, in P,. In
both cases, the treatments W are i.i.d. Bernoulli with success rate 1/2. Likewise, in both
cases, the coordinates 5; are mutually independent, independent of the treatments, and
uniformly distributed on the set {1,..., p,'}. Again, in both cases, the distances D; ; and

latent proximity indicators are given by
Aij=Di; =1{S = 5;}. (C.3.46)

Now, again in both cases, the collection (U;)"_; are real-valued, i.i.d., independent of the
treatments WW; and coordinates ;, and have a standard Gaussian distribution. Consequently,
it holds that

It remains to specify the distribution of the outcomes. Under Fj', the outcomes Y; are

generated by

Yi=Ui+ Y Di;U; . (C.3.48)
j#i

In turn, under P, the outcomes are generated by

JF JFi
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for a sequence 1), that will be specified at a later point in the proof. The specification of Fj'
and P is now complete. It can be verified that both distributions are elements of P,,.
Observe that, in both cases, as WW; and D, ; are binary, and their variances, conditioned
on S, are constant, the weight function A(§,w | S;) is equal to zero almost surely if § or w
is equal to zero, and is equal to one otherwise. Thus, the parameter é*(ﬁ") can be expressed

as the double difference
0*(P") = Epa[(u(1,1] S;) — u(1,0 [ S;)) = (u(0,1 | 5;) — u(0,0 | 55))], (C.3.50)

where we recall that (6, w | S;) = E[Y; | D;; = §,W,; = w, S;] for each §,w € {0,1}.

Hence, we can evaluate
0*(PP)=0 and 6*(P") =, , (C.3.51)

respectively

Thus, it remains to bound the total variation distance between ' and P'. We require

some further notation. The random variables

n n 1
By, = ;I[{Si =k} and V= ;]I{Si =k} (Wj —~ 5) (C.3.52)
measure the number of units whose coordinate is equal to k£ and the aggregate, centered
treatments associated with those units, respectively. In turn, we let N°(m, v) denote the
distribution of the b-vector (X, ..., X), where X has the distribution N(m, v). With this
in place, observe that, conditional on J,,, both Fj' and P[* can be expressed as product

distributions though

pn’t pn’t
5, = [[N®(0,Bx) and Py, =[N (Vi Bi) . (C.3.53)
k=1 k=1

respectively. Consequently, we obtain the bound
DN pn |2 1 DN pn
17 = Prli3y < 5D (B PY)

1 ~
< §E |:DKL (POT\LJTN ﬁJnﬂ

< %ilﬁ: [Dxr (NP#(0, Bi), N®* (¢, Vi, Bi)) | By # 0] P{Bj, # 0}
k=1
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1

IE [Dkr (N(0, Bi),N(¢3 Vi, Bi)) | Be # 0] | (C.3.54)

=1

)
S

1
< Z
-2

E

where Dy (-, ) denotes the KL-divergence between probability measures, the first inequality
follows from Pinsker’s inequality (e.g., Lemma 15.2 of Wainwright, 2019), the second
inequality follows from the joint-convexity of the KL-divergence (e.g., Proposition 2.2.11 of
Duchi, 2024), the third inequality follows from the tensorization of the KL-divergence over
product distributions (e.g., Equation 15.11 of Wainwright, 2019), and the final inequality
follows from the fact that the KL divergence is invariant under invertible transformations.

Now, observe that, we can evaluate

E [Dic. (N(0, By,), N(¢ Vi, By)) | Bi # 0]
= G E(VPB, " | By, # 0]

2
- 1
= Y2R |E <§ H{Si:k}(M—§)> | S1, .y Sn| Byt | Br #0
=1

2 2
= 'E [BuB;' | B, # 0] = % (C.3.55)

where the first equality follows from the standard characterization of the KL-divergence
between two Gaussian distributions with the same variance, the second equality follows by

the assumed independence between the treatments and the coordinates. Thus, we find that

. . 1
15 = PPlrv < gon' ¢ (C.3.56)

by plugging the bound (C.3.55) into (C.3.54). Hence, by making the choice ,, = pi/ ’ we

can conclude that

M(pn) 2 0 (C.3.57)
by applying Lemma C.3.5 with the distributions F)* and P}*, as required. [ |

C.3.4 Proof of Theorem 3.6.1

We apply the following Lemma at several points in the argument.
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Lemma C.3.6. Define the sequences

o2 :ERE[F(Zl,Zg) %o | Zo, Zs)Wi + B[F(Zy, Zo)D 13\22,23]1/1/3)} ,

n,1
(C.3.58)
- 2
02, = 4E {(]E[DL?,D;2 | Zs, Zg]Wg*WQ*) } . and
6 = 4E [E[F(Zl, Z3)Diy | Zay ZJEID: Wi Dy g | Zo, Z3]W;W5} . (C3.59)
and the matrix
2
g, =7 ) (C.3.60)
Sn Un,?
Under the conditions of Theorem 3.6.1, it holds that
cpily = %, = Cp’ly , (C.3.61)
where < denotes the Loewner order on matrices.
Proof. The sequence of inequalities (C.3.61) is equivalent to the assertion that
£ E=p? (C.3.62)

uniformly over the collection of real-valued vectors £ = (£1,&,) " that satisfy €2 + €2 = 1.
The upper bound §T2n§ < p? follows immediately from the the bounds (C.4.134) and
(C.4.185) stated in the Proof of Lemma C.4.5 and the Proof of Part (iii) of Lemma C.4.7,
respectively. The lower bound ¢ T8¢ > p3 follows immediately from Assumptions 3.5.2
and C.3.3, respectively. [ |

The result is an application of the following central limit theorem, obtained by applying
a general result concerning the Gaussian approximation of degenerate U-statistics, due to
Liu et al. (2025).

Lemma C.3.7. Under the conditions of Theorem 3.6.2, it holds that

FODIDI

i=1 j#i kg{ij)

F(Zi, Z4) D ;W
Dy, Di, Wiy

) % N(0y,1,) (C.3.63)

where >, is defined in the statement of Lemma C.3.6.
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Recall the expansions

1 - A* * * —
EZYZ-Ai — E[Y;D; ,W}] + ZZ > F(Zi, Zk) Di Wi+ Oyp(n™py)
1=1 i=1 j#i kg{i,j}
(C.3.64)
1 - A* * * —
ﬁ (Az )2 E[( ZWZ + — ZZ Z D kaDi,jo + Op(n 1/2)0n> :
=1 i=1 j#i k¢{ij}
(C.3.65)

stated as (C.3.43) and (C.3.31) in the Proof of Theorem 3.5.1. Thus, we obtain
Y;A* —E[D; W}
—ZZ > —1/2< [~f i]2> 4 N(0,, 1) | (C.3.66)
i1 ke i) (A})? = E[(Dr, W)

by Lemmas C.3.6 and C.3.7 and the continuous mapping theorem.

Now, recall the representation

LS VAY
0* = "2;1 (C.3.67)

LY (A2

obtained in the proof of Theorem 3.5.1. By an application of the Delta method, the
approximation (C.3.66) implies that

o 16— 67) 5 N0, 1) (C.3.68)
where
1
00 = (om1 — 2605 + 075(67)°) (C.3.69)
2E[(D; Wy)?2 " ’
1

- QE[(D* W*>2]2 Var(E[gk,ZDZ’J | Zi; ZJ]WJ* + E[ékJDI:,z ‘ Zj7 ZZ]VVZ*) .
(2N

We conclude the proof by noting that the relation o, ! < p}/ ? follows immediately from
Lemma C.3.6 and the bound
E[(D; ;W) 2 pn (C.3.70)

implied by Assumptions 3.5.2 and C.1.4, as required. [ |
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C.3.5 Proof of Theorem 3.6.2

The result follows from an application of the following lemma, due to Hoeffding (1952).

Lemma C.3.8 (Theorem 17.2.3, Lehmann and Romano, 2022). Suppose that X™ has
distribution P, in X,, and G,, is a finite group of transformations from X,, to X,,. Let
G, be a random variable that is uniform on G,,. Also, let G, have the same distribution as

G, with X", G,,, and G|, mutually independent. Define the randomization distribution

Ry(t) = M"Y T, (gX™) < t}, (C.3.71)

geGp,

where M, is the cardinality of G,,. Suppose, under P,, it holds that
(Th(Go X™), Ta(GL. X)) % (T, T') (C.3.72)

where T' and T" are independent, each with common c.d.f. R(-). Then, under P,, it holds
that

~

R,(t) 5 R(t), (C.3.73)

for every t that is a continuity point of R(-).

To apply this strategy to our setting, we require some intermediate results. First, we use
the following central limit theorem. We omit the proof of this result, as it follows from an

argument that is identical to the proof of Lemma C.3.7.

Lemma C.3.9. Fix any scalar 6. Define the random variable

Eo(Zi, Z;) = F(Z;, Z;) — 0D; W} (C.3.74)
and the sequences
N - 2.6 o0
0% (6) = 2 Var (E[gg(zi,zj)D;Q|ZZ,Z3,]W2*> and 5,(0) = (*0”7(1)() X
0-n72
(C.3.75)

respectively. Let V = (V;)I, and V' = (V/))?_, denote two independent collections of i.i.d.
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Rademacher random variables. Under the conditions of Theorem 3.6.2, it holds that
Eo(Zi, Z) D, WV

V2 S0 0 Dy, DWWV,
LYy S (B S D e,
=1 j#i kg{i.j} 022 Xn7(0) €0(Zi, Zr) Di WiV,
Diy D W WEVVY

(C.3.76)

respectively.

Moreover, we make use of the following expansions, which follow from arguments identical
to the proofs of Lemmas C.3.1 to C.3.4, respectively. Again, we have omitted the details for

reasons of Space.

Lemma C.3.10. Let V = (V;)?_, denote an independent collection of i.i.d. Rademacher

random variables. Define the variable
< A 14
Ar(V)y =) (Dr; - —D;])W*V - ZD* Wr. (C.3.77)
J#i J#Z
Fix any scalar . Under the conditions of Theorem 3.5.1, it holds that

n

1
n2 (Y — QA* A* ZZ Z co(Ziy Zy) D:jo*Vj +Op(n—1/2pn) and
= i=1 j#i k¢{ij}
(C.3.78)
R .
= D (AI(V)) = (D7)
i=1
1" o )
+ n2 Z Z Z D WV D WiV + O,(n 1/2pn> 7
i=1 j#i kg{i.j}
respectively.

With these results in place, consider the statistic

LS (Y= 0ANA(V)
L3 (Ar(V))?

and observe that Lemmas C.3.9 and C.3.10, the continuous mapping theorem, and the Delta

QASZ(V; 0) =

(C.3.79)
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method imply that
22 (0)8%(V, 0
(Sofl/z( )ﬁ"( , )> 4 N(0, 1) (C.3.80)
where
1 -
o 12(6) Var(E[&y(Zy, Zi) Dy ; | Zi, Z;)W) . (C.3.81)

T E[(D;, W)

Thus, Lemma C.3.8 implies that

2% > e, P0)dh(v,0) < a} B d(x) (C.3.82)

ve{—1,1}n

where ®(x) denotes the standard normal cumulative distribution function. Now, observe
that
OL(V) = dL(V.0;) (C3.83)

n

by the Frisch-Waugh-Lovell Theorem, and so

~ 1 - 1 . .
Ru(w)=o; D, HePoro)<at=o > He'20)00.0;) <o} 5 0(x)
ve{—-1,1}n ve{—1,1}"
(C.3.84)
by Theorem 3.5.1 and Slutsky’s Lemma. Observe that the relation
pn < 0, <20, S )y (C.3.85)

follows immediately from Lemma C.3.6, the bound (C.3.70), and Cauchy-Schwarz, as

required. [ |

C.4. PROOFS FOR LEMMAS SUPPORTING APPENDIX C.3

Throughout the proofs stated in this section, we apply results concerning the decomposition
and asymptotic approximation of symmetric statistics. In particular, at several points, our
characterization of the limiting behavior of various statistics is facilitated by Hoeffding’s
decomposition (Hoeffding, 1948; Efron and Stein, 1981). We adopt the following somewhat

nonstandard formulation, considered in Lachieze-Rey and Peccati (2017), based on the use
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of stochastic differences.

Lemma C.4.1 (Theorem 2.2, Lachieze-Rey and Peccati, 2017). Let X = (X;)_, denote a
sequence of independent random variables valued in X. Let X' denote an independent copy
of X. Construct X by replacing X; with X/ in X, leaving all other entries unchanged.

For each 1, define the difference operator
Vif(X) = f(X) = F(X©) (C4.1)

on the set of all measurable functions f : X™ — R. If the moment E[f(X)?] is finite, then

the representation

FXO=E[fXOI+Y. Y f™(Xy,..X:,), where (C4.2)

m=11<i; <--<im<n

f(m)<X117 "’7X’im) = (_1)mE[VZ1 U vlmf(X/)X) | Xi17 “'7Xim] )

holds. Moreover, all 2" terms appearing on the right-hand side of (C.4.2) are mean-zero

and uncorrelated.
When applied to U-statistics, Lemma C.4.1 has the following, widely-known effect.

Lemma C.4.2 (Lemmas 5.1.5 A and 5.2.1 A, Serfling, 1980). Let X = (X;)!_, denote an
i.i.d. sequence of random variables valued in X. Suppose that the function f : X°* — R is
symmetric in its arguments and that the statistic f( X1, ..., X,) is mean-zero.
(i) It holds that
1 b
F, = @] > X X)) =)

1<ii <-<ip<n 1

b
( )Fn,m, where (C4.3)
m

(m) 1< < <im<n

and the quantities f™(-) are defined in Lemma C.4.1.

(ii) The decomposition

Var (F),) = (Z)l zb: (b> ("_b) Var(E[f (X1, X | X1, Xn])  (C4.5)

holds.
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At some points, we will make use of the following two, more exotic results. The first is a

version of a second order Efron-Stein inequality, due to Bobkov et al. (2019).

Lemma C.4.3 (Theorem 1.8, Bobkov et al., 2019). Let X = (X;), denote a collection
of independent random variances. Let X' denote an independent copy of X. Construct
X by replacing X; with X! in X, leaving all other entries unchanged. Construct X )
analogously. If f(X) has a finite variance and satisfies the equality

E[f(X) | Xi] = E[f(X)] (C.4.6)

almost surely for each i in [n], then the inequality

Var(f(X)) < % DD EE(f(X) = f(XD) = (f(XD) = F(XO)) | XJP] (CAT)

i=1 ji

holds

The second is a Berry-Esseen type central limit theorem for degenerate U-statistics, due to
Liu et al. (2025). The result stated in Liu et al. (2025) is given for U-statistics with kernels
and degeneracies of arbitrary orders. The version that follows has been adapted to suit our

purposes.

Lemma C.4.4 (Theorem 2.2, Liu et al., 2025). Let X = (X;)?", denote an i.i.d. sequence
of random variables valued in X. Let X' denote an independent copy of X . Suppose that

the symmetric function f : X3 — R satisfies the equality
E[f (X1, X2, X3) [ X1] =0 (C4.8)

almost surely. Then, it holds that

pP{Ui% )y <f<Xi,Xj,Xk>—E[f(XI,XQ,Xg])Sx}—cbm
< \/1 IO (X0 X)) v/ R 6 X)) 1]+ Bl X
SAn T RO, X)) E[(fO(X;, X)) ’

(C4.9)
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where
()’
02 = LE[(fP (X0, X2)7) . g (er,20) = E[fO(Xa,20) [ (X1 22)], (C4.10)

the quantities f™(-) are defined in Lemma C.4.1, and ®(-) denotes the standard normal
c.d.f.

C.4.1 Proof of Lemma C.3.1
C4.1.1 Part (i)

We begin by verifying the first bound stated in (C.3.23). Consider the decomposition

L5 (o) S g S oo
1=1 Jj#i =1 j#i =1 j#i k&{i,j}
(C.4.11)

We bound the two terms in (C.4.11) through the application of the following Lemma.

Lemma C.4.5. If the conditions of Theorem 3.5.1 hold, then

) ZZ — E[Var(Dy | Hiy, Se) Var(Wy | 5o)] = Oy(n~"?p,) and
i=1 j#i
(C.4.12)
1 * * *
— Z > DD WiWE = 0,(p)?)  (C4.13)

i=1 j#i kg{ij)

hold, respectively.

Consequently, applying Lemma C.4.5 to the representation (C.4.11), we find that

2
—Z (Z D: W*) E[Var(D; | Hi g, Se) Var(Wy | So)] = O,(p2/%) . (C.4.14)

i=1 J#i

as required. Next, we consider second bound stated in (C.3.23). Here, we consider the
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decomposition

2
1 & 1 S
n2 (n 1 ZszJWj) (C.4.15)
i=1 j;éi k£j

_2 .
ZZZD Dy, (W) n zZZZZD Dy WIW

J=1 k#j k'#j J=1j'#j k#j K #j'
n_lzz T 2o 2 2 DiDi Wiy
=1 j#i =1 j#i kg{i,j}
A O DD+ S ST S Db
n n_ i=1 j#i =1 j#i kg{i,j}

—2
: ZZZD LW

=1 k#i (¢{i,k}

ZZZ > DDy wiw;.

i=1 j#i kg{i,j} £¢{i,5,}

n—2

Observe that Lemma C.4.5 implies that

n3 SN (D;)*(W))? = n'E[Var(D; ¢ | Hig, Se) Var(We | So)] + Op(n=*py,)

i=1 j#i
(C4.16)
= O,(n~'pl/?)

and

1 * *
—322 > Dy DfWiWE = Op(n~ i) (C.4.17)
i=1 k#i 0¢{i,k}

respectively. The remaining four terms are then handled through the following Lemma.

Lemma C.4.6. If the conditions of Theorem 3.5.1 hold, then

e ZZD* DWW = 0,(n~*?p)/?) (C.4.18)
i=1 j#
_ZZ > DD (W) = 0p(n ' p)?) (C.4.19)
i=1 j#i kg{i,j}
3 ZZ > Dj DWW =0,(n"*?p)/?) | and (C.4.20)

=1 j#i kZ{i,j}
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%ZZ YD DDy WiWr =0 ), (C.4.21)

i=1 j#i kg{i,j} 0¢{i,j,0}

hold, respectively.

Thus, combining (C.4.16), (C.4.17), and Lemma C.4.6, we find that

2
1 3 1 yx *
n? (n 1 >, Dk,jWJ-) = O,(n""p}/?), (C.4.22)
=1 J#i k#j

as required. [ ]

C.4.1.2 Part (ii)

We begin by verifying the first bound in (C.3.24). By a decomposition analogous to (C.4.15),

we have that

% 2 (n n—1) ZZDMW*) (C.4.23)

J#z k#j

Ry i Y Dy 0

J=1 k#j K'#j

n4nn_—21 Z Z Z Z D l)’):’J’VVJ?(W/]"5 = O(n_z) )

=1 1A k] K £

where the bound follows from the fact that the random variables D; ; and ¥; are bounded
by constants almost surely. Next, we verify the second bound in (C.3.24). Observe that, by

writing
_ * * * 2
9(Z1, Za, Z3) = Z D32y =1y D)y Way)” (C4.24)
7'1'61_[3
the term

%Z< >_ D W*> n42§§ 5Dy (W7 )? (C.4.25)
JFT 1

=1 j#i )

Z(g)i > 9% 25, Z)

n' (g) 1<i<j<k<n



318 CHAPTER C

can be recognized as a scaled U-statistic of order 3. Thus, Lemma C.4.1 implies that

Var (% Z 9(Zs, Z;, Zk)) <n~'WVar(g(Zi, Z;, Zx)) - (C.4.26)

3) 1<i<j<k<n

We can evaluate

Var(g(Zi, Z;, Zx)) S El(D3,D3,)*(Wy)'] (C.4.27)
SE

[(D3,)"] S E[D3,] = O(pn) (C.4.28)

by Cauchy-Schwarz and Assumption 3.5.2. Hence, we obtain

1
EE[DLDZ@(W:)Q] + Op(n —3/2 1/2) (C.4.29)

O3CIGIE

<SnT'E[(D},)%] + Op(n2pl/?) = O(n™'p,), (C.4.30)

by Chebyshev’s inequality, Cauchy-Schwarz, and Assumption 3.5.2, as required. [ |

C.4.2 Proof of Lemma C.3.2
C4.2.1 Part (i)

We being by evaluating the estimator 7,,. Observe that we can express

( Z__T> h (%Z:YW) (C.431)

by the Projection Theorem. As the dimension of covariate vector X is fixed, and each

component is bounded by a constant, Chebyshev’s inequality and a union bound imply that

= 0,(n"'?) and (C.4.32)

[e.9]

ZXX — Var(X;)

= Op(n_l/Q)

o

1 _
E ZXiWi - COV(Xz‘, VI/’L)
i=1

respectively. Consequently, as the Projection Theorem implies that 7,, = Var(X;) ™! Cov(X;, W;),

a Taylor expansion, the fact that variance of each component of X; is bounded below by a
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constant, and Assumption 3.5.1 give the bound

70 = Tnlloe = Op(n™Y2|| Var(X;) ™ lop)
+ 0,(n 2 Var(XZ-)*ngH Cov(X,W)|2) = O,(n~2)

as required.
Next, we evaluate the estimator *,,. Again, by Assumption 3.5.1 and the Projection

Theorem, we can write

Yo =Yg'ySep and v, = S5pSEp (C.4.33)
where
N 1 - -
Yun=—— ) HigHi; Zun =E[HiH; ], (C.4.34)
1#]
and X
ZAJH,D o1 Hi,jﬁi,j , XHD= E[Fz‘,jﬁi,j] ; (C4.35)
i#j

respectively. Define the perturbations
Tun=3pnw—Sun and Typ=gp—Sup. (C.4.36)
Now, observe that, for any invertible matrices B and C/ it holds that
(B+C)y'=B't'-B'CB+0O)". (C.4.37)

Consequently, we have that

~

ZI_{,IH = EI_{,lH — EB}HFH,HEE}H (C.4.38)
and thereby

A -1 -1 S—1 -1 S—1
Tn = Tn = 2H,HFH,D - 2H,HFH,HEH,HEH,D - EH,HFH,HZH,HFH,D
-1 -1
=Xy ul'up — Xy plaavn
+ S0 w TSy — Sitw) S — SpulaaSgyl
H,H HH\~“H H H,H/~H,D HH*HH~g gt HD
-1 -1
= EH,HFH,D - 2HJLIFH,H%

+ E;I}HFH,HEI;}HPH,H&;}HEH,D - E;I}HFH,Hi;,}HPH,D , (C.4.39)
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where the final equality follows from the identity
S —She = —CaulanShly - (C.4.40)

The result follows by giving suitable bounds for the £th component of each of the four terms
in (C.4.39).

In order to do this, we make repeated use of the inequalities
Ty = Op(n ™ min{k, x, kne}) and T, = 0,(n?p,) (C.4.41)

where F];IZH and FI}L p are the k, /th and kth components of 'y 7 and I'r p, respectively. To

verify the first inequality in (C.4.41), observe that Lemma C.4.1 implies that

Var< — ZZH H, ) (C.4.42)

11]751

<nt Var(IE[H( H(Z) | S;] + E[H(k)H | Si]) +n? Var(ﬁg?ﬁl(?)
<n 1m1n{P{Hk) £0|5;}, P{H" #03, }}
+ - min {PLHY £ 0|5}, PLHY 0] E}} S ntmin{R, foe)?, (C4.43)

where the last inequality follows by Assumption 3.5.3. Thus, the first inequality in (C.4.41)

follows from Chebyshev’s inequality. By an analogous argument, Lemma C.4.1 implies that

o (S xm)

— _ 2
Sntmin { PLHY) £0| S}, P{D;; # 0| Si}}

— RN
+ o min {PLHY #0185}, P(Di; 01 S} =0(m'g),  (C444)
and so the second inequality in (C.4.41) also follows from Chebyshev’s inequality.

With this in place, we now turn to bounding the £th component of the first term in
(C.4.39). Let ¢, denote the kth basis vector in RP. Observe that

||€k EI_{H||1 = Z| HH Dol = Z

—1 \/Var Hk )Var(Hﬁj)

K|
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1 & Kng o _
<> [l - o)

R,k —1 n,fl

by Assumption 3.5.3. Thus, we have that
lex STl < lleg SglulhTaplle = Op(n™ 2k, 1pn) -
by the second inequality in (C.4.41) and (C.4.45).

Next, we consider the second term in (C.4.39). To this end, observe that
il = lex SataSmnl < lleg SulallZaplleo = O(k, 1on)
for each k. Likewise, we can evaluate
p p
0k 0k
(T myn)el = Y T mel <D T el
k=1 k=1

p
=" 0y minrsn i, b hpn) = Opln™2p,) |
k=1

321

(C.4.45)

(C.4.46)

(C.4.47)

(C.4.48)

by the first inequality in (C.4.41) and the inequality (C.4.47). Consequently, we have that

len St u T vl < llef Sa' T vl = Op(n™ 2k, L pon) |

by the bound (C.4.45).

In turn, we consider the third term in (C.4.39), given by

R = E;I?HFH7HEI;}HFH7HE;{}HZH,D .

Define the matrix
o, = diag( Var(Hij), ceey Var<H£j)> :

and observe that we can write

RV = UJIK_lfH,HK_lfH,H(K + fH,H)_lfH,D ;

n =

where

I _ -1 N _ -1
FH7H =0, FH,H and ZH,G =0, EH,D .

(C.4.49)

(C.4.50)

(C4.51)

(C.4.52)

(C.4.53)
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Observe that Assumption 3.5.3 and the first inequality in (C.4.41) imply that

Tl = Op(n™?) . IE oo = 0p(1), and  [[(K~" + L) Hloo = Op(1)
(C.4.54)

respectively. In turn, we have that
lefon K = Ok, }) and  [Siplla = O(p}/?) (C.455)

by the same steps used to establish (C.4.48) and the fact that p,, S &, 1, respectively. Hence,

we obtain
lleg ROy = llef o KM IT ool oo I it loo N ™ + i) ™ ool S a0 lloo
= Op(nil"ﬁ;}cp}zﬂ) = Op(nilﬂﬁg,}cpn) (C.4.56)

by plugging the bounds (C.4.54) and (C.4.55) into (C.4.52).

Finally, we consider the fourth term in (C.4.39), given by

R =y TruSyyTup - (C.4.57)
Observe that we can write
R? = 6 KTy y(K +Tyu) 'Tup (C.4.58)
where
fH,D = Uger,D (C.4.59)

Observe that the second inequality in (C.4.41) and the fact that p,, < &, imply that

IT b0 s = Op(n~'2p)/?) . (C.4.60)

n

Consequently, we obtain the bound

leg ROl = lleg o 'K T aallooll (K + D) ™ loo T 0 oo
= 0,n ko) = o0, (n 2 k) (c461)

by plugging the bounds (C.4.54), (C.4.55) and (C.4.55) into (C.4.58). Hence, we obtain the
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bound
Ange = Yoo = Op(n™ 6 /%) (C.4.62)

by plugging the bounds (C.4.46), (C.4.49), (C.4.56), and (C.4.61) into the decomposition
(C.4.39), as required. [ |

C.4.2.2 Part (ii)

Observe that Cauchy-Schwarz implies that

1 « 1 «
(ﬁ > J38> (ﬁ > JgT,) . (C.4.63)
=1 i=1

Thus, to verify the first bound, it suffices to show that

1 n
ﬁ Z Ji,sJi,r S
=1

E[J2] = O(nkins) (C.4.64)
for each s, as this implies that
J I,
2 is = Op(Kns) (C.4.65)
=1

by Markov’s inequality. Thus, to ease notation, and without loss, we can drop the subscript
s from A, s and k,,  and treat the quantity Fi,j as a scalar-valued random variable. Consider

the decomposition

Ji:ZHi,jwj* W+ n—l ZZH,”W*——ZHMW*
J#i J#% k#j J?él k#j Jj#i
(C.4.66)
where
ém‘ = ﬁi,j - E[ﬁi,j | gj] . (C.4.67)

Observe that

2
(Z ﬁng;> = Z Z E[F[i,jﬁi,j/Wj*Wj*/] (C.4.68)

= > E[H(W;)) < nE[HE)] = O(nsy)

2)]
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where the second equality follows from Assumption 3.4.2 and the final bound follows from

Assumption 3.5.1. Analogously, we can evaluate

2
(”ilzzi]&jw‘]‘*) T (n—1)2 ZZZ ZEHMHM WIW3]
i#i kA

JF k#j §IFL K #E
Z > E[H ;(W)?] = O(k,) , (C4.69)

Jj#i k#j
as well as
| (s ZZHkJW*>
J#z k#j
n2(n — 1)2 5 )Y E[H jHi ;(W))?) = O(n k) (C.4.70)
J#L k#j K #j
and

2
1 — 1 —
(ﬁ > HW) = o S S B (Wi = 0s) . (CATD

J#i J#i §#i

respectively. Hence, the moment bound (C.4.64) follows by squaring the decomposition
(C.4.66) within an expectation, applying Cauchy-Schwarz, and plugging in the bounds
(C.4.68) through (C.4.71).

The proof of the second bound has the same structure. In particular, Cauchy-Schwarz

implies that

< (ngz > (nQZ > (C.4.72)

1 n
E Z Mi,s,rMi,s’,r’
=1
Thus, it suffices to show that
E[M?,,] = O(nkns) (C.4.73)

for each s, r, as this implies that

M, , = Op(nkn,s) (C.4.74)



SECTION C.4 325

by Markov’s inequality. Thus, again, to ease notation, we can drop the subscripts s and r
and treat the covariates H, ; and X, as scalar-valued random variables, without loss. Here,

it suffices to consider the decomposition

M; = Z H,X; - % Z Z Hy, X, . (C.4.75)

Observe that we can evaluate

(ZE@) =SSN E[HH XX ) S 0B, X = O(n’ky) |

i J#i §#
(C.4.76)

:%ZZZZ (Hi, X Hy y Xy Sn’E[H, X = O(n’k,),  (C477)
=1 /=1 k#j WAj"

by Cauchy-Schwarz and Assumption 3.5.1. Hence, the moment bound (C.4.73) follows by
squaring the decomposition (C.4.75) within an expectation, applying Cauchy-Schwarz to

remove the cross-terms, and plugging in the bounds (C.4.76) and (C.4.77). [ |

C.4.3 Proof of Lemma C.3.3
C.4.3.1 Part (i)
Define the conditional expectations
F(Z)=R[Y;| Z] and F(Z;,Z;) =E[Y;| Z;, Z;] — F(Z) (CA.78)
and the associated residual

Ri=Yi—F(Z)-)Y F(Z.,%)), (C.4.79)
J#i
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for each unit i in [n]. Consider the decomposition

n2 ZYA _n2 ZZYD* Wi = 2ZZRD* Wi

=1 j#i i=1 j#i

i=1 j#i

+%ZZ S° F(Z, Z)DiWE . (C480)

i=1 j#i kg{ij}

We evaluate each term, in succession, through the application of the following Lemma.

Lemma C.4.7. If the conditions of Theorem 3.5.1 hold, then:
(i) It holds that

—ZZR D; W} = 0,(np,) . (CA481)
i=1 j#i
(ii) It holds that
1 - B * ryx * -
— > N EYi| Zi, 2D, Wi = E[Y;D; W+ Op(pan™'/?) . (C.4.82)
i=1 j#i
(iii) It holds that
1
— Z > F(Z, Z) D, Wi = 0,(p3) . (C.4.83)

i=1 j#i ke{ij)

Consequently, by applying each part of Lemma C.4.7 to the representation (C.4.80), we find
that

%iYiAi—EYD* Wi = ZZ > F(Zi, Zk)Di Wi + Oy(n™"?p,)
= i=1 j#i k¢{i,j}
(C.4.84)
and
%ZZ Z (Zi, Zu) Di; Wi = 0,(p3?) . (C.4.85)

i=1 j#i kg{i,j}
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as required. [ |

C.4.3.2 Part (ii)

We now turn to the terms

n— 1 2 F2 VAL and % Y Ve -QP + Q). (C.4.86)

i=1 j#i i=1 j#i

Observe that each term can be decomposed analogously to (C.4.80). That is, we have that

1 <
ﬁZZY;AZJ 322 Z RD J 322 Z EY|Z@’Z DZ?W*

i=1 j#i i=1 j#i kg{ij} =1 j#i k¢{ij}

+$ZZ > > F(Z,2)D; ;Wi . (C.4.87)

=1 j#i k¢{i,j} £¢{i,j}

Likewise, we can write

422 > RiD;, ZZ > EYi| Z;, 21Dy W}

i=1 j#i =1 j#i k¢{i,j} i=1 j#i k¢{i,j}

+_ZZ > > F(Zi, 2Dy ,W (C.4.88)

i=1 j#i kg{i,j} €¢{i,j}

as well as
ZZYQ BZZRD*W*+—ZZEY|Z“Z |D;, W
=1 j#i i=1 j#i i=1 j#i
+ ig Z Z Z F(Zi7 ZZ)D}}W; (C.4.89)
S i eatingy
and

1221@-@?) ZZRD* W*+—ZZEY|Z,,Z | Dy W

1=1 j#i i=1 j#i i=1 j#i

b ZZ S P(Z, Z)D:, W (C.4.90)

i=1 j£i tg{ij}

respectively. We evaluate each term through the application of the following lemma.
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Lemma C.4.8. If the conditions of Theorem 3.5.1 hold, then:

(i) It holds that

IS Y RbL W =00 Y S RO =0,

i=1 j#i ke{ij} i=1 j#i kg{i,j}
(C.4.91)
LY D =0y, nd LYY DLW = 0,0,
i=1 j#i i=1 j#i
respectively.

(ii) It holds that

Z > " ENi| Zi, Z) Dy Wi = E[Y;Dy Wil + Oy(n™'p,,)

i=1 j#i k¢{i,j}
(C.4.92)

1
ZZ Z Y | Zi, Z DEJW* - E[YiDZqW;] + Op(n_g/Qp}z/Q) ’
i=1 j#i ki‘{w}

1
Z SR, | Zi, ) D5 Wi = —E[Y;D;, Wi+ O,y (n~2p?)
b n 9

11]751

1
n—l ZZEY | Zi, Z;\D7 W5 = 2 SEYD; Wi+ O,(n~"2p)/?)

i=1 j#i
respectively.
(iii) It holds that

3 ZZ > F(Z, Z) Dy ;Wi = 0p(npy) (C.4.93)

i=1 j#i k¢{i,j} £Z{i,j}

—ZZZ > F(Zi, Zo) Dy ;Wi = Oy(n”' /) |

i=1 j#i keZ{u}@éZ{lJ}

3222 (%, Z) DW= O,(n~"p}/?),  and

=1 j#i 0¢{i,j}

—ZZ N F(Zi, 2) D Wy = 0y(n~*2p}f?)

i=1 j#i 6¢{i}

respectively.
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By plugging each of the bounds from Lemma C.4.8 into the decompositions (C.4.87) though
(C.4.90), we obtain

Z > ViAi; = E[Y;Dy ;Wi + Oy(n~p,) . and (C.4.94)

12
n 1n rariewr
Ly @, He)y_ 1 1
— 2 Y@ - Q7 + Q) = “E[ViD, Wi - ~E[VD, W] (C.4.95)
i=1
1 _
an[YDzer +O0y(n ")),
verifying the representations (C.3.38) and (C.3.39), respectively. [ |

C.4.4 Proof of Lemma C.3.4

We continue to use the notation introduced in the proof of Lemma C.3.3. To verify the

bounds, we consider the decompositions

1< 1 < 1 <~ -~ 1< .
2 ;K‘Ji,s = ) ;RiJi,s + ) ZZ:;F(ZZ-)JLS + 3 ZZF(Z“ Zj)Ji’s and

i=1 ji
(C.4.96)
%ZKMZ',S,T:%ZRZ'MLS,T—’_ ZF Mzsr+_ZZFZzaz 1,8,7 *
i=1 i=1 i=1 j#i

Bounds for each term are given in the following Lemma.

Lemma C.4.9. If the conditions of Theorem 3.5.1 hold, then:
(i) It holds that

1 n
ﬁ Z Ri‘]ivs = OP((pn’in,S)l/Qn_l/2 and Z i MZ s ((pn’{n,S)l/Q) .
i=1
(C.4.97)
(ii) It holds that

I _ 1/2
— > F(Z)Jis = Op(kns) and — ZF OM;er = Op(n'?k, ) . (C.4.98)
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(iii) It holds that

%iZF(Zi,Zj)Ji,s:OpOﬁn and ZZFZHZ zsr_0(1/2 ..

i=1 j#i i=1 j#i
(C.4.99)
Thus, we can conclude that
ZYJZS = Op(rins) and — ZYMW = 0,(n"?kns),  (C4.100)
=1
by plugging each of the bounds from Lemma C.4.9 into (C.4.96). [ |

C.4.5 Proof of Lemma C.3.7

Let £ = (&1, &) be any real-valued vector that satisfies £ + £ = 1. By the Cramér-Wold

device, it suffices to show that

— *\ 7Y% * d
= ZZ > T OGF(Zi, Zi) + LD W) DEWE S N(0,1), (C4.101)
i=1 j#i k¢{i,j}

where
7. (&) = oo n,1 + 281696, + &30 n2 - (C4.102)

To this end, observe that, by writing

fe(Z1, 22, Z3) = > (&F (Za(1), Zans)) + 2D (Zn1), Zniz))Wis)) D (Se1), S(@) Wikia)

mells
(C.4.103)
the quantity
1 . o
—QZZ S (@F (2, Z) + &0, W) D, W
i=1 j#i kg{ij}
n—1)(n—2 1
eslesn (L S pazm)  can
" (3) 1<i<j<k<n

can be recognized as scaled U-statistic of order 3. Moreover, by the equalities (C.4.121),
(C.4.177), and (C.4.178), the U-statistic (C.4.104) is degenerate of order one. In turn, by
the equalities (C.4.129) and (C.4.180), the second term in Hoeffding decomposition of
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(C.4.104) is given by

1(Zs, Zs) = E((& F (21, Zs) + &D} sW3 ) D5y | Zo, Z3)|Ws
+E[(&F (21, Zs) + &D5oW3) Dy 5 | Zo, Zs)W5 (C.4.105)

Thus, Lemma C.4.4 implies that

AGRONG] > S22, Zk) < xp — D(x)

1<i<j<k<n

1 E(f(21, 20, Z))) .\ VEE(P (20, 22)) + El(0 (21, Z0))?)

_|_
n o nE((fP (2. 2,))?) E[(f¢" (21, Z2))?

AN

?

(C.4.106)
where ) (Z,, Z, Z3) is the third term in Hoeffding decomposition of (C.4.104), and
02 (21, ) = B (Zs, 2) (2, 22)] | (C.4.107)
respectively. Observe that Lemma C.3.6 implies that
72(6) = E[(f& (X1, X2)) 2 o} (C.4.108)

Upper bounds for each of the other three quantities appearing in (C.4.106) are given by the

following Lemma.

Lemma C.4.10. Under the conditions of Theorem 3.6.2, the bounds

E[(fP(21, 2o, Z5))) = O(
E((f&(Z1, Z2))"] = O
El(9 (21, Z5))%] = o(pf) (C.4.109)

hold.

Plugging (C.4.108) and each of the bounds from Lemma C.4.10 into (C.4.106), we obtain

> felZi, 25, Z4) 5 N(0,1) (C.4.110)

1<i<j<k<n
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Consequently, as

+0(n™?) (C4.111)
we can conclude that
1
\/_ Z Z Z 51 (Zi, Zy) + §2D*ka)D:~:jW; i> N(0,1), (C4.112)

i=1 j#i k¢{i,j}

by the continuous mapping theorem, as required. [ ]

C.4.6 Proof of Lemma C.4.5

First, we verify the bound (C.4.12). By writing

921, 25) = ) D*(Ser), Se2)* (W) (C.4.113)

wells

where we recall that I, denotes the set of permutations on [m], the term

%fZ(DmWn -n-2 ( ZZ!J Zi, Z; ) (C.4.114)

i=1 j#i i=1 j>1i

can be recognized as a scaled U-statistic of order 2. Thus, Part (i1) of Lemma C.4.2 implies

that

( ZZQ Zi, Z; ) n~ ' Var(Elg(Zy, Z2) | Z1]) + n~2 Var(g(Z1, Z5)) .

zlj>z

(C4.115)

Observe that

Var(g(Z1, Z2)) = Var((D5,)*(W})* + (D1 ,)*(W3)?)

E[(D3,)*(W;)']

E[D;, +E[D(S3,51) | Ha, 51" < puB[D3; | Aza] = O(pn)
(C4.116)

S
S
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where the first two inequalities follow from Cauchy-Schwarz, the third inequality follows
from Assumption 3.5.2, and the final bound follows from the fact that the treatments and

distances are bounded buy a constant. In turn, we can evaluate

Var(E[g(Z1, Z2) | Z1])

S E[E[D*(S,51) | Z1)°] + E[E[D*(S1, 52)%] | Z1)%)

S E[E[D(S2, 81) | Z1)* +E[E[D(S2, S1) | Hz, S1] | Z1)°]
+E[E[D(Sy,S2) | Z1)* + E[E[D(S1, Sa) | Hia,S9] | Z1)?]

< PR(E[E[D(S, S1) | Az, Z1]° + E[E[D(S1, S2) | Aaq, Z1]%)

+ PpE[E[D(Sy, Ss) | Hiz, 5] | Az, 1))

+E[E[D(S1,Ss) | Hiz, So) | Asn, Z1)4 S O(02) (C.4.117)

by Cauchy-Schwarz and Assumption 3.5.2. Thus, the bound (C.4.115) and Chebyshev’s
inequality imply that

1 - o n—1
= DD D)Wy - ——E[Var(Dy; | Hij, 5;) Var(Ws | ;)]
i=1 j#i

= Op(pan Y% 4 p?n7Y) = O, (pon™?) (C.4.118)

as required.

Next, we verify the bound (C.4.13). Proceeding in the same way, by writing

WZy, Z2, Z5) = Y D*(Se(1), Sx@) D*(Se(1)s Sniz)) Wiy Was) - (C.4.119)

mwells

the term

%ZZ > Di DWWy = "= 1(;(1”_2) <% > h<Zi7Zj7Zk)>

i=1 j#i ke{i,j} 3/ 1<i<j<k<n

(C.4.120)

can be recognized as a scaled U-statistic order 3. Now, by Assumption 3.4.2, it holds that

E[D; ,Df sWsW5 | Z;] = 0 (C.4.121)
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for each 7 in {1, 2, 3}, and so
Var(E[h(Z1, Zs, Zs) | Z1]) = 0. (C.4.122)

Consequently, Part (i1) of Lemma C.4.2 implies that

(n—1)(n—-2) ( 1
Var( o (W Z h(Xi,Xka)))

3/ 1<i<j<k<n

5 Var(E[h(Zl, ZQ, Zg) | ZQ, Zg]) -+ nil Var(h(Zl, ZQ, Zg)) . (C4123)
Observe that

Var(h(Zy, Zs, Z3))

S E[(D*(S1, S2)D* (81, 55))°]

S E[(D(S1,55)D(S1, 85))°] +E[D(S1, S2)*E[D(S1, S3) | Hyz, Ss)?]

+ E[E[D(S:, Ss) | Hy2, So]*E[D(S1,S3) | His,S5)7], (C.4.124)

by Cauchy-Schwarz. We can evaluate

E[(D(S1, S2)D(S1, 93))%] S p2E[(D(S1, S2)D(Sh,85))* | A2, Ars] = O(p}.)

(C.4.125)
by Assumption 3.5.2. Likewise, Assumption 3.5.2 implies that
E[D(S1, S2)’E[D(S:, Ss) | His,S3)]
< P2E[D(S1, S2)*E[D(Sy, S3) | Hys, S3)% | Avg, Ay s
+ puE[D(S1, S2)*E[D(S1, S5) | Hiz, Ss)* | Arz, Ars] = O(p2) (C.4.126)

and analogously

E[E[D(S1,S,) | Hys, So]?E[D(Sy, S5) | Hys, Ss)?]

S PAE[E[D(Sy, S5) | Hyg, S’ EID(S1, ) | Hys, Ss) | Au g, Au ]

+ puE[E[D(S1, S) | Hyz, So)’E[D(S1, Ss) | Hy3,55)° | A1,27~/le,3]

+ E[E[D(S1, S2) | Hy2, So]*E[D(Sy, S3) | Hyz,55)% | Ara, Ars] = O(p?) . (C.4.127)
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Thus, we have that
Var(h(Zy, Zy, Z3)) = O(p2) . (C.4.128)

In turn, observe that
E[D;,D} sWaW3 | Z1,Z5) =0 and E[D;, D ,W3W3 | Zy,Z5] =0, (C.4.129)
respectively. As a consequence, we can evaluate

Var(E[h(Zy, Zy, Z3) | Za, Z3))

< Var(E[D*(Sy, $2) D*(S1, Ss) | Za, Zs|WaWs)

< E[E[D*(S1, S2)D*(S1, Ss) | Za, Zs)*]

S E[E[D(S1, S2)D(S1, S3) | Sz, 3]

+ E[E[E[D(Sy, S5) | Hya, So]D(Sy, Ss) | Sy, Ss)?]

+ E[E[E[D(S, S2) | Hia, S2]E[D(S1,Ss) | Hyz,S5] | Sa, S3)% - (C.4.130)

Observe that

E[E[D(S), S2)D(S1, Ss) | Sa, S5)?]

< P{By3}E[(P{A12}E[D(S, S5)D(S1, S5) | S, S35, A12])? | Bas] = O(p2)
(C.4.131)

by Assumption 3.5.2. In turn, as .»21172 C 1’5’2,3 N A, 3 we have that

E[E[E[D(S1, Ss) | G1a,S2)D(S1,S3) | Sa, S3)?]
S PIE[E[E[D(Sy, Sa) | Hia, S2)D(S1,S3) | Avz, Sa, Ss)* | Bajs)
-+ IOTZl]E[E[E[D(Sl, SQ) ’ HLQ, SQ]D(Sl, Sg) ‘ Al’g, SQ, S3]2 | [;’273] = O(pi) (C4132)

by Assumption 3.5.2. Likewise, we have that

E[E[E[D(Sh 52) ‘ Hl,?a SQ]E[D(SD 53) ‘ Hl,?n 53] | S27 53]2]
< PEE[E[E[D(S1, S2) | Hia, So)E[D(S1,S3) | Hys, Ss) | Aiz, Az, Sa, S5
+ p2E[E[E[D(S1, S2) | Hya, So]E[D(Sy, S3) | His,Ss) | /11,3,-/42,3, Sy, S3)?]

+ E[E[E[D(S1,52) | Hi2,S2]E[D(S1,S3) | Hi3, 53] | A1,37A2,37 Sa, 53]2] = O(Pi) .
(C.4.133)
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Thus, we obtain the bound
Var(Elh(Zy, Zo, Z3) | Zo, Z3]) = O(pi) ) (C.4.134)

Consequently, plugging (C.4.128) and (C.4.134) into (C.4.123), we find that

Var ((n — 127(;1 —2) (% S w(z.z, Zk)>) =0(p). (C.4.135)

3/ 1<i<j<k<n

The representation (C.4.120) and Chebyshev’s inequality, in turn, imply that

1 - Nx Tk *TI7*
n2 Z Z Z D7 D WiWy = O(Piﬂ) ; (C.4.136)
i=1 j#i kg{i,j}

as required. [ |

C.4.7 Proof of Lemma C.4.6

We continue to use the notation introduced in the proofs of Lemma C.3.3 and Lemma C.4.5.
Each bound follows by demonstrating that each term can be expressed as a U-statistic, and

applying Lemma C.4.2. In particular, observe that we can write

_ZZD* D Wiy = iT > ho(Zi, Z;) (C.4.137)

n* ()
=1 j#i 2/ 1<i<j<n

SZZ Z D D;k Wi) :(Lg)% Z h(Z;, Z;, Zy) , (C.4.138)

i=1 j#i k¢{i,j} 1<i<j<k<n

3
1 & L ™ q
5 ZZ Z D:JD;@VVJ*WZ( o %3)@ Z h2<Zi7 Zjv Zk) ; and

i=1 j#i 0g{jk} 1<i<j<k<n

(C.4.139)

SO NP I LIRS TN SR )

=1 j#i k&{i,j} £2{i,j,¢} 4/ 1<i<j<k<t<n
(C.4.140)

where

ho(Z1,Z2) = > D*(Sr@), Se(1) D (Sr) Se@) Wiy Wiy (CA141)

wells
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h(Zy, Za, Z3) = D*(Saq1), Sx(3) D*(Sx(2): Snis) Wiis))”

wellg

hQ(Zl, ZQ, 23 Z D 7r(1)7 ))D*(Sﬂ(g), Sﬂ(g))W;(z)W;(g) s and

wells

h3(Zl7Z27Z3JZ4 Z -D 7T(1)7 )D*(SW(Q)JSﬂ(4))W;(3)W;(4)

welly

respectively. We begin by considering the term (C.4.137). Part (ii) of Lemma C.4.1 and the

law of total variance imply that
1
ar <T > ho(Zs, Z,-)) <t Var(ho(Zi, Z;)) - (C.4.142)
(2) 1<i<j<n

We can evaluate

Var(ho(Z;, Z;)) S E[D*(Se, S1)*D*(S1, S2)*(W3)*(W7)?]

<
< E[D*(S,, 51)* < E[D(Ss,51)* < pn (C.4.143)

by Cauchy-Schwarz and Assumption 3.5.2. Consequently, we find that

1 Ca =, =
o (ﬁ 2.2 Da*‘,iDZijW}*) =O0(n""py) (C.4.144)

i=1 j#i

and so Chebyshev’s inequality gives

— Z > Dy DWW = 0,(n™*2p)/?) (C.4.145)

=1 j#i

which verifies the bound (C.4.19).

Next, we consider the term (C.4.138). Observe that
E[D}3D54(W3)* | Z:] =0, (C.4.146)

holds for each 7 in {1, 2, 3}, as the treatments are independent of the latent coordinates and

the latent coordinates are i.i.d. Thus, Part (ii) of Lemma C.4.2 and the law of total variance
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imply that
1 —2
Var | o~ > (21,22, Zs) | S0 Var(hi(Zy, Za, Zs)) - (C.4.147)
(3) 1<i<j<k<n
Observe that the bound
Var(ha (X1, X, X3)) S (D3 D35 W] < \/EL(Di 5)IEI(D35)1] = O(py)

(C.4.148)

follows from Cauchy-Schwarz and Assumption 3.5.2. Consequently, we find that

%ZZ > DiDp (W) | =0 p) (C.4.149)

i=1 j#i ke{i,j}

and so Chebyshev’s inequality gives

1 & N
gZZ > DD (Wi = 0p(n'p)/?) (C.4.150)
=1 j#i k¢{i,j}

which verifies the bound (C.4.19).
Next, we consider the term (C.4.139). In this case, observe that both
E[D;,D5,WsW3 | Z] =0 and E[Dj,D5 ;WiW5 | Z;, Z;] =0 (C.4.151)

hold for each i and j in {1,2,3}, by the same reasoning as before. Thus, Part (ii) of

Lemma C.4.2 again implies

1
Var <(T Z ha(Z1, Zs, Z3)> S Var(hy(Zy, 22, Z3)) - (C.4.152)

3) 1<i<j<k<n

We can evaluate

Var(hy (X1, Xo, X3)) S E[(D} 5 D*25)2(Wy)2(W5)?]

< /EI(D7 ) E[(D35)1] = O(p) (C4.153)

by Cauchy=Schwarz and Assumption 3.5.2. Thus, by plugging (C.4.153) into (C.4.152) and
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applying Chebyshev’s inequality, we find that

1 - 2 2 * T/ %
n3 Z Z Z D7 D} Wiy = Op(ng/%/z) ; (C.4.154)
i=1 j#i £Z{jk}

which verifies the bound (C.4.20).

Finally, we consider the term (C.4.140). Here, we have that
E[DT,:?,D;AW;WI | Zi, Z;, Z,) = 0 (C.4.155)

holds for any 4, j, and k in {1, 2, 3,4}. Thus, Part (ii) of Lemma C.4.2 implies that

1
Var ((T Z ho(Z1, Zs, Zs, Z4)> <t Var(hy(Z1, Zy, Z3, Z1)) . (C.4.156)

4) 1<i<j<k<t<n

We can again evaluate

Var(hs(Z1, Zs, Zy, X Z4)) S E(D5 3D3,4)° (W3)* (W5)?]

< E[(D5)UEI(D3,)1] = O(pn) - (C4.157)

Hence, by plugging (C.4.157) into (C.4.156), and applying the representation (C.4.140) and
Chebyshev’s inequality, we find that

1 - M* Ty *TI7* _
gZZ Y DDy WiWwr=0(n" ), (C.4.158)
i=1 j#i kg{i,j} £¢{i.5.L}

which verifies the bound (C.4.21) and completes the proof. [ |

C.4.8 Proof of Lemma C.4.7

We continue to use the notation introduced in the proofs of Lemma C.3.3 and Lemma C.4.5.

Moreover, we adopt the short-hand

throughout.
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C.4.8.1 Part (i)

The result is obtained by applying the following bound
Lemma C.4.11. If the conditions of Theorem 3.5.1 hold, then E[R?] = O,(p,,).

In particular, Cauchy-Schwarz implies that

1 & ’ 1 &

Z( ZD*W*)

=1 JFi =1 \j#i
(C.4.160)
In turn, Lemma C.4.11 and Markov’s inequality imply that
1~ 0
- Z R: = 0,(pn) (C4.161)
n
i=1

and Lemma C.4.5 and Assumption 3.5.2 imply that

mZ<ZD* W*> E[Var(Dy; | Hij, ;) Var(W; | 5,)] + 0p(p22) = Oy(pn)
i=1 \ joi

(C.4.162)
Consequently, the bound (C.4.160) implies that

Z ( > D W*> R; = 0,(n""?p,) (C.4.163)

J#i

as required. [ |

C.4.8.2 Part (ii)

Observe that, by writing

fi(Zy, Z,) = Z F(Zy), Zﬂ(z))[)*(sw(n,Sw(2))W7f(g) : (C4.164)

the quantity

%izﬁ%’z Diwy ="~ ( ZZfl ZZ,Z) (C.4.165)

i=1 j#i =1 j>1i
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can be recognized as scaled U-statistic of order 2. Thus, Part (i1) of Lemma C.4.2 implies

that

(5 (5 Eme )

zlj>z

<0 VaElf (2, %) | 1) + 02 Var(f(Za, 20)) (C4.166)

We successively bound the two variances appearing in (C.4.166).

First, observe that

Var(E[fl(Zl, ZQ) | Zl]) = Var(E[F(Zl, ZQ)DI72W2* +F(ZQ, ZI)DEJW; ’ Zﬂ)

S EE[F(Z1, Zo)Di W3 | Z1)*) + E[E[F(Zs, Z1) D5 Wi | Z1)°]
(C4.167)

by Cauchy-Schwarz. We can evaluate

E[E[F(Z1, Z2) D}, W5 | Z4)?]
< EE[F(Z1, Z2)D1oW5 | Z4)%] + E[E[F(Zy, Z)E[Dys | Hys, So]W5 | Z1)?]
< ,On [E (Zb Zz)Dl,QWQ* | A2,1> 21]2] + PZE[E[F(ZM ZZ)E[Dl,z ’ H1,27 Sz]Wg* | «42,1> 21]2]

[F
E[E[F(Z1, Z2)E[D1 2 | Hi2,S2)W5 | fl2,17 Z1)
S an[E[F(Zlu Zy)* | Ao, Zi)| + PRBIE[F (21, Z2)° | Asy, Z1]) = O(p}) , (C.4.168)

by Cauchy-Schwarz, Assumption 3.5.2, and Assumption C.3.1. We can evaluate

E[E[F(Zs, Z:) D3 W} | Z4]’]
IE[]E[F(ZQ,Zl)Dqu* | Zl]z] +]E[IE[F(ZQ,Z1)E[D2’1 | Hoq, S1JWT | Zl]Q]
< pn [E (ZQ, Z1)D2,1W1* | A2,1, 21]2] + piE[E[F(ZQ, Z1)E[D2,1 ’ H2,1>S1]W1* | -/42,1, Zl]Q]

[F
E[E[F(Za, Z1)E[ Dy | Hox, SWT | Ay, 217
S PHE[E[F(Z% ) | Asy, Z1)) + PEEIE[F(Z5, 1) | Aza, Z4]) = O(py) , (C4.169)

again by Cauchy-Schwarz, Assumption 3.5.2, and Assumption C.3.1. Consequently, we
find that
Var(E[f1(Z1, Z2) | Z1]) = O(p}.) (C.4.170)
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by plugging (C.4.168) and (C.4.169) into (C.4.167). In turn, observe that

Var(fl(Zl, Z))
F(Z1, 2:)* (D5 5)*(W3)?]
F(Zy, Z)* DY 5(W3)?]
)?
)

ﬁjlﬁﬁ

(Zl, ZQ D1 QE[Dl 2 | Hl 2 SQ](WQ*)2]
+EF(Zl,ZQ 2E[D12 | Gl 2752] (W;)Q]
S PE[E[F(Z1, Z) | Avz, Zo]) + puBE[F (21, Z5) | Ava, Zo]) = O(pn) , (CA.1T1)

E[

by Cauchy-Schwarz, Assumption 3.5.2, and Assumption C.3.1. Thus, by plugging (C.4.170)
and (C.4.171) into (C.4.166), we obtain

Var (”_1 ( ZZfl Zi, 7; )) O(p2n™ + p,n~?) (C.4.172)

=1 j5>1
Hence, as
E[F(Z:, Z;)D; ;W] = B[Y; D} ,W7] (C4.173)
we can conclude that
1 & — N ~ _
3 S F(Z 2) Dy, W~ E[Y:DigWi] = Oylpun ™). (C4.174)
i=1 j#i
by applying Chebyshev’s inequality and the representation (C.4.165). [ |
C.4.8.3 Part (iii)
Observe that, by writing
f2(Z1, 25, Z3) = > F(Zn(), Za(z) D™ (Se1), Sr2) Wia) - (C.4.175)
wells

the quantity

2 ZZ > F(Zi. 2D Wy = (n_16)7(1n_2) <% > f2(Zi=Zjazk)>

i=1 j#i k¢{ij} 3/ 1<i<j<k<n

(C.4.176)
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can be recognized as scaled U-statistic of order 3. We can evaluate

E[F(Z;, X3)D; ;W | Z) =0 and E[F(Z;, X,)D; W} | Z)) =0,  (CA177)
by Assumption 3.4.2. Moreover, it holds that

=R[E[F(Z;, Zv) | Z)D}; | ZJW; =0, (C.4.178)

by the definition (C.4.78). Consequently, Part (ii) of Lemma C.4.2 implies that

mn—1(n-2)( 1
Var TN 2 Z’L;Z_]7Zk

3/ 1<i<j<k<n

S Var(E[fo(Z1, Za, Zs) | Za, Z3)) + n~ " Var(f2( 21, Z2, Z3)) - (C.4.179)

We successively bound the two variances appearing in (C.4.179).

First, observe that

E[F(Zy, Z3)D*(Sy, So)W3 | Zy, Zs] = B[D*(Sy, So)W5 | Z1]F(Zy,Z5) =0 and
(C.4.180)

R[E(Zy, Zs)D*(Sy, So)Wy | Zy, Zs) = E[F(Z1, Zs) | Z,|D*(S1, Sa)Ws = 0.
Thus, we obtain the bound

Var(E[fg(Zl, ZQ, Zg) ‘ ZQ, Zg]) 5 E[E[F‘(Zl, Zg)D(Sl, SQ)WQ* ‘ ZQ, 23]2]
+ R[E[F(Zy, Z3)E[D(S1,Ss) | Hia, So)W;5 | Zy, Z3)?] .
(C.4.181)

Observe that .[11,3 - 3273 N A, 5 and that on the event AL?,, we have that

F(Z1,Z3) = O(pn) (C4.182)

uniformly almost surely, by Assumption 3.5.2. Thus, we can evaluate

R[E[F(Zy, Z3)D(Sy, So)Wy | Zy, Z5)*]
S PRBIE[F (21, Z3)D(S1, S2)Ws5 | Za, 23] | Bays]
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[ [F(Z1, Z3)D(S1, S2)W5 | Za, Zs]* | Bag]
SE[E[F(Z1, Z3)D(S1, S2)Ws | Ava, Za, Zs]* | Ba]
+an[ [F(Zy, Z3)D(Sy, So)Wy | A1a, Za, Z3]* | Bas]
S PREE[F(Z1, Z3)? | Ava, Zo, Z3) | Bas] + O(p2) = O(p3) (C.4.183)

by Cauchy-Schwarz, Assumption 3.5.2, and Assumption C.3.1. Similarly, we can evaluate

E[E[F(Z1, Z3)E[D(Sy, Sa) | Hi, Sa)W3 | Zs, Zs]’]

S PYE[E[F(Zy, Zs)E[D(Sh, S5) | Ha, SalWs | Ava, Za, Zs]? | Bojs)

+ puE[E[F(Zy, Z3)E[D(S1, 55) | Hia, SolWs | Avs, Za, Zs)* | Bays)

+ P2E[E[F(Z1, Z3)E[D(Sy, S2) | Hia, SalWs | Aia, Zo, Z3]* | Bas)

+ PAE[E[F(Z1, Z3)E[D(S1, 55) | Hi, So)Ws | A3, Za, Zs]* | Bag

+E[E[F(Z1, Zs)E[D(S1,55) | Hi, So)W5 | Avs, Ai o, Zs, Zs]* | Bag

S PEE[F(Z1, Z5)° | Ava, Za, Z3) | Bas] + pSEIE[F(Z1, Zs)* | Avs, Za, Zs] | Bag
+ PhE[ELF (21, Z3)° | Avg, Za, Zs) | Bag] + O(p}}) = O(p3) | (C.4.184)

by Assumption 3.5.2 and Assumption C.3.1. Consequently, we find that
Var(E[f2(Z1, Z2, Zs) | Za, Zs)) = O(py,) (C.4.185)
by plugging (C.4.183) and (C.4.184) into (C.4.181). In turn, we can evaluate

Var(f(Z1, Zs, Z3))

S E[(F(Z1, Z5)D*(S1, 82)W3)?)

S E[(F(Z1, Z3)D(S1, S5)W5)?]

+E[F(Z1, Z5)*D(S1, S2)E[D(S1, Sa) | Hia, Sa)(W5)*]

+E[(F(Z1, Z3)E[D(S1, Sa) | Ha, S2]W3)?)

< PAE[(F(Zy, Z3)D(Sy, S))W5)? | Avs, A o)

[(F (ZlaZS)D(SMSﬂW;)Q | A s, Ass

+ prE[F D(S1, S2)E[D(Sy, ) | Hi, 2] (W3)? | Avg, Aus
+ puE[F (21, 25)2D(S1, $)BID(S1, Sal | Hyo, So(W3)? | Avs, Ao
E[(F(Zy, Z3)E[D(S1, 52) | Hia, S5]W5)? | Ay, Aol

+ p E

FY(2,, 2,)*D

~—

+ 0
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+ paBI(F(Zy, Z3)E[D(S1, Sa) | Hia, So)Ws)? | Ay, A
+E[(F(Z1, Z3)E[D(S), S) | Hia, Sa]Wi)? | A ]

S PEE[F(Zy, Z3)? | Avg, Ave] + pSE[F(Z1, Z5)* | Avg, Aip] + O(p2) = O(p2)
(C.4.186)

by Cauchy-Schwarz, Assumption 3.5.2, and Assumption C.3.1. By plugging (C.4.184) and
(C.4.186) into (C.4.179), we find that

Var ((n— 137(171—2) (% 3 fg(Zi,Zj,Zw)) =0(p2) . (C.4.187)

3/ 1<i<j<k<n

Hence, Chebyshev’s inequality and the representation (C.4.176) imply that

_ZZ > F(Zi 2 D5 Wi = 0,0 . (C.4.188)

i=1 j#i kg{ij)

as required. [ |

C.4.9 Proof of Lemma C.4.8

We continue to use the notation introduced in the proofs of Lemmas C.3.3, C.4.5, and C.4.7.

C.49.1 Part(i)

Each bound follows from an application of Lemma C.4.11. In particular, we can evaluate

2

1 " ~ ]_ 1 n B 1 n
SYX s wow|< L (B0 T ) ) (13m).
=1 j#i kg{ij} i=1 \ j#i kg{i} i=1
(C.4.189)
n 2 n
LYY S ropwl < L A2 (2 2 0w (1ZR%>,
" T ke " S\ v i
2 n
ZZRD*W* g% %Z(ZD*W*) (%ZR?), and
=1 j#i 1 JFi i=1
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1 1< N1
* * * * 2
Ly s o< (B (S ) (13e)
i=1 j#i i=1 J#i i=1

by Cauchy-Schwarz. Recall that

1 n
w2 =

O,(pn) (C.4.190)

by Markov’s inequality and Lemma C.4.11. In turn, we can evaluate

2

1 & N
Bl (D2 2 Diw

i=1 \ j#i k{i)

1 n
a2 |2 2 bW

=1\ j#i k#{ij}

.
E ni Z (Z D3, W*)
i=1 j#i ]
o
e % > (L oim)
i=1 j#i ]

* Tk *TA7*
E[D; Dy ,WW?]

YT Y Y

i=1 j#i g7 k@{ig} k' e{ig}

_Z Z]EDZ]*

ke{i.j} k' &{i.j}

Wi)’] = O(pa) ,

(C.4.191)

=$izzz >

i=1 ji §'# ki) K e{ig)

E[D} D, WiW?]

== Z > EID; Dy (W) = O(pn) |
kg{z;} k' {i,j}

- LSS S B D] = Ol ana
=1 j#i j'#i

_ % ST STE(D;)2(07)2) = O(py) -
i=1 j#i

Thus, the desired bounds follow by applying Markov’s inequality, using the bounds (C.4.191),

and by plugging the resultant bounds and (C.4.190) into the inequalities (C.4.189).

C.4.9.2 Part (ii)

We continue to use the notation adopted in the proof of Lemma C.4.7. Observe that we can

write

1 et ~
EZZ > F(Z;,2;)Dy ;Wi =

i=1 j#i kg{i.j}

(5) 1

s (3)

(C.4.192)

> hiZ

1<i<j<k<n

Z]7Zk) 5
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—ZZZ (2, Z; D;jW*@(Tl) S f(2525.2),  (C4.193)
3

=1 j#i kg{i,j} 1<i<j<k<n

%ZZF(ZZ»,ZJ-)D;,-W; %(T > f5(Z.2;), and  (C4.194)
2

i=1 j#i 1<i<j<n

1 - i * * ;L

QZZF(Zi,Zj)Dij = —4(7 > 12, Z)) (C.4.195)
i=1 j#i 2 1<i<j<n

where

hH(Zi, Z;, Zy) = Z F(Zr(1y, Zn(2)) D* (Sa(3), Sx2)Wia) »

w€ells

foZi, Z =Y F(z ) D" (Sx@), Sx@) W) »

wells

f3(Zi, Z;) = Z F(Zr(1y, Zn(2)) D*(Sx(2), Sw(1)) Wiy »  and

welly

f1(Z;, Z;) = Z F(Zr(1y, Zn(2)) D*(Sx(1), S2)) Wia) - (C.4.196)

wella

We successively apply Lemma C.4.2 to bound the variance of each term.

We begin by considering the term (C.4.192). Lemma C.4.2 and the law of total variance
imply that

Var (% Y h(2, 2, Zk)>

3/ 1<i<j<k<n
<n ' Var(E[f1(Z1, Z3, Z3) | Z1]) +n"2Var(f1(Z1, Zs, Z3)) . (C.4.197)
Observe that
E[F(Z;, Z;)Dy Wy | Z]=0 and E[F(Z;,Z;)Dy,W; | Z;] =0 (C.4.198)
respectively. We can evaluate

Var(E[fl(Zl,Z%ZQ | Zs])
E[E[F(Zy, Z2) D*(Ss, S2)W5 | Z3]?)
E[E[F(Z1, Z2) D(Ss3, Sa) Wy | Zs)’]

[ [F(Zy, Z2)E[D(Ss, S2) | Hsz, So]W5 | Zs)’]

l—|r—v

ﬁjl
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S PAE[E[F(Zy, Z5) D(Ss, S2)Ws | As 2, Z3)°]

+ i E[E[F(Zy, Z2)E[D(Ss3, S2) | Hsz, So)Ws5 | Az, Z3]]

+ E[E[F(Z, Z,)E[D(Ss, So) | Hsg, So) Wi | Assa, Zs)?]

S PRE[F(Z1, 25)° | Az, Zs]) + paE[E[F(Z1, Zo)* | A, Z5]) = O(p})  (C.4.199)

by Cauchy-Schwarz, Assumption 3.5.2, and Assumption C.3.1. Likewise, we can evaluate

Var( f1(Zy, Zs, Z3))

71, 22)° D" (53, 52)* (W5)?)

71, Z5)* D(83, 82)*(W5)?]

7(21722)2 (53, 92)E[D(S5,55) | Hz o, Sa)(W5)?]

F(Zy1, Z,)*E[D(Ss, S) | Hs 2, S2]*(W5)?]

puB[E[F(Z1, Z5) | Ass, Zs)] + paE[E[F(Z1, Z)* | Ass, Zs]] = O(pn) , (C.4.200)

.—|.—|

P
P

+E
<

by Cauchy-Schwarz, Assumption 3.5.2, and Assumption C.3.1. Thus, by plugging (C.4.199)
and (C.4.200) into the bound (C.4.197), and applying Chebyshev’s inequality, we obtain

e ZZ > F(Zi, Z) Dy ;Wi = Op(npy) (C.4.201)
i=1 j#i k¢{ij}

verifying the first representation in (C.4.92).
Next, we consider the terms (C.4.193) through (C.4.195). Lemma C.4.2 and the law of

total variance imply that

Var (% Z fQ(Zia Zj7 Zk) 5 TL_1 Var(fl(Zla ZQ, Zg)) s (C4202)

3) 1<i<j<k<n

( ) > f5(Zi,Z) | SntVar(fs(Z1, Z)) . and (C.4.203)

2/ 1<i<j<n

(( Z fuZi, Z;) | St Var(fa(Z4, Zs)) (C.4.204)

1<z<]<n

respectively. We can evaluate

Var(f1<Zla Za, Zs)
S E[F(Zy, Z,)*D*(Ss, 55)*(W5)?]
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Z1, Z2)*D(S3, $2)E[D(S3, S2) | G (W3)7]

+ puE[E[F(Z1, Z2)* | Avg, Zo]| + E[E[F(Z1, Z)* | Ava, Za]] = O(pn) ,  (C.4.205)
by Cauchy-Schwarz, Assumption 3.5.2, and Assumption C.3.1. The bounds
Var(f3(Z1, Z2)) = O(p,) and Var(fy(Z1,Zs)) = O(pn) , (C.4.206)
follow from identical arguments. Thus, Chebyshev’s inequality implies that
— Z >N F(z,z,)D; W) = 1E[Y,»DZqu*] +0,(n3%p %) (C.4.207)
i=1 j#i kg{ij}
% i ZF<Zz‘a Z;) D5 Wi = %E[KDZMQ*] +0,(n~3?p!/%) | and

i=1 j#i

(C.4.208)
1 & — 1
nt Z Z F(Zi, Z;) D5, W} = 2 SEY.D; W]+ 0p(n~?p;/%),  (C.4.209)
i=1 ji

verifying the second though fourth representations in (C.4.92) and completing the proof. ®

C.4.9.3 Part (iii)

Observe that each of the terms on the left-hand side of (C.4.93) has expectation equal to
zero. Thus, it will suffice to bound their variances and apply Chebyshev’s inequality. We

begin by considering the term

D) DD D IR AL

i=1 j#i ke{ij}eg{ij}

SES D IDWLRARITES 3 3 Db DAL SIS

i=1 j#i k¢{ij} i=1 j#i kg{ij} (¢{i,j,k}
(C.4.210)
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Observe that we can write

)1
322 Z (Zi, Zy, DZ]W* 51_3)@ Z a(Zi, Z;, Z),) and

i=1 j#i k¢{ij} 1<i<j<k<n

(C.4211)

SYE S S faanw-Wa S wann.).

=1 j#i k&{i,j} £¢{i,j,k} 1<i<j<k<t<n

(C.4.212)
where
90 (Zi, Z =Y F(Zz(1), Zu(3)D*(Sa(3): Sa)) Wiz and  (C4213)
wellg
g2(Zi7 Z]7 Zk7 Z@) = Z F(Zﬂ(1)7 Z7T(4))D*(S7T(3)7 SW(Q))W:(Q) )
welly
respectively.

First, we evaluate the term (C.4.211). Observe that Lemma C.4.2 and the law of total

variance imply

Var (% > .z, Zk)>

3/ 1<i<j<k<n

<n 'WVar(Elg1(Zi, Z;, Z) | Zi]) + 02 Var(g1(Zi, Z;, Zi)) - (C.4.214)
Observe that
E[F(Z;, Zy) Dy Wi | Z] =0 and E[F(Z;, Zy)Dj ;W | Zi] =0,  (C4215)
respectively. Thus, we can evaluate

Vaf( [91(Zi, Z;, Z) | Zi))

[E[F(Zu Zy)Dp ;W | Z)7)

E[E[F(Z;, Zx) Dy W} | Z;]*) + E[E[F(Zi, Zi)E[Dy; | Gry, S;AWE | Z,]%)
PRE[E[F(Zi, Z4)? | Avj, Zi\| + PRE[E[F(Zi, Z4)? | Ay, Z4)) = O(ph)  (C.4.216)
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by Cauchy-Schwarz, Assumption 3.5.2, and Assumption C.3.1. Similarly, we can evaluate

Var(g1(Zi, Zj, Zx)) S puBI(F(Zi, Zi) Dy jW7)? | Al
+E[(F(Zi, Zu) D ,W)? | Aig]
S PaE[F(Zi, Z4)* | Aigl] + O(py) = O(py,) (C.4.217)

by Cauchy-Schwarz, Assumption 3.5.2, and Assumption C.3.1. Consequently, Chebyshev’s

inequality implies

1 _ i
3 SN > F(Zi, Zk) Dy W = 0y(n™py) . (C.4218)
im1 g2 k(i)

Second, we evaluate the term (C.4.212). Observe that

E[F(Z1, Z4)D*(Ss, So)W3 | Zi, Z;] = 0 (C.4.219)

for any pair 7, j in {1, 2,3,4}. Thus, Lemma C.4.2 and the law of total variance imply that

Var (% Z 92(Z;, Zj, Zy, Zﬁ))

4/ 1<i<j<k<t<n

S Var(Elga(Zi, Zj, Zi, Zo) | Ziy Zj, Zi]) + 0~ Var(ga(Zi, Zj, Zys Zi)) - (C.4.220)

Observe that
E[F(Z1, Z4)D*(Ss, So)W3 | Zi, Z;, Zi) = 0 (C.4.221)

for each collection 4, j, and k in {1,2, 3,4} other than {2, 3,4}. Hence, we can evaluate

Var(E[,gQ(Zia Zj) Zk’a Zf) | Zia Zj7 Zk])

SEE[F(Z1, Z4) | Z4)* D3 2)*(W5)?]

S PEE[F(Zy, Za) | Ava, Za* D3 ,(W5)? | Asg

+ paB[D3 5 (W5)? | Azs)

+ PSR[E[F(Z1, Z4) | Ava, Z4)* D3E[Dss | Haa, So](W3)? | Asg)
+ PoE[E[Ds5E[Ds ) | Hy 2, Sa)(W3)? | Ayl

+ PSE[E[F(Z1, Zs) | Ava, ZaE[Dsy | Hs g, So]*(W3)? | Ags]

+ poE[E[E[Ds 2 | Hs g, So]*(W3)? | Az
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+ PR[E[F(Zy, Z4) | Z4)*E[Dss | Hs g, So)2(Wi)? | Ags)
S PERIF(Zy, Z4)* | Ava, Zall + O(p2) = O(p2) (C.4.222)

by Cauchy-Schwarz, Assumption 3.5.2, Assumption C.3.1. Likewise, we can evaluate

Var(g2(Z;, Zj, Zy, Zs))
S PuBIF(Zy, Z4)?D* (S5, 82)*(W3)? | Ava] + O(py) = O(pn) (C.4.223)

by Assumption 3.5.2 and Assumption C.3.1. Consequently, Chebyshev’s inequality implies

that
e} ZZ Yo Y F(ZuZ)Di Wi = Oy(n~py). (C.4.224)

=1 g7 kg{i,j} €¢{ig.k}
Hence, the first representation in (C.4.93) follows by plugging (C.4.218) and (C.4.224) into
(C.4.210).

Next, we consider the term

EY9 3D DI CRIAT

=1 j#i k¢{i,j} e2{i,j}
1 n * * 1 [ * *
=D > > FZZgDg Wi+ = >0 > > F(Z,Z)Di,W;
i=1 j#i k¢{i,j} i=1 j#i kg{ij} 0¢{i,j.k}
(C.4.225)

As before, we can write

_ZZ Z Zka DZ]W* — EZ_AI)% Z gl(Zi,Zj,Zk) and

=1 j#i kg{i,j} 1<i<j<k<n

(C.4.226)

LYY S fzangw-Ua ¥ agsn).
=1 j# 4

© kg{i,g} €¢{i.5,k} 1<i<j<k<l<n

(C.4.227)

where

921,25, 21) = > F(Zn(t): Zu(3)) D" (Sa3), Sri2)) Wiz and (C.4.228)

mwells

92(Zi, Zj, Ziy Zy) = Z F(Zn1y, Zn(a)) D* (Sr3), Se@)Wira) »

welly
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respectively. First, we consider the term (C.4.226). Lemma C.4.2 and the law of total

variance imply that
1 _ . B
Var (=~ > 91(Zi, 25, Zk) | S0t Var(g,(Z, Z4, Z)) - (C.4.229)
(3) 1<i<j<k<n
We can evaluate

Var(y(Zi, Zj, Z1)) S puBIF(Z1, Z3)* D" (83, 52)*(W3)* | Avs] + Olpa) = O(pn)
(C.4.230)

by Assumption 3.5.2 and Assumption C.3.1. Thus, Chebyshev’s inequality and (C.4.226)
imply that

~ ZZ > F(Zi, Zy) Dy Wi = 0y(n""p, %) . (C.4.231)
=1 j#i k¢{i,j}

Second, we consider the term (C.4.227). Observe that
E[F(Zl, Z4)D*(Ss,S2)Ws | Xi;] =0 (C.4.232)

for each i in {1,2, 3,4}. Thus, Lemma C.4.2 and the law of total variance imply that
1
Var (T > 0225 %, Zg)> <n"2Var(9y(Zi, Z;, Zr, Zs)) . (C.4.233)
<4) 1<i<j<k<t<n
We can evaluate

Var(y(Zi, Zj, Zn, Z0)) S pBIF(Z1, Z4)* D* (S5, 82)*(W5)? | Ava] + O(pw) = O(pn)
(C.4.234)

by Assumption 3.5.2 and Assumption C.3.1. Thus, Chebyshev’s inequality and (C.4.226)
imply that

1
W 3 3 P ZODLW = Ofn ). (C4235)
i=1 j#i k&{i,j} £&{i,j,k}

Hence, the second representation in (C.4.93) follows by plugging (C.4.231) and (C.4.235)
into (C.4.225).
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Next, we consider the term

%ZZ Z (Zi, Ze) D3, W (C.4.236)
=1 j#i £¢{i,j}

Observe that we can write

5) 1
3 Z Z Z Zza Zé D;zm* = %m Z 93(21, Zj7 Zk) (C4237)

i=1 j#i £¢{i,j} 3/ 1<i<j<k<n
where
93(Z2, Z;, Z) = > F(Znr), Za(3) D*(Se2), Set)) Wiy - (C.4.238)
wells
It holds that that
E[F(Zy, Z3)D*(Ss, S))W; | X;] =0 (C.4.239)

for each i in {1, 2, 3}. Thus, Lemma C.4.2 and the law of total variance imply that

1
Var ((T Z 93(Z1,Zj,Zk:)> S n?Var(gs(Zy, Z;, Zy)) - (C.4.240)

3) 1<i<j<k<n

We can evaluate

Var(gs(Z1, Zj, Z)) S puBIF(Zy, Z3)? D*(Sa, $1)*(W)? | Avs] 4+ O(pn) = O(py)
(C.4.241)

by Assumption 3.5.2 and Assumption C.3.1. Hence, Chebyshev’s inequality implies that

1 - n * * —
EZZ > F(Zi, Ze) DW= Op(n~'p)/?) (C.4.242)
i=1 j#i t¢{ig)

verifying the third representation in (C.4.93).

Finally, we consider the term

%ZZ S B(Z, Z) DLW (C.4.243)

i=1 j#i tg{i.j}
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Observe that we can write

— ZZ > F(Zi, Z)D;,W; = %% S wlZi.Z;,2)  (CA244)
3

=1 j#i 0g{i,j} 1<i<j<k<n

where

91(Z1, 25, Zk) = Y F(Zn1), Znz)) D(Se1)s Sni2)) W) - (C.4.245)

wells

Lemma C.4.2 and the law of total variance imply that

1
Var ((T Z 94(Z1, Zj, Zk)) Sn~tVar(ga(Zy, Z5, Zy)) - (C.4.246)

3) 1<i<j<k<n

We can evaluate

Var(ga(Z1, Zj, Zx)) S puBIF(Z1, Z3)D*(S1, 82)* (W3)? | Avg] + O(pa) = O(pn)
(C.4.247)

by Assumption 3.5.2 and Assumption C.3.1. Hence, Chebyshev’s inequality implies that

1 « _
2.0 > F(Z,2)Di Wy = 0,(npf?) (C.4.248)
i=1 7 ¢{ig)

verifying the fourth representation in (C.4.93) and completing the proof. |

C.4.10 Proof of Lemma C.4.9

We continue to use the notation introduced in the proofs of Lemmas C.3.3, C.4.5, and C.4.7.

C.4.10.1 Part (i)

Observe that

IN

Sl-
—

1 n
— D Ridis
=1

(ni ; )( Zm) and (C.4.249)
(w5 ve) (G5

IA

Sl-
—

1 n
ﬁ Z RiMi,s,r
i=1
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by Cauchy-Schwarz. Recall that

1 Z R? =
n 4 7
=1
by Markov’s inequality and Lemma C.4.11. Moreover, we have that

g »(Kn,s) and E =
TL2 n2 2,7,

by Lemma C.3.2. Hence, we can conclude that

o (Nkin 5)

1 n
n2 Z R;J; s = Op((pn’fn,8>1/2n—l/2) and

as required.

C.4.10.2 Part (ii)

Observe that

LS SLLATE g%\ (ni n st) (%iﬁ(zm) and
1 1 &, Lm0y
n2ZF i ’ST —ﬁ\ ﬁZMi,s,r EZF(ZJ

by Cauchy-Schwarz. Moreover, as Assumption C.3.1 implies that

E[F(Z:)%] = O(1),

Markov’s inequality implies that

CHAPTER C

(C.4.250)

(C.4.251)

1 n
2 Z RiM;, s = Op((pn’in,S)l/z) )

(C.4.252)

(C.4.253)

(C.4.254)

(C.4.255)
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Thus, by applying the bounds (C.4.251), we can conclude

1 -
— > F(Zi)Jis = Op(n?k)2) = Oplrin.s) - (C.4.256)
=1
and
1 o -
— N F(Z)M;y = Oy(k)2) = Op(n' k) (C.4.257)
=1
as required. [ ]

C.4.10.3 Part (iii)

Observe that

‘_ZZFZ“Z 1,8 =

i=1 j#i

2
] — ] — _
<ﬁ§jJ38> = (E:F(ZZ-,Z]-)> (C.4.258)
=1

i=1 \ j#i

and

% zn: > F(Zi, Z;)M,

i=1 ji

.| < (%ZW) %Z(Zﬁ(zuzﬁ)

i=1 Ve
(C.4.259)

by Cauchy-Schwarz. We can evaluate

%Z(Zﬁ(zi,zj)> —nzZZZE (Zi, Z;)F (Zi, Z;)]

i=1 j#i =1 j#i j'#i

QZZE (Zs, Z;)?

=1 j#i

= PEF(Z:, Z;)* | Aigl + O(pn) = O(pn) , (C.4.260)

where the second equality follows from the definition (C.4.78) and the bound follows from

Assumptions 3.5.2 and C.3.1. Consequently, Markov’s inequality implies that

S (ZP(&-,ZJ») = 0y(p0) (C4.261)

i=1 \ j#i
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Thus, by applying the bounds (C.4.251), we can conclude

1 <& .
— > D F(Zi, Zj) i = Opp)* ki) = Op(kin.s) - (C.4.262)
i=1 j#i
and
1 < -
— > F(Z)Misy = Oy(py/*n'?k)2) = Op(n' k) | (C.4.263)
=1
as required. [ |

C.4.11 Proof of Lemma C.4.10

To verify the first bound, observe that

Var(fg(?’)(Zl, Zy,Z3)) < Nar(fe(Z1, 22, Z3))
< Var(F(Zy, Z3) D} yW3) + Var(D*D} , W5 ) = O(p2)
(C.4.264)

where the first inequality follows from Lemma C.4.1, the second inequality follows from the
definition of f¢(Z,, Z, Z3), and the third inequality follows from the bounds (C.4.186) and
(C.4.128) stated in Part (iii) of the Proof of Lemma C.4.7 and the Proof of Lemma C.4.5,
respectively.

The second inequality follows from an argument similar to the bounds (C.4.134) and

(C.4.185), respectively. In particular, observe that

E[(f®N(Z2, Z2))"] S BI(E[F(Z1, Z3) D} 5 | Za, Zs)W3)*] (C.4.265)

+E[(B[D} ;W5 | Za, Zs)W5)'] . (C.4.266)
We provide the details for the verification of the bound
E((E[F(Z1, Z3) D 5 | Za, Z3)W3)*] = O(p}) (C.4.267)

as the obtaining the same bound for the second term in (C.4.266) follows from ana analogous
argument, in the same sense that the bound (C.4.185) follows from an argument analogous
to the bound (C.4.134). To this end, observe that

E[(E[F(ths)big | Za, Zs\W3)] S E[E[F(Zy, Z3)D(Sy1, Sa)Ws | Za, Zs)*]
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+ E[E[F(Zy, Zs)E[D(S1, Ss) | Hya, So)W5 | Za, Zs]*] .

(C.4.268)
We can evaluate
E[E[F(Zy, Z3)D(S1, So)W5 | Zo, Zs)']
< PE[E[F(Z1, Z3)D(S1, So)Ws | Aiz, Zo, Z3]* | Bag)
+ PiE[E[F(Zl, Z3)D(S1, So)Ws | Ava, Za, Z3)* | 32,3]
S PEIE[F(Z1, Zs)* | A2, Z2, Z3) | Bas] + O(pS) = O(pl) , (C.4.269)

by Cauchy-Schwarz, Assumption 3.5.2, and Assumption C.3.1. Similarly, we can evaluate

E[E[F(Z1, Z3)E[D(S1, Sa) | G2, Sa|Ws | Zs, Zs)"]
S PYER[F(Z1, Z5)E[D(S1,S5) | Hia, SolW5 | Ao, Za, Zs]* | Baj|

[E[F(Z1, Z5)E[D(S1, Sa) | Hi 2, So)W5 | Ao, Zs, Zs]* | Ba ]
+ PE[E[F(Zy, Z3)E[D(S1, S5) | Hy, Sa)Ws | A, Za, Zs)* | Bag]

[E[F(Z1, Z5)E[D(S1, Sa) | Hi2, S2)W5 | A3, Zs, Zs]* | Bag

[F(Zy, Z3)E[D(S1, S2) | Hiz, So)Ws | Avs, Ao, Zo, Z3]* | Bas)
[F(Z1, Zs)" | Ava, Za, Zs) | Bag
+ PE[E[F(Z1, Zs)" | Ava, Za, Zs] | Bas]

F(Zy, Z3)" | Avg, Za, Zs] | Bas] + O(p3) = O(p3) (C.4.270)

by Assumption 3.5.2 and Assumption C.3.4. Consequently, we find that
E[(E[F(Z1, Z3)D5 5 | Za, Zs]W3)'] = O(py) , (C.4.271)

by plugging (C.4.269) and (C.4.270) into (C.4.268).
Finally, we verify the third bound in (C.4.109). Observe that

Elgt” (21, Za)?)

E[E(f(Zs, 20)f¢ (23, 22) | 2, Z)°)

S E[R[E[F(Zs, Z1)D} 4 | Ss, Z2|E[F(Zs, Z3) Dy | Ss, Zo)(W3)? | Zy, Zo)’]
E[E[E[D} WD}y | Ss, Z1|E[F(Zy, Z2) D5 | Ss, Zo)(W3)? | Z, Zo)’]
E[E[E[D} Wi D}y | Ss, Z1E[D; o W3 Dig | Ss, Zo)(W5)* | Z1, Za]?),  (C.4.272)

+ o+
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by Cauchy-Schwarz and Assumption 3.4.2. We give the details for verifying the bound

E[E[E[F(Zs, Z1) Dy 5 | S5, Z\|E[F(Zs, Z2) D}y | S, Zo)(W3)* | Z1, Zo]?] = 0(p5)
(C.4.273)

as the argument supporting the same bound for the other two terms is identical. To this end,

we have that

E[E[E[F(Zs, Z1) D} | Ss, ZI|E[F(Zs, Z2) D} 5 | Ss, Za)(W3)? | Z1, Zo)’]
S E[E[E[F(Zy, Z1)Das | Ss. Z\|E[F(Zy, Z2)Das | Ss, Z2)(W5)? | Z1, Zo)’]
+ E[E[E[F(Z4, Z1)Dys | Ss, Z1]
E[EF(Zs, Z:)E[Dys | Hag, Ss) | Ss, Z)(W3)? | Z1, Zo]]
+ E[E[E[F(Z4, Z1)E[Dygs | Hag, S3] | S3, Z1]
E[F(Zs, Z3)E[Dys | Hus, Ss] | Ss, Zo)(W2)? | Z1, Zo)?],  (C.4.274)

by Cauchy-Schwarz. In turn, we give the details for the verification that

E[E[E[F(Z1, Z1)Das | S, Z\|E[F(Zs, Z2)Dus | Ss, Za)(W3)* | Z1, Zo]?] = 0(pf) -
(C.4.275)

An argument with an identical structure will verify the same bound for the second two terms
in (C.4.274), in the same manner that the bound (C.4.270) is obtained from an argument
with the same structure as the bound (C.4.269). To do this, recall the definition of the
event &, ;, given at the beginning of Appendix C.3, and observe that P{&; ;} = O(p,) by

Assumption C.3.2. We can evaluate

E[E[E[F(Zs, Z1)Das | Ss, Z1|E[F(Zs, Z2)Dus | Ss, Zo)(W3)? | Z1, Zo]?]

S PaER[E[F(Z4, Z1)Dajs | Ss, Z1R[F(Zy, Za)Dag | Ss, Zo)(W5)* | Z1, Za]? | €12]
+E[E[E[F(Z4,Z1)Das | S3, Z1|E[F(Z4, Z2)Daz | Ss, Za)(W3)? | Z1, Zo)? | E12)
S PRE[R[E[F(Z4, Z1)7 | Ass, Zs, 2]

E[F(Z4,22)* | Auz, Z3, Zo) | Baa, Baz, Z1, Zo) | &1 9]
+ P EBE[E[E(Zy, Z1)? | Aus, Z3, 7))

]E[F(Zlb ZQ>2 | -’44 23 Z37 2] | 83,1733,23 Zla Z2]2 | 51,2]
+ PER[E[F(Zs, 1) | Aus, Zs, Z1]
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( ) || Bsi, Bso, Z1, Zo) | E12]
( ) Z1]
(Z4, Z2)? | A43,Zg, Zs) | Bs1,Bs, Zy, Zo) | £1.9]
( ) Zy]
( )? ]

| A4 3,23, 23] | By, Bso, 21, Zo) | €12]
Y Aus, Zs, 21, Zo) | Baa, Baa, Z1, Zo) | €1 2]
2| Aus, Zs, Z1] | Baa, Bsa, Z1, Zo)? | &9
*| Ays, Zs, Zo) | Bsy, Bso, Z1, Zo) | E12)
? | Aug, Zs, Z4]
*| Aus, Zs, Za) | [;’3,1,[5'3,2, 7y, Zs) | 51,2] + O(p})
= PREEE[F(Z4, 2,)* | Aug, Zs, 2]
Z4, Z5)? | Aug, Z3, Zs) | 83 1,83 9, Z1, Za) | & 2] +O0(ph),  (C.4.276)

2
5
33
=
=
=
fN
N

’T‘jz
A ~~ ~~ ~~
N
N
—_
~— \_/ \_/ ~—

=
=

through several applications of Assumption 3.5.2 and Assumption C.3.4. In turn, we can

evaluate

PAE[E[E[F(Z4, Z1)? | Aus, Zs, Z4)
E[E(Zy, Z5)? | Aus, Zs, Zs) | Bs1, Bsso, Z1, Zo] | £19]
N piE[E[E[F(Z4,Zl)4 | Ay, Z3, Z1] | [5’3,1,[;’3,2, Zy, Zo] | 51,2] =o(p)  (C.4.277)

by Assumption 3.5.2 and Assumption C.3.4. The bound (C.4.275) is thus verified by
plugging (C.4.275) into (C.4.276), completing the proof. [ |

C.4.12 Proof of Lemma C.4.11

The result follows from an application of Lemma C.4.3. Throughout, we adopt the short-
hand
F(Z)=F|(Z;,Z_;) = F(Z;, Z_;) . (C.4.278)

Now, observe that as

E[R; | Z] =0 (C.4.279)
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we have that
E[R}] = E[E[R; | Z]] = E[Var(R; | Z;)] . (C.4.280)

Thus, as the equality
E[R; | Z;i, Z;] =0 (C.4.281)

holds almost surely, by definition, Lemma C.4.3 implies that the inequality
Iy G) (k) Gy | 712
J7F ,J

SBR[V F(Zi, Z-;) | Z0P]) (C.4.282)

holds, where we recall the notation introduced in Assumption C.3.1. Now, observe that we

can evaluate

E[E[V2,F(Zi, Z_;) | 299

S PRV uF(Zi, Z-) | Aij =1, Ay = 1, 2092

+ 2E[E[V,; 1 F(Zi, Z_3) | Aij =1, Ay = 0, ZUF)?)

+EEV;uF(Zi Z-) | Ay = 1, Aig = 0,290 = O(n™%p,) (C.4.283)

by Assumption C.3.1. By plugging (C.4.283) into (C.4.282), we find that
E[R?] = O(pn) , (C.4.284)

completing the proof. [ |

C.5. ADDITIONAL RESULTS AND DISCUSSION

C.5.1 Extensions to Theorem 3.2.1

In this appendix, we outline several extensions to the baseline decomposition given in

Section 3.2.
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C.5.1.1 Direct Effects

In many applications, the regression specification (3.2.1) is augmented to additionally

include the covariate WW;; that is, through the specification

The coefficient on the covariate W is often interpreted as an estimate of the “direct effect”
of the treatment W; on Y;.! The decomposition stated in Theorem 3.2.1 holds for this

augmented specification.

In particular, consider the augmented loss function
Ly(r,0) =min Y (Y;—a—7-W;—0-A)* (C.5.2)

associated with the specification (C.5.1). By the Frisch-Waugh-Lovell Theorem, we can

write

n

Z(Yz’—TVVi—Q‘Ai)Q

i=1

E[L,(7,0)] =E

)

N 1 <&
where nz j an

j=1
- 1 1
A — o . = W 3.
i Z (D - Zm) Wi -~ ZD,WWZ (C.5.3)
jF#i k#£j k#i
Observe that
o n—1 9
E[AW) = ———E[D;,;W}] (C.5.4)
and that
~ n—1
Var(W;) = - Var(W;) . (C.5.5)

'See Li and Wager (2022) for discussion of estimators of direct effects in models similar to the settings
considered in this paper.
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Thus, by a second application of the Frisch-Waugh-Lovell Theorem, it holds that

min E[L,(7,0)] = E

T

=1

~ 1 1 E[D;, W2

where A; = Z (Diﬂ' — ﬁ Z Dk7]’> Wj — (5 Z Dk,i — W]VV]) Wl .
Ji k£ k#i ‘

(C.5.6)

Hence, by Projection Theorem, it holds that

_ " E[V;A!

0, = —fol [ — ;] . (C.5.7)
2ie1 E[(A})?]

The representation (C.5.7) is very similar to the representation (C.1.22) considered in the

proof of Theorem 3.2.1. The only difference is through the second term in (C.5.6), which will

contribute slightly different lower order terms when expressed as a representation analogous

to (C.1.23). It can be shown that these lower order terms are smaller than o(n~'/2) under

the same regularity conditions used for Theorem 3.2.1.

C.5.1.2 Monotone Transformations

In some settings, the proximity measure of interest enters through a monotonic function

Q(D; ;); that is, thorough the specification

Yi=a+0-Q;+e where Q=Y Q(Di;)W;. (C.5.8)

J#i
For instance, when D; ; is a function of geographic distance, researchers often set ()(-) as
a binary indicator that D; ; is an element of some pre-defined interval; see, e.g, Miguel
and Kremer (2004), Feyrer et al. (2017), Egger et al. (2022b), Myers and Lanahan (2022),
and Muralidharan et al. (2023). In other cases, the function () often depends on various

elasticities fixed at values chosen by referencing pre-existing literature; see e.g., Kovak
(2013), Autor et al. (2013), Donaldson and Hornbeck (2016), and Adao et al. (2025).

It follows immediately from Theorem 3.2.1 that, in this case, we have that

0, = //E[)\(q,w | 5;)02 JEIY: | Qi = ¢, W; = w, ;]| dwdg + o(n™Y?) | (C.5.9)
QJW
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where the weights are defined analogously to (3.2.8) and Q is some interval containing the
support of Q(D; ;). In cases where the function ()(-) is invertible (e.g., Q(D; ;) is a smooth

decreasing function of a distance D, ;), it follows immediately that
0= [ [ E[Maw]$)08.(Q @ 0] 8] dudg+ o). (€510
o Jw

That is, in this case, the parameter 0, is still a convex average of the parameter agﬁw p(d, w |

S;), but now the weights in this average depend on the function )(-).

C.5.1.3 Dyadic Information

Network linkages are often modeled through specifications of the form
D;j = Dn(Si, Sj,€i5) (C5.11)

where the variables ¢; ; are i.i.d. and distributed independently of the coordinates 5;. See,
for instance, the latent position or graphon network models considered by, e.g., Hoff et al.
(2002) and Li and Wager (2022), respectively. Indeed, by the Aldous-Hoover representation
theorem, any exchangeable array admits such a representation (Aldous, 1981; Hoover, 1979).
See Menzel (2021) for discussion.

Under the assumption that the treatments I¥/; are independent of the error terms ¢, ;, the
decomposition Theorem 3.2.1 holds for this setting, unchanged. In particular, Theorem 3.2.1
only requires that the treatment I7/; is independent of the proximity measure D; ;, conditional
on the coordinate S;. So long as this continues to hold, the theorem will be unchanged.

We impose Assumption 3.2.1 because the variables ¢; ; would complicate the construction
of potential outcomes. In particular, when considering interventions on the proximity

measure D; ;, while holding .S; fixed, we would need to specify whether we are changing

IR
the value of the coordinate S; or the error term ¢; ;. Likewise, incorporating the variables
€;,; would require augmenting the Assumption 3.3.1 to accommodate dyadically indexed

variables, which would substantially complicate our theoretical analysis.

C.5.1.4 Bipartite Data

In many applications, treatments and outcomes are measured for different types of units. In
particular, suppose that there are n units and m treatment nodes. Each unit 7 is associated

with an outcome Y;. Each node k is associated with a treatment 1¥,.. Each unit 7 and node &



366 CHAPTER C

is associated with the measure D; ;. A prominent instance of this setting are cases where
treatments are assigned to industries and outcomes are measured at geographic units of
aggregation. See, for instance, Kovak (2013), Autor et al. (2013), Adao et al. (2019), and
Borusyak et al. (2022b). Here, the treatments W, might be changes to the productivity of
industry k£ and D, ; might be the share of employment of city ¢ in industry k.

Researchers often report coefficients from regression specifications of the form

Yi=a+0-Ai+g and A=) D (C.5.12)

Jj=1

A result very similar to Theorem 3.2.1 holds for this setting. That is, such regressions

identify convex averages of the parameters
05 WE[Y; | Dij = 6, Wi = w, Ry] (C.5.13)

Thus, “shift-share” specifications of the form (C.5.12) can be interpreted as measuring the
effect of changing the measure D, j, on the effect of the treatment W), on the outcome Y.
We conclude this subsection by giving a formal statement and proof for this result.

Causal interpretations of the parameter (C.5.13) are susceptible to the same sort of
confounding considered in the main text. For instance, suppose that the variable D;
denotes the share of employment in location ¢ that belongs to industry & and that the variable
G i denotes the share of imports to location 7 from industry k. If the productivity of industry
k increases, wages in location ¢ may increase through D), ., due to increased local labor
demand, or through G ;, due to cheaper intermediates.

Approaches analogous to those considered in the main text can be used to disentangle
these channels. In particular, the variable of interest D; ;, can be residualized on the auxiliary
channel G, j, and the residuals can be used in the place of D; j, in the specification (C.5.12).
Estimators with this structure can be shown to be consistent through arguments analogous to
those used to establish Theorem 3.5.1. We note, however, that obtaining a result analogous
to the Gaussian approximation result given in Theorem 3.6.1 would be a more significant
undertaking, as the central limit theorem from Liu et al. (2025) is not immediately applicable.

We now state and prove a version of Theorem 3.2.1 for settings with bipartite data. We

consider the following assumptions, which mirror Assumptions 3.2.1 to 3.2.3.

Assumption C.5.1. Each unit ¢ and node k are associated with coordinates S; and Ry,

respectively. There exists a function D,,(+, -), valued on the non-negative, real-valued set D,
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such that the representation

holds almost surely for each unit i and node k.

Assumption C.5.2. The replicates (R, Wy)j*, and (S;)!, are i.i.d., and are independent

of each other. Moreover, the orthogonality condition
E[W;| R]=0 (C.5.15)

holds almost surely.

Assumption C.5.3. For any units ¢ and j, and node k, the map
(0,w) — E[Y; | Djr =6, W; = w, Rj] (C.5.16)
is twice continuously differentiable, almost surely. Moreover, it holds that
03 ElY; | Djj = 6, Wy, = w, Ry = 5] = o(n™*/?) (C.5.17)

uniformly over each 0, w, and s in their respective domains.

Theorem C.5.1. Assume that the treatments and proximity measures have support contained
in intervals YW and D of constant length and that the outcomes are identically distributed.

Consider the loss function

Ly(0) =min» (Yi—a—0-A;)° where A;=Y D;;W;. (C.5.18)

i=1 j=1

Under Assumptions C.5.1 to C.5.3, the parameter 0,, that minimizes E[L, ()] admits the

representation

0, = //E[A(é, w | R;) 03 EIY: | Dij = 6, Wy, = w, Ry]| dwdd + o(n~'/?)
i (C5.19)

where the weights

COV(H{DZ'J Z 5}, Di,j ’ Rj) COV (]I{W] Z w}, Wj ‘ R])
E[Var(D;; | R;) Var(W; | R;)]

A, w | Rj) = (C.5.20)

are convex.
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Proof. By the Frisch-Waugh-Lovell and Projection Theorems, we can write

_ " E[V;A,
g, = 2z AL (C521)
i E[(A)?]
where
B m 1 n m m 1 n
A=) DiWi — - Z > DjWi=> (Dij - - Z D)W . (C.5.22)
k=1 j=1 k=1 k=1 j=1
Observe that
~ 1 - -
E[Y,A)] = m (1 - E) (E[Y;Di,ka] - IE[YZ-DMWk}) (C.5.23)
and
- 1 -
E[(A;)?*] =m (1 - E) E[D; Wi . (C.5.24)

Thus, we obtain the representation

_ E[Y; D, W] — E[Y;D; . W]
0, = : : . C.5.25
E[Var(D; | Ri) Var(Ry, | Wy)] ( :

Consequently, by Lemma C.1.2, we obtain the representation

a://EWMM&W%ﬁmumzdmzmm]
D JW

—E[Y; | Djs = 6, Wy, = w, Rk]ﬂ dwds  (C.5.26)

where the weights A(§,w | R;) are defined in (C.5.20). The weights are convex by
Lemma C.1.3. Thus, the representation (C.5.19) follows from Assumption C.5.3, as required.
u

C.5.2 Extensions to Assumption 3.3.2

In this Appendix, we detail two extensions to Assumption 3.3.2.
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C.5.2.1 Discontinuities

Assumption 3.3.2 stipulates that
D;; = D(S:,5;) = D(|1Si = S;ll) (C.5.27)

for some function D(-) that is continuous and monotone. Here, we outline how to extend
this assumption to treat cases where the function D(-) has discontinuities. Observe that, in
our formal arguments, Assumption 3.3.2 is only applied once, in Corollary 3.4.2 to ensure
that the counterfactual coordinate SJ(-i) (6) is uniquely defined. Here, the restriction that D(-)
is continuous is only used to ensure that the level set S (§) is closed.

Thus, to handle the discontinuous case, let
SW(s,e)={s:||s— 5| <e 8 €cl(SD())}). (C.5.28)
denote the ¢ enlargement of the closure of the set
S(8) = {s: D,(S;,s) =6} . (C.5.29)
Define the counterfactual coordinate

SW(8,e) = S5+ al?(8,)(S; — S;),  where
a\?(8,¢) = argmin {|a| : Sj + a(S; — S;) € SP(5,)} . (C.5.30)

With this construction, we can define the potential outcome through the limit

Yii(6,w) = lim F(Z, Z;(w, S\ (5,€)), Z_i) . (C.5.31)

el0

Observe that the construction agrees with the construction stated in the main text for the
continuous case, so long as the function F'is continuous in 5.

For the sake of concreteness, consider the case that
Di; =I{[|S; — S;|| < ¢} (C.5.32)

for some constant radius ¢. The level set S®(1) is closed, and so it suffices to consider
the construction of the counterfactual coordinate S ](Z)(O) In this case, the coordinate

S ](-i) (0, e) moves toward S; on the line S; + «(.S; — 5;) as «v increases toward one, achieving
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HSZ—SJH :gbass—>0.

C.5.2.2 Several Distances

In some applications, proximity measures of interest are functions of many features of the
units under consideration. Commuting and migration probabilities, for instance, are often
modeled as being functions of geographic distance, as well as wages and amenity values
(Monte et al., 2018). We sketch three distinct approaches for handling settings with this

structure.

Monotone Index: The first approach is based on the assumption that we can decompose the
coordinate S; into the components S; = (.5; 0, S;1). For instance, suppose that D, ; denotes
the probability of commuting from location ¢ to location j. In this case, the component
S;,0 might denote the geographic coordinate of location ¢ and S; ; might denote the average

utility associated with working in location <.

We consider the following alternative to Assumption 3.3.2.

Assumption C.5.4 (Extended Index Structure). The coordinate S; ; is scalar-valued and the

proximity measure D; ; admits the representation
Di,j == D(SZ, SJ) - E(Sl, Sj,(h SjJ) (C533)
where the function D(S;, S, ) is monotone.

That is, the proximity measure of interest D; ; is monotone, almost surely, in some component
S; 1 of the coordinate .S;. For instance, the probability of commuting from S; to .S; might be
decreasing in the utility associated with working in location 7, conditional on location j’s
geographic location and the features of the location . In this case, we can define

S(8) = {s: Du(Si. (Sj1.5)) =0}, (C.5.34)

J
S9(©6) =851 +aP(@), and al(8) = arg min {Ja] : S0+ € SV},
as before. Potential outcomes can then be defined by
Yii(6,w) = F(Zi, Z;(w, S(8)), Z_ij) . where  Zj(w,s) = (w,Sj0,5,Uj) .
(C.5.35)
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it is clear that, so long as (C.5.34) is non-empty, the potential outcome (C.5.35) is uniquely
defined.

In this setting, identification of averages of spillover proximity gradients is most credible
in the case that the coordinates S, o are observed. In this case, Assumption 3.4.4 should be

replaced by the condition that
E[@w Y;’j((s, w) | Di,j = 5, Hi,jy 52‘70, §]] = ]E[aw K,j(é, U)) | Hi,j? 5@07 g]] . (C536)

That is, we can more transparently compare changes in spillovers induced by changes to the
index 5} ; by holding constant the features 5; , that might otherwise change the value of the

proximity measure D; ;.

Monotone Norm: The second approach is closely related and again based on the decomposition

S; = (Si,Oy SZ-J). Here, we consider the following extension to Assumption 3.3.2.

Assumption C.5.5 (Conditional Monotone Factor Structure). There exists a norm || - || such
that
Dz’,j == D(S,L, Sj) - 5(”5@71 - SO,jH7 Si,l; Sj,l) (C537)

for some function D(-) that is continuous and non-increasing in its first entry.

In other words, we assume that the proximity measures of interest still depend monotonically
on a distance ||.Sp; — Sp;||. For instance, the probability of commuting from S; to S; might
be decreasing in the commuting time between location 7 and location j, conditional on all

other features of the two locations. In this case, we can define

SD(6) = {s: Du(Si, (s,5;1)) = 0}, (C.5.38)
Sg(-,%@) = Sjo+ a§i)(5)(5i,o — Sjo), and

ay)(d) = argmin {|a : Sjo + a(Sip — Sj0) € SV} .

[

and, thus, potential outcomes can be defined by
Yii(6,w) = F(Zi, Z;(w, S$5(0)), Zij) , where Zj(w,s) = (w,s,5;,U;) . (C.5.39)

By arguments analogous to those used in the proof of Corollary 3.4.2, the potential outcome
(C.5.39) is uniquely defined whenever S () is non-empty.

As before, identification is most credible when the features S; ; are observed. In this
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case, Assumption 3.4.4 should be replaced by the condition that
E[aw Y;J' ((5, w) | Di,j = 5, Hi,j7 §i71, §]] = ]E[@w }/i,j(éy w) | Hi,j? §i717§j] . (C540)

Here, we compare changes in spillovers induced by changes to the distance ||.Sy; — So ;|| by
holding constant the features S; ; of the unit 4 that might otherwise change the value of the

proximity measure D, ;.

Invariance: The final approach is best suited for settings where the researcher is not
willing to pose a concrete interpretation for the coordinate ;. For instance, in Examples 5
and 6, although the coordinate S; is probably best understood as collecting the geographic
coordinates, wages, and amenity values of the location ¢, at this level of abstraction, this
interpretation is contestable. This ambiguity can be resolved by imposing the following

restriction.

Assumption C.5.6 (Stable Pairwise Proximity Spillovers). It holds that
Yi;(0,w) = F(Zi, Zj(w,s), Zi;), forall s¢€ S\(5). (C.5.41)

This assumption is the analogue of the classical “Stable Unit Treatment Value Assumption”
(SUTVA), due to Cox (1958) and Rubin (1980), adapted to our setting. In words, Assumption C.5.6
imposes the restriction that unit j’s location S; only modifies the influence of the treatment
W; on the outcome Y; though D; ;. That is, the “direction” of the spillover from j into 7
makes no difference, all that matters is the “distance” D ;.

Like SUTVA, Assumption C.5.6 places strong restrictions on the structure of interference.
In particular, Assumption C.5.6 effectively rules out endogenous spillovers, in the sense
of Manski (1993). That is, as the coordinate S; varies over the level set S@(§), unit 5’s
proximity to units other than 7 changes. Assumption C.5.6 stipulates that these changes
have no influence on the spillover effect of j on 7. Of course, standard models of economic
geography and trade feature endogenous spillovers (Allen and Arkolakis, 2014; Monte et al.,
2018). On the other hand, approaches to estimating spillover effects based on well-posed
exposure mappings rule out endogenous spillovers as well (Hudgens and Halloran, 2008;
Manski, 2013; Li and Wager, 2022).

In sum, Assumption C.5.6 provides a clear, albeit strong, tool for reasoning about
the potential outcomes Y; ;(J,w) in settings where the the coordinates S; lack a concrete

interpretation or the proximity measure of interest [; ; cannot be represented in a way that
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is amenable to the application of Assumption 3.3.2, Assumption C.5.4, or Assumption C.5.5.
When applying Assumption C.5.6 it is important make it plain that endogenous spillover

effects are assumed to be negligible.

C.5.3 Differences Between Residualized and Long Spillover Regressions

In this appendix, we compare regressions

Yi=a+60-Af+¢ and (C.5.42)

where

A= Z D ;W;, Af = Z(Di,j —E[D;; | Giy)W;, and T = Z GigWi -
j#i JFi i
(C.5.44)

In particular, we outline the conditions under which the population coefficient on the
covariate \; in the “long” regression (C.5.43) is equal to the population coefficient on A}
in the “short” regression (C.5.42).

To this end, consider the loss function
L¢(0,6) =min» (Yi—a—0-A—¢-Ty) (C.5.45)
=1

associated with the specification (C.5.42). By the Frisch-Waugh-Lovell Theorem, we can

write
" - - N2
B[LI#(6,0)] =E | > (- V) —0-Ai—¢- A | (C.5.46)
i=1
where ffn = % Z?:l Y, denotes the centered outcome,
- 1 1
A; = Dij—~ > Dy | W, — - > Dy Wi, and (C.5.47)
i k] ki
- 1 1
I NI SR
i k£j ki
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Thus, by the Projection Theorem and a second application of the Frisch-Waugh-Lovell

—1 . . .
Theorem, the parameter 9: " that minimizes the expected loss (C.5.46) admits the representation

—long E[Y;AI] < ( , 1 / > 1 ’
6, =——=—= where A, = Di;—=> Dy | Wy——=> D, W,
E[(A})’] ; b § ) 2
(C.5.48)

Di;=D;;—¢ -Gy, and ¢ =

By comparing the representation (C.5.48) to the representation (C.1.34) stated in the Proof
of Theorem 3.4.1, we find that the condition

¢ -Gy =E[Di; | Gy (C.5.49)

is necessary and sufficient for the population coefficient on A; in the regression (C.5.43) to

coincide with the population coefficient on A} in the regression (C.5.42).

We conclude this appendix by showing that the condition (C.5.49) holds, up to a small
error term, if and only if the conditional expectation E[D; ; | G; ;] is linear and the treatments
W; are homoskedastic, in the sense that their variances conditional on the variables §j are

constant. To see this, observe that

Cov(A, F2) = 3 Cov (( ZD’W) g (Gm - %Z@:,j) WJ-)

jF#i k#£j k#j

1
+ - Z Z Cov(Dy ;. W;, Gy, W5)
k#i q#i

= (n - 1)E[COV(DZ‘J, Gi,j ’ Sj) Var(VVj | §j>] s (CSSO)
where we have applied Assumptions 3.2.1, 3.4.1, and 3.4.2. Likewise, we can evaluate
Var(T;) = (n — 2)E[Var(G;, | S;) Var(W; | S;)] +O(n™") (C.5.51)

by Lemma C.1.1. Thus, we have that

E[Cov(D;;, Gij | S; )Var(W | S)]

,'Gij:
¢ ’ E[Var(G;; | S ;) Var(W; | S;)]

+0(n™?) (C.5.52)

by (C.5.50) and (C.5.51). Now, observe that Assumption 3.4.3 and the assumption that
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E[D; ; | G; ] is linear imply that we can write

E[Di; | Gis] = ElCov(Dss, Gy | Sj)]Gij : (C.5.53)
B E[Var(Gi; | 551

Hence, so long as the quantities Cov(D; ;, G; ; | S;)] and Var(G;; | S;)] are non-constant,

the condition (C.5.49) holds if any only if Var(W; | S;) is constant almost surely.

C.5.4 Alternative Approaches for Addressing Treatment Endogeneity

In this Appendix, we illustrate how to augment the framework proposed in the main text
to accommodate settings where endogeneity in treatment assignment is addressed with

instrumental variable or difference-in-differences research designs.

C.5.4.1 Instrumental Variables

First, we demonstrate how to adapt our estimation framework to treat settings based on
instrumental variable research designs. For the sake of simplicity, we assume that we
observe an instrumental variable M;, that is also valued on {0, 1} and is some deterministic
function of the latent variable S;. For the sake of simplicity, we focus attention on the case
without covariates X; or auxiliary measures of proximity (; ;, as the results stated here will
generalize to that setting in the same way that Theorem 3.2.1 generalizes to Theorem 3.4.1.
We consider a distinct two-step procedure, analogous to the standard cross-sectional
two-stage least-squares estimator. In the first stage, we compute an estimate 7,,(m) of the

conditional expectation
mn(m) = E[W; | M;] . (C.5.54)

In the second stage, we consider the regression specification
1 n
Yi=a+0-AY +e, where A=Y D;;W" and W}¥=,(M)- - > W
i=1

J#i
(C.5.55)

denotes the centered, predicted value of the treatment WW; conditional on the instrument M/;.
We impose the condition
M; 1L S; . (C.5.56)

Observe that this condition can be interpreted as (or implied by) an instrumental variable
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exogeneity condition.

In this section, we sketch the derivation of a result analogous to Corollary 3.4.1 for
this two-stage estimator. For the sake of space, we omit many of the formal details of
this argument. Moreover, we leave considerations concerning consistency and inference to

further work. We consider the infeasible loss function

LY(6) =min ) (Y —a—0-AY), (C.5.57)
=1
where
AY =>"Di;W and W)Y =, (M;) — E[W,] . (C.5.58)
J#i

Under regularity conditions analogous to those imposed in Theorem 3.2.1, and by the same
steps used in the proof of that result, the exogeneity condition (C.5.56) implies that the

population minimizer &, of the risk E[ZIY ()] can be expressed as

v E[Yi(Dy; — E[Dy; [ S;])(E[W; | M;] — E[W;])]

_ o(n=1/2
" T ENa(D, | S)EW, ] -Epr) O
_ _Var(M;) E[¥i(Di; —E[Di; | S;)(M; —EM])] o(n~11?)
Cov(W;, M) E[Var(D;; | S;)(M; —E[M;])?]
_ EYi(Di; —E[Di; | S))(M; — EMG])] o(n-1?) (C.5.59)

E[Var(D; ; | S;) Cov(Wj, M;)]

where we have used the fact that the instrument A/; is binary in the second equality and the
exogeneity condition (C.5.56) again in the third equality. By the argument applied in the

proof of Lemma C.1.2, we can express the parameter (C.5.59) as

7 /DE {/\(5 'S) ((Mj — E[M;)OE[Y; | Diy =6, Sj])] &5

Cov(M;, W;)
_ /D E[A((S 1 5))

85 ED/Z | Di,j - (5, Mj - ]_,Sj] - E[Y; | Di,j — 5, Mj - 075]‘] d(S
EW; | M; = 1] = E[W; | M; = 0] ’

(C.5.60)

(C.5.61)

where

N Cov(I{D;; > 6}, D; )
A0 ] S)) = Var(Dis [ 5) (C.5.62)
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and we have again used the fact that the instruments are binary to obtain the second equality.
Now, observe that the parameter

E[Y; ‘ Di,j - 5, Mj - 1,5]'] — E[YZ | Di,j - 5, Mj - O,Sj]
E[W; | M; = 1] = E[W; | M; = (]

(C.5.63)

can be interpreted as the usual Wald instrumental variables estimand, associated with the

treatment ;, the instrument 1/;, and the outcome
E[Y; | D;; =6,5;] . (C.5.64)

Thus, under standard exogeneity, exclusion, relevance, and monotonicity conditions, the

parameter (C.5.63) can be expressed as a convex average of the spillover effect
]E[E)wY;J- ((5, U}) | Di,j = 5, Sj, Wj<1) > W](())] (C.5.65)

on the population of compilers (see, for instance, Imbens and Angrist (1994) and Angrist
et al. (2000)).

C.5.4.2 Parallel Trends

Next, we sketch how adapt our framework to settings based on difference-in-differences
designs. For the sake of simplicity, we assume that there are two time periods and that the
treatment is binary. We assume that all units are untreated at time zero. Let Y; ; denote the

outcome observed at period ¢ and
YW =Y - Yio (C.5.66)

denote the first difference in the outcome for unit 7.

Suppose that each unit ¢ is associated with an additional error term Ui(l) and that the

outcomes and first differences are generated by the structural equations

Y;,l = Fl(Zia Z—z) s where Zz = (VVZ, SZ', Uz) s and (C567)
Y = FOzM 20y where zM = (W, S, UY) .

This is a natural extension of Assumption 3.3.1. Here, the unobservable terms U; and Ui(l)

)

determine differences in period one values Y; ; and trends Yi(1 , respectively. In general,
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these terms can be distinct, but correlated. We define the potential trend and outcome

Y.V (6,w) = FO(Z, Zi(w,5(6)), Z_i,) and (C.5.68)

z?]

1 1 i 1
Yia(0,w) = F(2, 2" (w, 57(0)), 25,
as before.
In this setting, a suitable parallel trends condition is given by

EW; | ) =EW,), where S5’ =(5,,U"). (C.5.69)

J

In particular, the restriction (C.5.69) says that any of the factors S; and U ](1) that might
contribute to larger or smaller values of the potential trend Yi(l) (6,0) are mean-independent
of the treatments ¥;. Observe that this condition is directly analogous to the condition
(3.4.2) considered in the main text, where the outcomes are replaced by the first differences.

Indeed, under this assumption, by Theorem 3.4.1, the regression

Yl(l) = o+ 0 - A: +¢; where A* = Z DZ‘J‘(W]‘ — E[Wj]) (C570)
JF

identifies a convex average of the parameters

O5(E[Y,(8,1) | Diy = 6,W; =1,5;] - E[Y;})(6,0) | Dij = 6, W; = 0,5,]) (C.5.71)
— 1 —

)| Dij = 0,5;] = E[Y.})(5,0) | D;; = 6,5;))
= 05(E[Y;;1(0,1) | Diy = 6,8;] = E[Y;;1(6,0) | Dy; =4,5;]) ,
reproducing a version of Corollary 3.4.1. In sum, if the outcome in the class of regressions
under consideration takes the form of a first difference, then the mean-independence
condition (C.5.69) can be interpreted as a parallel trends assumption and the class of

estimators proposed in the main text can be applied, unchanged.

C.5.5 Addressing Endogenous Measures of Proximity with Instrumental
Variables
In this appendix, we illustrate how to adapt the framework proposed in the main text to

accommodate settings where endogeneity in a measure of proximity is addressed with an

instrumental variable. We assume that, for each pair of units 7, j, we observe a proximity
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measure
M; ;= M(S;,S;) (C.5.72)

valued on {0, 1}. For the sake of simplicity, we focus attention on the case without covariates
X; or auxiliary measures of proximity G ;.

We consider a two-step procedure, analogous to the standard cross-sectional two-stage
least-squares estimator. In the first stage, we compute an estimate ¥ (m) of the conditional
expectation

v (m) =E[D;; | Mi;] . (C.5.73)

In the second stage, we consider the regression specification

Yi=a+0-AY +e, where AY =Y DYW, and D=4 (M;;) (C5.74)
J#

denotes the predicted value of the proximity measure treatment D; ; conditional on the

instrument M; ;. For the sake of simplicity, we assume that the treatments satisfy the

condition
E[W; | S;]=0 (C.5.75)

almost surely. That is, in effect, they arise from a randomized experiment. Further extensions
to settings where the treatments satisfy Assumption 3.4.2, or the conditions considered in

Appendix C.5.4, follow from the same arguments.

To justify the specification (C.5.74), we require the following analogue to Assumption 3.4.3.

Assumption C.5.7 (Additively Separable Heterogeneity). There exists a function 1!V (-)
such that

E[Dij | Mij, Sj] = v (Mij) + by (S)) (C.5.76)
almost surely.

Like Assumption 3.4.3, Assumption C.5.7 stipulates that any unobserved heterogeneity in
the relationship between the proximity measure and the instrument is additively separable.

In this section, we sketch the derivation of a result analogous to Corollary 3.4.2 for the
two-stage estimator (C.5.74). Like in Appendix C.5.4, we omit many of the formal details

of this argument and leave considerations concerning consistency and inference to further
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work. We consider the infeasible loss function

LY (0) =min Y (Y —a—0-AY)?, (C.5.77)
=1
where
AY = "DVW,; and DY =m,(M;) —E[W;] . (C.5.78)
J#1

Observe that Assumption C.5.7 implies that
E[Dij | Mi;] = E[E[D;; | M) | S;] =E[D;; | M;;,8;] —E[D;;|S;]. (C5.79)

Thus, under regularity conditions analogous to those imposed in Theorem 3.2.1, and by the
same steps used in the proof of that result, the condition (C.5.75) implies that the population

minimizer ELV of the risk E[LY ()] can be expressed as

v BY(B[D; | My, S5] —B[D; | S;)Wi]
" E[E[Di; | M;;,S;] —E[D;; | S;])? Var(W; | S;)]

+o(n7V%) . (C.5.80)

Observe that, because the instrument 1/; ; is binary, we can write

n(S;) =E[Di; | Mi; =1,5;] —E[D;; | M;; =1,5;] .

Thus, we have that

v _ _ BW(S)YiWi(Mi; — E[Mi; | Si)]
b Em(S;)A(Miy — E[M;; | S5))? Var(W | S;)]

+o(n"V?) . (C.5.82)

Moreover, again by the fact that the instrument M/, ; is binary, we can evaluate

Cov(Y;W;, My; | S;) = Var(M;; | S;)(E[Y;W; | Mi; = 1, 5]
— E[YiW; | M;; =0,5;))

= Var(]\/[iyj | EJ)T]<§])6(§J) y (C583)
where
B(S;) = EWW, | My =1, 5,) Z EVW, | My, = 0.5 (C.5.84)
E[D;; | Mi; =1,5;] —E[D;; | M;; =0,5]]
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Consequently, we obtain the representation

9 p—

v E[T]Q(gj) Var(M, ; | g])ﬁ(gj)] o(n—1/2
" E[n(gjy\/ar(z\/[m | §j)Var(Wj | §j>] + o( ). (C.5.85)

Observe that the parameter (C.5.84) can be interpreted as the usual Wald instrumental
variables estimand, associated with the treatment D ;, the instrument A/; ;, and the outcome
Y;W;. Thus, under standard exogeneity, exclusion, relevance, and monotonicity conditions

(Imbens and Angrist, 1994), we can write

ﬁ(gj) = /)\IV((; | gj)E[ﬁdyi,j(éa VVJN/VJ | gj, Dz,j(l) > DZJ(O)] dé s (C586)
D

where the weights A\'V(§ | .S;) are convex (see Angrist et al. (2000) for details). Hence,
by plugging (C.5.86) into (C.5.85) and applying an argument very similar to the proof of

Lemma C.1.2, we can conclude that

0 = [ ] (6w | 5B Y5 0.W,) | 55, Dis(1) > Dig(0)) b+ ofa ).
DJW
(C.5.87)

where the weights AV (8, w | S;) are convex.

C.5.6 Additional Discussion Concerning Assumption 3.5.4

In this Appendix, we give addition details concerning Assumption 3.5.4. Recall that

Assumption 3.5.4 stipulates that the bounds

EE[(V2,F(Zi, Z_3))* | Aij =1, Aip = 1,Z9]] = O(n?p.%) | (C.5.88)

EE(V3F(Zi, Z_3)" | Aiy=1,4;, =0, ZUM) =0(n2p, 1), and
EE[(V?,F(Zi,Z-))* | Aij =0, A = 0, ZUM)] = O(np,,)

hold, where
Vif(Z)=f(Z2) = f(Z9) and V3,f(Z)=V,;Vif(Z), (C.5.89)

denote difference operators, Z’ denotes an independent copy of Z, Z\9) is constructed by

replacing Z; with Z7 in Z, and Z (%) is constructed analogously, by replacing Z; and Z,
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with Z} and Z} in Z.

To unpack the restrictions implied by these conditions, observe that the quantity
P{V2 F(Zi,Z_)| > C | Ay =1, A = 1,200} (C.5.90)

can be interpreted as the measuring the proportion of pairs of units j, k, that are proximate

to a unit ¢, for which the curvature
Vi F(Zi,Z2), (C.5.91)

i.e., the change in dependence of ¢ on 7, induced by changes in £, is larger than a constant
C'. The bound (C.5.88) and Chebyshev’s inequality imply that

E [P{|V3,F(Zi,Z_3)| > C | Ay =1, A = 1, 20}
SEE(V:F(Z,Z-3) | Ay =1, Aip = 1,Z0P]] = O(n?p,?) (C.5.92)

In other words, if p, < n=2/3

~Y

, then this proportion can be on the order of a constant for all
pairs of units proximate to each unit ¢. For larger values of p,,, the proportion decreases.
In particular, in general, each unit 7 will have n?p? pairs of neighbors. The bound (C.5.92)

says that p. ! of these pairs can be associated with curvature on the order of a constant.

We conclude showing that Assumption 3.5.4 holds in settings where

Y; = F( ZD”W) , (C.5.93)

"

where F; is some unit-specific function. That is, each unit’s outcome depends on its own
treatment as well as the proportion of its “neighbors” that are treated. We have used the
denominator np,, rather than Z?Zl D, ;, for the sake of simplicity. We assume that F;(-) is
twice continuously differentiable, with second derivative uniformly bounded by the sequence
B,,. A closely related model is considered in Li and Wager (2022).

In particular, define the differences R; = D, ;W; — D; ;W}, where D; ; and W are
constructed with Z J’ We have that

EE[(V3 F(Zi, Z-3))* | Aij = 1, Aiy = 1, Z20M]]
<np *BIE[E[(R;Ry)* | Aij =1, Ay = 1, 20M)]] (C.5.94)
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by two applications of the mean-value theorem. Thus, the bound (C.5.88) holds so long as
the curvature bound
B, < npl/? (C.5.95)

holds. The second two bounds in (C.5.88) hold by construction.

C.6. DATA AND ADDITIONAL APPLICATIONS

In this Appendix, we detail our treatment of the data associated with Example 4 and give

additional applications to data from Examples 5 and 6.

C.6.1 Bloom et al. (2013)

First, we give details of our treatment of the data associated with Example 4. Results are
given in Section 3.7. We use data obtained from the replication package associated with
Lucking et al. (2019), who increase the coverage of the data considered in Bloom et al.
(2013).2

We follow the steps used in Bloom et al. (2013) and Lucking et al. (2019) to construct
the inputs used in our analysis. There are two, main raw data components. The first
components are the Compustat Fundamentals Annual and Compustat Segments datasets.
From these sources, we assemble a cleaned panel of measurements of R&D expenditure,
sales, market value, and product market composition for a sample of U.S. public companies.
All measures of sales, value, and R&D expenditure are deflated to 1996 U.S. dollars. All
sample restrictions and data cleaning steps follow Lucking et al. (2019). For each firm,
we aggregate these measures over five year periods, spanning 1986 to 2005. We use the
observations of the shares of sales across four digit manufacturing industries to construct
our measure of product market proximity for each five year time period.

The second component is data from the NBER patent data project (Hall et al., 2001).
With these data, we measure each firm’s patenting activity, across USPTO technology classes,
and total patent citations. Again, all sample restrictions and data cleaning steps follow
Lucking et al. (2019). We aggregate these measures to the same five-year periods. We use
the observations of the shares of patents across USPTO technology classes to construct our

measure of technological proximity for each five year time period. Additionally, following

’These data are available on Nicholas Bloom’s website, at the link https://www.
dropbox.com/scl/fi/fmtgtpuv4ll6c0p30ybop/spillovers_rep.zip?rlkey=
pulbsc3scesewb3yt9y7juh9m&dl=0.


https://www.dropbox.com/scl/fi/fmtqtpuv41l6c0p30ybop/spillovers_rep.zip?rlkey=pu0bsc3scesewb3yt9y7juh9m&dl=0
https://www.dropbox.com/scl/fi/fmtqtpuv41l6c0p30ybop/spillovers_rep.zip?rlkey=pu0bsc3scesewb3yt9y7juh9m&dl=0
https://www.dropbox.com/scl/fi/fmtqtpuv41l6c0p30ybop/spillovers_rep.zip?rlkey=pu0bsc3scesewb3yt9y7juh9m&dl=0
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Bloom et al. (2013), use these data to construct a measure of geographic proximity, in an
analogous way. In particular, we compute the share of each firm’s patents filed by inventors
across a set of locations. The geographic proximity measure is then given by the uncentered
correlation between these shares.

For the estimates reported in Table 3.1, we restrict attention to the same subset of firms
considered in Lucking et al. (2019). Moreover, for each outcome, we omit firms associated
with observations of the treatment variable and outcome variable are equal to zero, as
both measures enter in logs. For the resultant samples, all missing proximity measures are

imputed to zero.

C.6.2 Hornbeck and Moretti (2024)

Next, we detail an additional application, associated with Example 5. Recall that Hornbeck
and Moretti (2024) are interested in characterizing how the spillover effects of shocks to one
cities’ total factor productivity (TFP) on another cities’ labor market outcomes depends on
the propensity to migrate between the two cities. Hornbeck and Moretti (2024) use a simple
structural model to address this objective. Here, we outline how to apply the methodology

developed in this paper to this problem.

C.6.2.1 Data

We use two sources of data. First, we use data obtained from the replication package
associated with Hornbeck and Moretti (2024).> We use four types of data from this source
as inputs into our analysis. First, we obtain measurements of the number of workers in
each United States Metropolitan Statistical Area (MSA) that are employed in each two
digit industry in 1980. These data were originally obtained by Hornbeck and Moretti
(2024) though an IPUMS census extract. Second, we use measurements of the pairwise
distances between the centroids of each MSA. Third, we obtain measurements of the bilateral
migration shares between each pair of MSAs for 1975 to 1980. That is, this is this the
proportion, of individuals who lived in MSA 7 in 1975 and migrated to another MSA, that
live in MSA j in 1980. Fourth, we use a set of MSA level variables, associated with the
years 1980 and 1990. These variables are the TFP, total employment, average earnings, and

average home value associated with each MSA.

3These data were obtained from Richard Hornbeck’s website, at the link https://www.dropbox.
com/scl/fi/66qqijxtlzg3xmgwxjx5mi/TFP_HM_May2022_ReplicationFiles.rar?
rlkey=yfddjedzhpw3ergb3es8pp99z&&d1l=0.


https://www.dropbox.com/scl/fi/66qqjxtlzg3xmgwxjx5mi/TFP_HM_May2022_ReplicationFiles.rar?rlkey=yf4dje4zhpw3erqb3es8pp99z&dl=0
https://www.dropbox.com/scl/fi/66qqjxtlzg3xmgwxjx5mi/TFP_HM_May2022_ReplicationFiles.rar?rlkey=yf4dje4zhpw3erqb3es8pp99z&dl=0
https://www.dropbox.com/scl/fi/66qqjxtlzg3xmgwxjx5mi/TFP_HM_May2022_ReplicationFiles.rar?rlkey=yf4dje4zhpw3erqb3es8pp99z&dl=0
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Second, we use data the 1997 Bureau of Economic Analysis Historical Benchmark
Input-Output Table.* These data report input output tables between two-digit industries in
the United States.

C.6.2.2 Input-Output Flows

To the best of our knowledge, no input-output tables across MSAs are publicly available
for the relevant time period. Thus, we impute shares with a simple model. Our approach
is based on first constructing industry-specific gravity matrices, whose bilateral terms
combine exponential distance frictions with the destination-specific intermediate-input
demand implied by an input-output table. For each origin—industry pair, we row-normalize
the bilateral terms to obtain destination-choice shares (the fraction of shipments from origin
i in industry j going to destination i"). We then average across industries using the origin’s
employment mix to form the origin—destination share matrix. This, highly stylized, approach
is closely related to standard models of structural gravity and market access (Redding and
Venables, 2004; Head and Mayer, 2011).

Formally, let Q; ; denote the number of workers in MSA i that are employed in industry
Jj. Collect these data into the matrix (). Let /; j denote the share of industry ;" inputs that
are produced by industry j. Collect these data into the matrix /. Let Dist; ; denote the

distance between MSAs 7 and ¢’ in miles. We use the Distance kernel
Tiiw = exp(—ADist; /) , (C.6.1)

where we chose the parameter A so that the 90th percentile of 7; » over pairs of MSAs 7 # ¢’

is equal to 0.01. We estimate intermediate demand by
ID=QI". (C.6.2)
That is, the 7, 7 component of ID denotes destination j’s demand for inputs from industry g.

Industry-specific destination choice shares are then constructed by

) TiIDir
70 = T v (C.63)
’ >k Tie D

“4These data were obtained from the BEA’s webpage, at the link https: / /www.bea.gov/industry/
historical-benchmark-input-output-tables, on May 12th, 2025.


https://www.bea.gov/industry/historical-benchmark-input-output-tables
https://www.bea.gov/industry/historical-benchmark-input-output-tables
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We then aggregate across industries by employment mix through
ﬁi,i’ = Z SZJT(z(,]z) where Si,j = Qi,j/ Z Qi,k . (C64)
J k

Our final estimate II; ; of the proportion of intermediates purchased by MSA i that are
produced in MSA 7' is obtained by row-normalizing the shares (C.6.4).

Figure C.1 displays the joint distributions of the trade flow, bilateral distance, and
migration probability between each pair of distinct MSAs. By construction, pairs of MSAs
that are geographically close are closely connected by trade. However, for pairs of MSAs
that are relatively close, there is a considerable amount of variation in trade flows, driven by
heterogeneity in intermediate demand and employment. Likewise, pairs of MSAs that are
closely connected by trade have large migration flows and the migration flows for pairs of

MSAs that have negligible trade are also negligible.

C.6.2.3 Analysis and Results

In this application, the treatment W; denotes the TFP growth in MSA 7 between 1980 and
1990. The proximity measure of interest [; ; is the share of people who live in MSA j in
1975 and live in a different MSA in 1980 that live in MSA j in 1980. That is, D; ; measures
the probability that a migrant from MSA ¢ relocates to MSA j. We consider three choices of
outcomes Y;: the differences between the total employment, averages wages, and average
home values between 1980 and 1990. We use the logarithm of each outcome variable.
Results are displayed in Table C.1.

The first row displays the realized value of the estimator 6,, associated with each outcome,
where neither the treatment nor proximity measures have been residualized. To address
endogeneity in the treatments, in the second row, we residualize the treatments with the
values of each MSA’s total factor productivity, as well as each of the outcome variables, in
1980.° The sign of the coefficient changes for each outcome.

Now, our interest is in characterizing how changes to the propensity to migrate between
two MSAs change the spillover effects of TFP growth. The hypothesis is that, when
productivity growth increases labor demand in MSA 7, migration from MSA 7 is encouraged,
reducing labor supply and increasing wages. Migration probabilities D; ; depend on many

features of both the MSAs 7 and j. As a consequence, Assumption 3.3.2 is not immediately

SHornbeck and Moretti (2024) consider “shift-share” instruments, based on exposures to industry level
changes to productivity, stock market returns, export markets, and patenting activity. We do not consider these
instruments because they are spatially correlated. That is an analogue of Assumption 3.4.2 would be violated.
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Table C.1: Application to Productivity Spillover Estimation

Employment Wages Home Value

Unadjusted 0.618 0.392 0.229
(1.556) (0.880) (3.219)
Resid. Treatment -0.619 -0.244 -0.336
(1.186) (0.878) (3.087)
Resid. Proximity  Distance -1.456 -0.325 -0.151
(1.205) (0.787) (3.214)
Distance + IO -1.507 -0.311 -0.078
(1.204) (0.807) (3.292)
Number of MSAs 193 193 193

Notes: Table C.1 displays values of the estimator é,*L for the application to data from Hornbeck and Moretti
(2024), using the choices for the outcome variable. The standard error &,,, defined in Algorithm 2, is displayed
in parentheses below each estimate. Further details are given in Appendix C.6.2. In each case, the treatment
variable W; denotes the total factor productivity growth for MSA ¢ between 1980 and 1990 and the proximity
measures [; ; are probability that a migrant from MSA i relocates to MSA j between 1975 and 1980. The
outcomes are differences between 1980 and 1990, and enter in logs. In the first row, neither the treatments nor
proximity measures have been residualized. In the second row, the treatments are residualized using the values
of total factor productivity and the three outcomes in 1980. In the remaining rows, the proximity measure has
been residualized using various measures of proximity, in addition to the covariates used to residualize the
treatments. The estimators 7,,(-) and 4,,(-) are both obtained from linear regressions.

applicable. Instead, we apply Assumption C.5.4, stated in Appendix C.5.2. In particular,
we assume that probability of migrating from ¢ to j is a function of each MSA’s geographic
coordinates S; o and S}, as well as the utilities S; ; and S;; associated with living and
working in the respective MSAs. To apply Assumption C.5.4, we assume that the probability
of migrating from ¢ to j is monotonically decreasing in the utility .S; ; associated with living
in MSA j. Thus, the potential outcome Y; ;(J, w) denotes the value of MSA ¢’s outcome
associated with the intervention that sets TFP growth in MSA j to w and changes the
probability of migrating from i to j to J by changing the utility S ;.

To operationalize this assumption, it is essential to control for differences in other
features of the unit ¢ that might otherwise affect the value of the migration probability D; ;.
See Appendix C.5.2 for further discussion. Accordingly, the third row of Table C.1 displays
revised estimates, where the migration probabilities have been residualized with flexible
functions of the distance between MSAs.° This change decreases the coefficients associated

with employment and wages and increases the coefficient associated with home values.

Moreover, migration probabilities are likely to be associated with other channels that

®In particular, we residualize the migration probabilities with indicators that the distance between the two
MSAs is less than the 0.5th, Ist, 2.5th, and 5th percentiles of the distribution of the distance between MSAs.
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otherwise mediate spillover effects. For instance, MSAs that are closely connected by
migration are likely to be closely connected by trade, and TFP growth in MSA ¢ might
increase demand for intermediate inputs produced by city ¢, increasing labor demand and
wages. To mitigate this source of confounding, in the fourth row of Table C.1 we additionally
control for flexible functions of the origin-destination trade flows constructed in the previous
section.” The changes in the estimates are more modest.

As would be expected, we find a negative association between migration probabilities
and the spillover effect of TFP changes on employment. However, in contrast to estimates
obtained in Hornbeck and Moretti (2024), we find negative associations with wages
and home values as well. We caution that all estimates are statistically insignificant at
conventional levels. Greater power might be attained if analogous exercises could be
implemented at lower levels of geographic aggregation, such as counties or commuting

Z0nes.

"We additionally residualize the migration probabilities with indicators that share of goods that used in
MSA 1 are produced in MSA j greater than the 99.5th, 99th, 97.5th, and 95th percentiles of the distribution of
this quantity.
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Figure C.1: Trade, Migration, and Distance
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Notes: Figure C.1 displays features of the joint distributions of the trade flow, bilateral distance, and migration
probability between each pair of distinct MSAs. The measures are computed used data obtained from the
replication package associated with Hornbeck and Moretti (2024). The x-axes measure distance between MSAs
in miles and the proportion of intermediates purchased by MSA i that are produced in MSA 7/, respectively,
and have been partitioned into bins. The y-axes display the proportion of intermediates purchased by MSA ¢
that are produced in MSA ¢’ and the proportion of workers from MSA 4 who migrate to MSA ', respectively.
Details on the construction of these measures are given in Appendix C.6.2. The means, 50th percentiles, and
90th percentiles of each statistic within each bin are displayed using green, purple, and blue dots and are
measured relative to the y-axis. A heatmap measuring the number of pairs of units in each bin is displayed

below both the z-axis.
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C.6.3 Franklin et al. (2024)

Finally, we detail our application associated with Example 6, using data from Franklin
et al. (2024). Franklin et al. (2024) develop a model of urban spatial equilibrium in which
the labor market response to a public works program depends on commuting flows. They
use this model to argue that the the indirect effects of the program are larger for pairs of
neighborhoods that are closely connected by commuting. In this section, we detail how to

apply the methodology developed in this paper to this problem.

C.6.3.1 Data

We use data obtained from the replication package associated with Franklin et al. (2024).
Franklin et al. (2024) consider a public works program implemented in Addis Ababa,
Ethiopia. The program provided guaranteed public work to targeted households and was
randomized across neighborhoods (referred to as “Woredas”). The treatment IV; indicates
that neighborhood j has been assigned to the program. The outcome Y; denotes the
log average earnings in neighborhood ¢. The proximity measure of interest D; ; is the
pretreatment probability that a worker who works in neighborhood ¢ lives in neighborhood
J. Figure C.2 displays the joint distribution between these commuting probabilities and the

walking distance between each pair of neighborhoods.

C.6.3.2 Results

The first row of the first column of Table C.2 displays the coefficient 6, obtained from the

regression specification

Yi=a+0-Ai+eg, where A;=) D;;(W;—E[W,). (C.6.5)

J#i
The second row of this column gives an analogous estimate, where the treatments have
been residualized on indicators for a higher level of geographic aggregation (referred to as
a “sub-city”). A very similar specification is reported in Franklin et al. (2024). The main
difference is that they include each neighborhood’s own treatment W; in the covariate A;
with the weight D;; = 1. In Franklin et al. (2024), this specification approximates the

reduced form of a model of spatial equilibrium.

8This replication package is available from ICPSR at the link https://www.openicpsr.org/
openicpsr/project/195483/version/Vl/view.


https://www.openicpsr.org/openicpsr/project/195483/version/V1/view
https://www.openicpsr.org/openicpsr/project/195483/version/V1/view
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Figure C.2: Commuting and Distance
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Notes: Figure C.2 displays features of the joint distributions of the commuting flows and bilateral distance for
the sample of woredas considered in Franklin et al. (2024). The x-axis measures the walking distance between
each pair of woredas, and has been partitioned into bins. The y-axis displays the probability that a worker who
lives in woreda ¢ commutes to woreda j. The means, 60th percentiles, and 90th percentiles of each statistic
within each bin are displayed using green, purple, and blue dots and are measured relative to the y-axis. A
heatmap measuring the number of pairs of units in each bin is displayed below both the x-axis.

Table C.2: Application to Public Works Spillover Estimation

Commuting Dist. <2 km

Unadjusted 0.396 0.011
(0.439) (0.062)
Resid. Treatment 0.542 0.018
(0.539) (0.057)
Resid. Proximity Distance 0.510
(0.481)
Commuting 0.002
(0.056)
Number of Woredas 90 90

Notes: Table C.2 displays values of the estimator é,*l for the application to data from Franklin et al. (2024).
The standard error &,,, defined in Algorithm 2, is displayed in parentheses below each estimate. Further
details are given in Appendix C.6.3. In each case, the treatment variable W; indicates assignment to treatment
and the outcome Y; measures the log average wage. We consider two proximity measures of interest: the
probability of commuting from Woreda j to Woreda ¢ and an indicator that the walking distance between
the two Woredas is less than two kilometers. In the first row, neither the treatments nor proximity measures
have been residualized. In the second row, the treatments are residualized using sub-city indicators. In the
remaining rows, the proximity measure of interest has been residualized using various additional measures of
proximity, in addition to the covariates used to residualize the treatments. The estimators 7, (-) and 4, (+) are
both obtained from linear regressions.
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We have shown that such specifications admit a nonparametric interpretation, as targeting
the effect of the proximity measure D; ; on the intensity of the spillover effect of 1W; on Y;.
The hypothesis is that individuals who participate in the program no longer commute to
other neighborhoods, reducing their private sector labor supply and increasing wages.

Observe that, like the application considered in Appendix C.6.2, commuting probabilities
will not satisfy Assumption 3.3.2. Instead, we again apply Assumption C.5.4. That is, we
assume that commuting probabilities are functions of neighborhoods’ locations and expected
wages, and that the probability of commuting from j to ¢ is decreasing in the expected wage
in neighborhood j. Thus, the potential outcome Y; ;(9, w) denotes the value of neighborhood
1’s post-treatment wages associated with the intervention that sets j’s treatment status to w
and changes the probability of commuting from j to ¢ by changing the pre-treatment wage
in neighborhood j. To operationalize this assumption, we must control for other features
of the unit ¢ that might otherwise affect the commuting probability D; ;. Thus, the third
row of the first column displays estimates where the commuting probabilities have been
residualized using flexible functions of the walking distance between neighborhoods. All
three estimates are insignificant at conventional levels.

The second column of Table C.2 displays analogous results, where the proximity measure
of interest is an indicator that the walking distance is smaller than two kilometers. Here, as

well, all results are insignificant at conventional levels.
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